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Abstract
Choosing between two income distribution models typically involves testing two non-nested hypotheses, that is hypotheses such that
one cannot be obtained as a special or limiting case of the other. Cox
(1961, 1962) proposed a classical testing procedure based on the comparison of the maximized likelihood functions for the two models. In
this paper it is shown that such a procedure is not robust in that a
single observation can reverse the decision. A robust version of Coxtype test statistics is proposed which can be used for the comparison
of any parametric model. Its robustness properties as well as other
properties are shown in simulated examples.
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Introduction

We study the problem of choosing a model which, according to certain criteria, best represents the data. We focus on tests between two non-nested
hypotheses as deﬁned by Cox (1961, 1962).
The areas of application are wide and the subject has attracted a lot of
researchers; see e.g. Atkinson (1970), Williams (1970), Breusch and Pagan
(1980), Davidson and MacKinnon (1981), Fisher and McAleer (1981), Godfrey and Pesaran (1983), MacKinnon, White, and Davidson (1983), Gourieroux, Monfort, and Trognon (1983), Loh 1985 and Dastoor (1985).
Although it is widely accepted that the problem is very important, the
test statistics proposed in the literature have been often criticized for several
reasons. The most studied one is the lack of accuracy of the approximation
of the sample distribution of the statistic by its asymptotic distribution. Another (less studied) reason but at least as important is the lack of robustness
of the testing procedure. Hall (1985), in the context of regression models,
noting that the full information maximum likelihood estimator under normality is extremely sensitive to misspeciﬁcations of the error distribution,
stated that ‘ ... the development of non-nested selection techniques based on
more robust estimators would appear extremely desirable...’. Aguirre-Torres
and Gallant (1983) propose a generalization of the Cox statistic based on
M-estimators for the parameters. The same idea can be found in Hampel,
Ronchetti, Rousseeuw, and Stahel (1986), chap 7. However, not only do
they leave open the question of the choice of the ρ-function deﬁning the
M-estimators, but also, as we will show, it is not suﬃcient to use robust
estimators for the parameters to obtain a robust test.
The aim of this paper is to propose a robust procedure based on optimal bounded inﬂuence parametric tests developed recently by Heritier and
Ronchetti (1994). Indeed, it is very important to develop robust procedures
for tests, since if we estimate the parameters of a model robustly and then
use a classical procedure to test hypotheses about the parameters or about
the estimated model, the tests are not necessarily robust.
We begin by showing numerically how much a Cox-type test can be badly
inﬂuenced by a very small amount of contamination in the data. We then
show theoretically this eﬀect by computing the level influence function (LIF )
(Rousseeuw and Ronchetti 1979, Ronchetti 1982) of the Cox test. Finally, we
show that we can bound this LIF with a new test obtained by considering
the Cox test as a Lagrange multiplier or score test and applying the results on
robust parametric tests. We end with the application of this new procedure
to well known models. In particular, we will see that the new procedure is
not only robust to small model deviations or contaminations but also that
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for at least the chosen particular cases, the asymptotic distribution of the
robust test statistic is a better approximation of its sample distribution than
in the classical case.

2
2.1

Robustness properties of Cox-type statistics
The test statistics

In general, it is assumed under H0 (the hypothesis under test) that the model
is Fα0 (with density f 0 (·; α)) and that under H1 (the alternative hypothesis)
the model is Fβ1 (with density f 1 (·; β)), where α and β are parameter vectors.
The observations x1 , . . . , xn , xi ∈ Rp are then supposed to be generated by
Fα0 under H0 . Let L0 (x; α̂) = log f 0 (x; α̂) and L1 (x; β̂) = log f 1 (x; β̂) be
the (maximum values of the) log-likelihood functions, where α̂ and β̂ are
the corresponding maximum likelihood estimators and deﬁne L(x; α̂, β̂) =
L0 (x; α̂) − L1 (x; β̂). Cox (1961, 1962) proposed the following test statistic


