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Abstract

Asymptotic inference in nonlinear vector error correction models (VECM) that
exhibit regime-specific short-run dynamics is nonstandard and complicated. This
paper contributes the literature in several important ways. First, we establish the
consistency of the least squares estimator of the cointegrating vector allowing for
both smooth and discontinuous transition between regimes. This is a nonregular
problem due to the presence of cointegration and nonlinearity. Second, we obtain
the convergence rates of the cointegrating vector estimates. They differ depending
on whether the transition is smooth or discontinuous. In particular, we find that the
rate in the discontinuous threshold VECM is extremely fast, which is n™{3/2},
compared to the standard rate of n: This finding is very useful for inference on
short-run parameters. Third, we provide an alternative inference method for the
threshold VECM based on the smoothed least squares (SLS). The SLS estimator
of the cointegrating vector and threshold parameter converges to a functional of a
vector Brownian motion and it is asymptotically independent of that of the slope
parameters, which is asymptotically normal.
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1 Introduction

Nonlinear error correction models (ECM) have been studied actively in economics and there
are numerous applications. To list only a few, see Michael, Nobay, and Peel (1997) for
the application in purchasing power parity, Anderson (1997) in the term structure model of
interest rates, Escribano (2004) in Money demand, Psaradakis, Sola, and Spagnolo (2004) in
relation between stock prices and dividends, and Sephton (2003) in spatial market arbitrage,
and see also a review by Granger (2001). The models include smooth transition ECM of
Granger and Terdsvirta (1993), threshold cointegration of Balke and Fomby (1997), Markov
switching ECM of Psaradakis et al. (2004), and cubic polynomials of Escribano (2004) .

A strand of econometric literature focuses on testing for the presence of nonlinearity and
cointegration in an attempt to disentangle the nonstationarity from nonlinearity. A partial list
includes Hansen and Seo (2002), Kapetanios, Shin, and Snell (2006) and Seo (2006). Time
series properties of various ECMs have been established by Corradi, Swanson, and White
(2000) and Saikkonen (2005, 2007) among others. However, the result on estimation is still
limited. Most of all, consistency has not been proven except for special cases. It is difficult to
establish due to the lack of uniformity in the convergence over the cointegrating vector space as
noted by Saikkonen (1995), which derived the consistency of the MLE of a cointegrated system
that is nonlinear in parameters but otherwise linear. de Jong (2002) studied consistency of
minimization estimators of smooth transition ECMs where the error correction term appears
only in a bounded transition function. Another case studied by Kristensen and Rahbek (2008)
is that the function is unbounded but becomes linear as the error correction term diverges.
Next, estimation of regime-switching and/or discontinuous cases has hardly been studied,
which includes important class of models such as smooth transition ECM and threshold
cointegration. Hansen and Seo (2002) proposed the MLE under normality but only to make
conjecture on the consistency. While it may be argued that the two-step approach by Engle
and Granger (1987) can be adopted due to the super-consistency of the cointegrating vector
estimate, the estimation error cannot be ignored in nonlinear ECMs as shown by de Jong
(2001)]T]

The purpose of this paper is to develop asymptotic theory for a class of nonlinear vector
error correction models (VECM). In particular, we consider regime switching VECMs, where
each regime exhibits different short-run dynamics and the regime switching depends on the
disequilibrium error. Examples include threshold cointegration and smooth transition VECM.
First, we establish the square root n consistency for the LS estimator of 3. This enables us
to employ de Jong (2002) to make asymptotic inference for both short-run and long-run
parameters jointly in smooth transition models. Then, we turn to discontinuous models,
focusing on the threshold cointegration model, which is particularly popular in practice.

This paper shows that the convergence of the LS estimator of § in the threshold coin-

tegration model is extremely fast at the rate of n3/2

. This asymptotics is based not on the
diminishing threshold asymptotics of Hansen (2000) but on the fixed threshold asymptot-

ics. Two different irregularities contribute to this fast rate. First, the estimating function

11t provides an orthogonality condition, under which the two-step approach is valid.



lacks uniformity over the cointegrating vector space as the data becomes stationary at the
true value, which is the reason for the super-consistency of the standard cointegrating vector
estimates. Second, ( takes part in regime switching, which is discontinuous. This model
discontinuity also boosts the convergence rate, yielding the super-consistency of the thresh-
old estimate as in Chan (1993). While this fast convergence rate is certainly interesting and
has some inferential value, e.g. when we perform sequential test to determine the number of
regimes, it makes it very challenging to obtain an asymptotic distribution of the estimator.
Even in the stationary threshold autoregression, the asymptotic distribution is very compli-
cated and cannot be tabulated (see Chan 1993). Subsampling is the only way to approximate
the distribution in the literature reported by Gonzalo and Wolf (2005), although it would not
work when ( is estimated due to the involved nonstationarity. Meanwhile, Seo and Linton
(2007) proposed the smoothed least squares (SLS) estimation for threshold regression models,
which results in the asymptotic normality of the threshold estimate and is applicable to the
threshold cointegration model.

We develop the asymptotic distributions of the SLS estimators of 3, the threshold para-
meter v, and the other short-run parameters. The estimates B and 4 converge jointly to a
functional of Brownian motions, with the rates slightly slower than those of the unsmoothed
counterparts. This slow-down in convergence rate has already been observed in Seo and Lin-
ton and is the price to pay to achieve standard inference. The remaining regression parameter
estimates converge to the Normal as if the true values of 5 and v were known. This is not the
case if the transition function is smooth. We also show that 8 can be treated as if known in
the SLS estimation of the short-run parameters including - if we plug in the unsmoothed coin-
tegrating vector estimate due to the fast convergence rate. A set of Monte Carlo experiments
demonstrates that this two-step approach is more efficient in finite samples.