−1
UCox = n
(1)
L(xi ; α̂, β̂) − L(x; α̂, βα̂ )f 0 (x; α̂)dx


where
stands for ni=1 and βα̂ is the pseudo maximum likelihood estimator
deﬁned as the solution in β of ∂/∂β log f 1 (x; β)f 0 (x; α̂)dx = 0. There are
two straightforward modiﬁcations of UCox statistics. One was proposed by
Atkinson (1970) who suggested to use βα̂ instead of β̂, because βα̂ is the
maximum likelihood estimator of β under H0 and (1) can be viewed as a
score test statistic (see below). The second was proposed by White (1982)
who suggested to use β̂ instead of βα̂ . In these three cases, the asymptotic
null distribution of n1/2 UCox is the normal distribution with mean 0 and
variance
var(Fα0 ) = E[L2 ] − E[L]2 − E[(s0 )T L]{E[(s0 )T s0 ]}−1 E[s0 L]
where L = L(x; α, βα ), βα is the limiting value of β̂ or βα̂ as n → ∞,
s0 = s0 (x; α) = ∂/∂α log f 0 (x; α) and E[·] is the expectation with respect
to Fα0 , the argument of var. In practice one needs a consistent estimator of
var(Fα0 ), e.g. when α is replaced by α̂.
Atkinson (1970) and others showed that the Cox-type test statistics given
in (1) can be interpreted as a Lagrange multiplier or score test. Indeed, if
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we construct the comprehensive model
−1

c
0
λ
1
(1−λ)
0
λ
1
(1−λ)
dy
f (x; θ) = {f (x; α)} {f (x; β)}
{f (y; α)} {f (y; β)}
(2)
where θ = (α , λ) , then the Lagrange multiplier or score test statistic corresponding to the hypothesis H0 : λ = 1 against the alternative H1 : λ = 1
leads to the Cox, Atkinson or White statistic, depending on the choice of the
estimator β̃ of β.
T

2.2

T

Example

In this subsection we illustrate numerically, through a simulated example,
the non robustness properties of Cox-type statistics. We consider here the
problem of choosing between two competing regressors in a simple linear
regression model (without intercept). Namely, we test H0 : Y = γ0 X + 0
against H1 : Y = γ1 Z + 1 , where 0 ∼ N(0, σ02 ), 1 ∼ N(0, σ12 ) and the
univariate variables X and Z are ﬁxed. The simulated data are represented
in the plots in Figures 1 and 2. One can see that X is the best choice for
the regressor, except for an outlying point. If we rely on a Cox-type testing
procedure, for example a White test, the value of the (standardized) test
statistic we get is −2.16 (with corresponding p-value of 0.03). On the other
hand, if we test H0 : Y = γ1 Z + 1 against H1 : Y = γ0 X + 0 , the value
of the (standardized) test statistic is −0.71 (with corresponding p-value of
0.48). Therefore, a classical test procedure would choose the regressor Z.
The classical test is clearly not robust. Intuitively, by looking at (1),
one can see that this is not only due to the fact that 
the maximum likelihood of the parameters is not robust, but also because
L(xi ; α, β) can be
heavily inﬂuenced by a single observation. In our example, it is the outlying
observation that inﬂuences heavily the value of the test statistic. A robust
procedure would give less weight to this observation and lead to the choice
of the regressor X.
We will see later that it is possible to build robust versions of Cox-type
statistics that are not badly inﬂuenced by outlying observations and moreover
can automatically detect them.

2.3

Level influence function

In this subsection, we compute the LIF of the Cox test. A similar result
can be obtained for the Atkinson and White tests. We follow Hampel (1968)
inﬁnitesimal approach based on M-estimators. Ronchetti (1982), Rousseeuw
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and Ronchetti (1979, 1981) were the ﬁrst to adapt Hampel’s optimality
problem for estimators to testing procedures, in the case of testing a null hypothesis about a one-dimensional parameter. Hampel’s optimality problem
for testing procedures can be stated as: Under a bound on the inﬂuence of
small contamination on the test’s level and power (robustness requirement),
the power of the test at the ideal model is maximized (eﬃciency requirement).
More recently, Heritier and Ronchetti (1994) have extended the existing theory on robust parametric tests to general parametric models.
To compute the LIF , one assumes a distribution in the neighborhood
of the model under the null hypothesis and then studies the eﬀect on the
asymptotic level of the test. The neighborhood of the model at H0 is given
by
(3)
Fε0n = (1 − εn )Fα0 + εn ∆z
where ∆z is the distribution which gives a probability of 1 to an arbitrary
point z ∈ Rp . Note that a more general neighbourhood is deﬁned when
instead of ∆z we choose any distribution. However, to determine the bias on
the level of the test, by choosing (3), one actually has the worst situation,
i.e. the LIF determines the worst bias on the level (Hampel et al. 1986, p.
175). To study the eﬀect of this model deviation, it is necessary to choose
1
a contamination εn that tends to zero at the rate n− 2 (Hampel et al. 1986,
chap 3 and Heritier and Ronchetti 1994). Therefore, εn = n−1/2 ε.
The Cox statistic can be written as a functional of any distribution F as



1/2
1/2
n U(F ) = n
L(x; α̂, β̂)dF (x) − L(x; α̂, βα̂ )f (x; α̂)dx
At F = F (n) where F (n) denotes the empirical distribution, and under H0 it
has an asymptotic normal distribution with zero mean and variance var(Fα0).
Note that α̂ and β̂ can be written as functionals of the empirical distribution,
i.e. α̂(F (n) ) and β̂(F (n) ).
The test decision will be to reject H0 if |n1/2 U(F (n) )| > κ∗ω , (κ∗ω =
var(Fα0 )1/2 Φ−1 (1 − ω/2), ω is the nominal level and Φ is the cumulative
standard normal distribution). We deﬁne the true asymptotic level ω(0)
(the argument 0 stands for no model contamination) at the model Fα0 of the
test as the probability that |n1/2 U(F (n) )| exceeds the critical value κ∗ω . Let
κω = κ∗ω /var(Fα0)1/2 , then we have
2−1 ω(0) = 1 − Φ(κω ) .
Since the model is not always exactly true, the actual asymptotic level will
in general be biased. This can lead the test to a rejection of H0 only because
5

of an inﬁnitesimal proportion of outliers. As a neighborhood distribution, we
consider the εn -contamination distribution given by (3), with εn = εn−1/2 .
Assuming Fε0n under H0 we then have that

1/2
0
1/2
n U(Fεn ) = n
L(x; α̂(Fε0n ), β̂(Fε0n ))dFε0n (x) −

L(x; α, βα )f (x; α)dx

.
α=α̂(Fε0n )

If we assume Fréchet diﬀerentiability (Heritier and Ronchetti 1994, appendix
2, Clarke 1983 and Clarke 1986), we have that

∼
n1/2 U(F (n) ) − U(Fε0n ) → N 0, var(Fα0)
∼

where → stands for convergence in distribution as n → ∞. This result
enables us to derive the LIF of the test.
Up to O(1/n), the asymptotic level under the hypothetical model Fε0n
is given by 2−1 ω(ε) = 1 − Φ ({κ∗ω − δ(ε)}/var(Fα0)) = 1 − Φ(k(ε)), where
δ(ε) = n1/2 U(Fε0n ). The bias on the asymptotic level can be approximated
by a ﬁrst order Taylor expansion of ω(ε) around ω(0), i.e.
ω(ε) − ω(0) = ε ·

∂ω(ε)
∂ε

+ O(ε2).
ε=0

= LIF (z; ω, Fα0). Therefore, the LIF carries all the informawhere ∂ω(ε)
∂ε
ε=0
tion about the ﬁrst order approximation of the bias on the asymptotic level
of the test. If the LIF can take arbitrarily large values, it means the test is
not robust, or in other words the decision can be determined by only a few
observations.
It can be shown (see Victoria-Feser 1995), that for consistent estimators
of βα , i.e. β̂(Fα0 ) = βα , the bias on the asymptotic level is then given by

 κω
0 −1/2
ω(ε) − ω(0) = −2 · ε · var(Fα )
ydΦ(y)·
L(x; α, βα )dFα0 (x) −
−∞


0
0
∗
0
L(z; α, βα ) + L(x; α, βα )s (x; α)dFα (x) · IF (z, α̂, Fα )
+O(ε2) .
where

(4)


lim {∂/∂εn }α̂(Fε0n ) ε=0
n→∞
−1

T 0
0
s0 (z; α)
= −
(∂/∂α )s (x; α)dFα (x)

IF ∗ (z, α̂, Fα0 ) =
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is the influence function (IF ) of the estimator α̂. That means that a single
observation z such that L(z; α, βα) = log f 0 (z; α) − log f 1 (z; βα ) or s0 (z; α)
is large, can make the bias on the asymptotic level very large. Indeed, the
non-robustness of the test, i.e. the bias on the asymptotic level, is due
simultaneously to
• the non-robustness of the estimator of the parameter α (IF ∗ (z, α̂, Fα0))
• the non-robustness of the test statistic (L(z; α, βα ))
While s0 (z; α) is up to a multiplicative constant the IF of the maximum
likelihood estimator of the parameter under the null hypothesis, L(z; α, βα)
is directly related to the inﬂuence on the test statistic. Therefore, it is not
suﬃcient to base a test on robust estimators for the parameters only. Indeed,
a robust estimator for α guarantees a bounded value for IF ∗ (z, α̂, Fα0 ) but
not for L(z; α, βα ). For example, if we want to test the Gamma (Fα1 ,α2 , α1
is the shape parameter and α2 is the scale parameter) against the Lognormal (Fβ1 ,β2 , β1 = µ and β2 = σ 2 ), the diﬀerence between the log-likelihood
functions evaluated at any point z is given by (for a suitable function Q)


β1
1
α1 −
log(z) + 2 log(z)2 − α2 z + Q(α1 , α2 , β1 , β2 )
β2
2β2
which can be large when z is large or small. Finally, note that (4) doesn’t
depend on the IF of β̂, such that it is not necessary to choose a robust
estimator for β to build a robust test statistic.

3
3.1

Robust model choice tests
Robust Cox-type statistics

The robust statistic we propose here is based on the results of Heritier and
Ronchetti (1994). They propose a robust score test statistic based on Mestimators for testing subsets of parameter vectors. They show that an optimal test (i.e. one which maximizes the power at the model given a bound on
the LIF ) is obtained by considering optimal robust self-standardized estimators for the parameters under test, with partitioned parameters given in HamT
T T
pel et al. (1986), p. 252-257. Let θ = (θ(1)
, θ(2)
) (of dimension (1×r1 , 1×r2 ))
be the vector of parameters to be tested, such that H0 : θ(2) = 0, then for a
1/2
given bound c ≥ r2 (which regulates the degree of robustness), the robust
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test statistic is based on the following ψ-function
ψc (x; θ)(1) = A(11) s(x; θ)(1)


ψc (x; θ)(2) = hc [A[s(x; θ) − a]](2)
where hc (x) = x min (1; c/x) is the Huber function, a(1) = 0, the r2 dimensional vector a(2) and the lower triangular matrix A are determined
by the equations

(5)
ψc (x; θ)(2) dFθ (x) = 0

(6)
ψc (x; θ)ψcT (x; θ)dFθ (x) = I .

The robust score statistic is given by R2 = {n−1 ψc (xi ; (θ̂(1) , 0))(2) }T ·

{n−1 ψc (xi ; (θ̂(1) , 0))(2) } where θ̂(1) is the maximum likelihood of θ(1) . R2
has asymptotically a χ2r2 distribution. We note that depending on the choice
of the bound c, one can have a more or less robust test statistic. The lower
the bound c the more robust the test statistic. At c = ∞, we have the
classical non-robust statistic.
If we consider the compound model (equation (2)), the score function
under H0 (λ = 1), becomes
 c

∂
s (x; θ)(1)
c
c
log f (x; θ)
s (x; θ) =
=
sc (x; θ)(2)
∂θ
λ=1
where the vector sc (x; θ)(1) of dimension dim(α) × 1 is given by
sc (x; θ)(1) =

∂
log f c (x; θ)
∂α

=
λ=1

∂
log f 0 (x; α) = s0 (x; α)
∂α

and the scalar sc (x; θ)(2) is given by
∂
log f c (x; θ)
sc (x; θ)(2) = sCox (x; α, β) =
∂λ
λ=1

= L(x; α, β) − L(y; α, β)f 0(y; α)dy .
We then have that under H0


A(11) s0 (x; α)

ψc (x; θ) =
A(21) s0 (x; α) + A(22) [sCox (x; α, β) − a(2) ] Wc (x; α, β)
8

where


Wc (x; α, β) = min 1; c · A(21) s0 (x; α) + A(22) [sCox (x; α, β) − a(2) ]

−1



.
(7)
The robust Cox-type or generalized Lagrange multiplier (GLM) test statistic
is ﬁnally given by

1
A(21) s0 (xi ; α̂) + A(22) [sCox (xi ; α̂, β) − a(2) ] Wc (xi ; α̂, β) (8)
=
n i=1
n

UGLM

where α̂ is the maximum likelihood estimator of α, the vector A(21) (1 ×
dim(α)) and the scalars A(22) and a(2) are determined implicitly by (5) and
(6), where Fθ = Fθc is the comprehensive model at θ̂ = (α̂T , 1)T .
The asymptotic normality of n1/2 UGLM under H0 is proven in Heritier
and Ronchetti (1994) (see proof of proposition 2). In practice however, β
needs to be estimated. If β̃ is a consistent estimator, then the asymptotic
normality still holds. Indeed, to prove it, one would follow the proof given by
Heritier and Ronchetti (1994) and add a development of the statistic around
β̃. The added term would disappear for consistent estimators of β.
Knowing that the bias on the asymptotic level (4) is proportional to
s0 (z; α) and to L(z; α, β), we see that by using the robust version of the
Lagrange multiplier test with the comprehensive model (2), we bound exactly
the right quantity. Therefore, the use of (8) avoids that the decision is
inﬂuenced by a small amount of outliers.

3.2

Computation of the robust Cox-type test statistics

The computation of the test statistics is not straightforward. However, we
propose an algorithm based on algorithm for robust estimators (see VictoriaFeser and Ronchetti 1994) that works well in practice. For a given bound c,
it is given by the following 4 steps.
Step 1: Compute the maximum likelihood estimator for α and let θ̂ = (α̂T , 1)T .
Step 2: Solve for A(21) , A(22) and a(2) , the following implicit equations

ψc (x; θ̂)(2) f 0 (x; α̂)dx = 0

ψc (x; θ̂)(2) ψc (x; θ̂)T(1) f 0 (x; α̂)dx = 0

ψc (x; θ̂)2(2) f 0 (x; α̂)dx = 1
9

(9)
(10)
(11)

Step 3: Compute UGLM given in (8).
Step 4: At the nominal level ω, accept H0 if |n1/2 UGLM | < κω , where κω =
Φ−1 (1 − ω/2).
The second step is not straightforward since one has to solve a complicated
nonlinear system in a(2) , A(21) and A(22) . We propose to use an iterative
process combined with a classical routine to ﬁnd the zero roots of a system
of nonlinear equations. Equations (9), (10) and (11) can be written as


0
A(21) E s (x; α̂)Wc (x; α̂, β̃) +


A(22) E sCox (x; α̂, β̃)Wc (x; α̂, β̃) −


(12)
A(22) a(2) E Wc (x; α̂, β̃) = 0


A(21) E s0 (x; α̂)s0 (x; α̂)T Wc (x; α̂, β̃) +


A(22) E s0 (x; α̂)T sCox (x; α̂, β̃)Wc (x; α̂, β̃) −


(13)
A(22) a(2) E s0 (x; α̂)T Wc (x; α̂, β̃) = 0


A(21) E s0 (x; α̂)s0 (x; α̂)T Wc (x; α̂, β̃)2 AT(21) +


2A(21) A(22) E s0 (x; α̂)sCox (x; α̂, β̃)Wc (x; α̂, β̃)2 −


0
2
2A(21) A(22) a(2) E s (x; α̂)Wc (x; α̂, β̃) +


A2(22) E sCox (x; α̂, β̃)2 Wc (x; α̂, β̃)2 −


2A2(22) a(2) E sCox (x; α̂, β̃)Wc (x; α̂, β̃)2 +


2
2
2
(14)
A(22) a(2) E Wc (x; α̂, β̃) = 1
where the expectations are taken at Fα̂ . The procedure is then the following: given values for a(2) , A(21) and A(22) , compute the weights and the
expectations and then, given these expectations solve for a(2) , A(21) and A(22)
equations (12), (13) and (14). Asstarting values, one could choose a = 0 and
A(21) , A(22) such that A−1 A−T = sc (x; θ̂)sc (x; θ̂)T f 0 (x; α̂)dx, since they are
the solutions when c = ∞.

3.3

Simulation study

In order to study the robustness properties of UGLM when compared to the
classical Cox-type statistics, we used the test when the samples are contami10

nated and non-contaminated. We choose to simulate Pareto samples and test
the Pareto distribution against the Exponential distribution by means of the
Atkinson statistic. Note that we obtain similar results with other Cox-type
statistics.
The Pareto density is given by f 0 (x; α) = αx−(α+1) xα0 with 0 < x0 ≤
x < ∞, so that as the alternative we considered the truncated exponential
distribution given by f 1 (x; β) = βe−β(x−x0 ) . We simulated 1000 samples of
200 observations from a Pareto distribution with parameter α = 3.0 (x0 =
0.5), samples that we contaminated by means of 1 − ε · 200−1/2 Fα,x0 + ε ·
200−1/2 Fα,10·x0 . For amounts of contaminations from ε = 0% to ε = 20%,
Table 1 gives the actual levels of the classical and robust Atkinson statistic
when testing the Pareto against the Exponential distribution. We chose a
very robust version by putting c = 2.0.
The actual levels are the probabilities that (n1/2 times) the test statistic
(absolute value) computed from the simulated samples exceed the critical
value κω , where ω is the nominal level. We can observe that the classical
statistic has a very strange behaviour since when there is no contamination
the null hypothesis is underrejected and with only small amounts of contamination, the null hypothesis is overrejected. The ﬁrst phenomenon is
probably due to the fact that the approximation of the actual distribution of
the Cox-type statistics by means of their asymptotic distribution is not accurate (Williams 1970, Atkinson 1970 and Loh 1985). The second phenomenon
is the lack of robustness as shown in subsection 2.3. On the other hand,
we ﬁnd that with the robustiﬁed Atkinson statistic not only the asymptotic
distribution is a good approximation of its sample distribution, but also that
the small departures from the model under the null hypothesis do not inﬂuence the level of the test at least for amounts of contamination up to about
ε = 10%. With more contamination (15% and 20%), the null hypothesis
tends to be slightly overrejected at the 5% and 10% levels, but this is not
too drastic compared to the classical case. In other words, the robust test is
very stable.
The fact that the level of the robust test is not very much inﬂuenced by
contamination is due to the structure of the test itself (8). However, that the
asymptotic distribution of the robust test statistic is a good approximation
of its sample distribution (compared to the classical test) can seem at ﬁrst
rather surprising. This can be understood intuitively by remembering the
probable causes of the problems in the classic test: Atkinson (1970) remarked
that some rather small (legitimate) observations have a large inﬂuence on
the value of the test statistic because one often takes their logarithm. With
robust techniques the inﬂuence of such ‘extreme but legitimate’ observations
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is bounded, such that the null hypothesis is not under- or overrejected.

3.4

The regression example

As a second example, we compute the robust White test statistic for the
regression example presented in subsection 2.2. The robust test statistic is
given by
1
A(21) s0 (yi |xi , γ̂0 , σ̂02 ) + A(22) [sCox (yi |xi , zi , γ̂0 , σ̂02 , γ̂1, σ̂12 )−
=
n i=1

a(2) ] Wc (yi |xi , zi , γ̂0 , σ̂02 , γ̂1, σ̂12 )
n

UGLM

where


s0 (y|xi , γ0, σ02 ) =

and
sCox (y|xi , zi , γ0 , σ02 , γ1 , σ12 )

1
x (y − xi γ0 )
σ02 i
1
− 2σ2 + 2σ1 4 (y − xi γ0 )2
0
0




1 1
=
(y − zi γ1 )2 −
2
2 σ1

σ02 (xi γ0 − zi γ1 )2
1
2
(y − xi γ0 ) − 2 −
+1
σ02
σ1
σ12

We found for the robust White test statistic (c = 1.5) a value of −1.47 with
corresponding p-value of 0.14. On the other hand, if we test the regressor
Z (under H0 ) against the regressor X, we get for the test statistic a value
of −2.06 with corresponding p-value of 0.02. A robust approach would then
choose the regressor X.
This is a more comforting result, since common sense (in this case) suggests the same choice. In general, one cannot always rely on common sense,
especially in complicated problems where there can be masking eﬀects. A
robust procedure that takes automatically into account the possibility of having very inﬂuential outliers is then necessary. The robust Cox-type test we
propose, computes automatically weights associated to each observation. In
our example, the weights are represented by the numbers next to the points
on the plot in Figure 3. As one would expect, the ‘nice’ data receive a weight
equal to one, whereas the outlier receives a very small weight.
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Amount of
contamination
0%
3%
6%
10%
15%
20%

Classical statistic

Robust statistic

Nominal levels (in %)
1%
3%
5% 10%
2.1
3.1
3.5
5.2
6.3
8.7 10.3 14.7
13.1 18.5 22.5 27.6
24.4 31.3 35.2 43.9
35.6 44.6 49.9 58.1
46.3 54.2 58.6 67.1

Nominal levels (in %)
1% 3% 5% 10%
1.3 3.5 5.5 10.2
1.2 3.3 5.1 10.3
1.4 3.6 5.4 10.7
1.3 3.0 5.6 11.4
1.4 4.1 7.9 14.5
0.9 4.1 7.6 14.5

Table 1: Actual levels (in %) of the classical and robust Atkinson
statistic (c = 2.0) with contamination (Pareto against Exponential)
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Figure 1: Plot of the response Y against regressor Z
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Figure 2: Plot of the response Y against regressor Z
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Figure 3: Plot of Y against X with weights computed by the robust test