This paper is organized as follows. Section 2 introduces the regime switching VECMs and
establishes the square root n consistency of the LS estimator of 3. Section 3 concentrates on
the threshold cointegration model, obtaining the convergence rate of the LS estimator of g
and the asymptotic distributions of the SLS estimators of all the model parameters. It also
discusses estimation of the asymptotic variances. Finite sample performance of the proposed
estimators is examined in Section 4. Section 5 concludes. Proofs of theorems are collected in
the appendix.

We make the following conventions throughout the paper. The integral [ is taken over R
unless specified otherwise and the summation ), with respect to ¢ is taken for all available
observations for a given sample. The subscript 0 and the hat ~ in any parameter indicate
the true value and an estimate of the parameter, respectively, e.g., 5, and B For a function
g, ||g||§ =[g (z)* dz and ¢ indicates the i'" derivative of g. And, for a random vector z;
and a parameter 0, we write g; (0) = g (x4,0), gt = g (z1,60) and G = g (xt, 9) . For example,
if z; (B8) = x}8, then we write z; = x}0, and 2; = :1:;3 The weak convergence of stochastic

processes under the uniform metric is signified by = .



2 Regime Switching Error Correction Models

Let z; be a p-dimensional I (1) vector that is cointegrated with single cointegrating vector.
It is denoted by (17 ﬁ’)/, normalizing the first element by 1. Define the error correction term

2 (B) = w1y + 4,8, where z; = (xltvw/Qt)lv and let

X0 (8) = (L2 (8), A,

where A,_; denotes the vector of the lagged first difference terms (Az_y,---, Az}, )"

Then, consider a two-regime vector error correction model
Azy=A'Xy 1 (B)+D'Xy 1 (B) de—1 (B, 7) + w, (1)

where t = [+ 1,...,n, and d; (8,7) = d(z:(8),v) is a bounded function that controls the
transition from one regime to the other regime. It needs not be continuous. Typical examples
of the transition function include the indicator function 1 {z; (8) > v} and the logistic function
(1—exp (=71 (20 (B) = 72))) s where 7 = (v1,72)"-

The threshold cointegration model of Balke and Fomby (1997) and the smooth transition
error correction model in Granger and Terésvirta (1993) can be viewed as special cases. As an
alternative, Escribano (2004) used cubic polynomials to capture this type of regime-specific
error correction behavior. While the last model is not nested in model , all this literature
focuses on the nonlinear adjustment based on the magnitude of disequilibrium error. In this
regard, Gonzalo and Pitarakis (2006) is different, in which a stationary variable determines
the regimes. While we study a two-regime model to simplify our exposition, we expect the
models with more than two regimes can be analyzed in a similar way. A symmetric three-
regime model can be directly embedded in the two-regime model by replacing the threshold
variable z; with its absolute value |z;|. However, some of the assumptions imposed later on in
this section, in particular, the one with the series being I (1) becomes more difficult to verify.
See Saikkonen (2007) .

We introduce some matrix notation. Define X (3), X7 (8),y, and u as the matrices
stacking X{ ; (8), X;_1(8)di—1(B8,7), Az and us, respectively. Let A = vec ((A’,D’)/) ,
where vec stacks rows of a matrix. We call by A, and D, the columns of A’ and D’ that are
associated with z;_1 (8) and z;—1 (8) di—1 (8,7) , respectively, and by A, the collection of A,

and D,. Then, we may write

y=[(X(B),X:(8) @I, A +u.

We consider the LS estimation, which minimizes
55(0)= (v~ [(X(8). X5 (8) @ L] V) (v = [(X (8). X5 (8) ® L] A) (2)

where 6 = (5'7 v, )\’)I. The LS estimator is then defined as

0" = arg minS; (9),
0



where the minimum is taken over a compact parameter space ©. The concentrated LS is
computationally convenient, since it is simple OLS for a fixed (8,7), i.e.
-1
. X (B)X(B) X (B)X5(8) X (B)
A (B,7) = " ’ " ’ ’Y* . ;@D |y,
X3(8) X (B) X3(B) X3 (B) X3 (B)

which is then plugged back into for optimization over (3,7). In practice, the grid search
over ((,7) can be applied. In particular, the grid for 5 can be set up around a preliminary
estimate of S, that can be obtained based on the linear VECM, such as the Johansen’s
maximum likelihood estimator or the simple OLS estimator as described in Hansen and Seo
(2002) .

The asymptotic property of the estimator 6" is nonstandard due to the irregular feature
of S, which does not obey a uniform law of large numbers. Thus, we take a two-step
approach. First it is shown that B* =0y + 0, (n_1/2) by evaluating the difference between
inf S} (0) and S} (6p) , where the infimum is taken over all § € © such that r, |8 — 84| > ¢
for a sequence r, such that 7, — oo and r,//n — 0. Similar approaches were taken by
Wu (1981) and Saikkonen (1995) among others. The latter established the consistency of the
maximum likelihood estimator of nonlinear transformation of 8 in the linear model. Second,
the consistency of the short-run parameter estimates is established by the standard consistency
argument using a uniform law of large numbers.

We assume the following for the consistency of the estimator 0.

Assumption 1 (a) {u:} is an independent and identically distributed sequence with Euy =
0, Eusu; = X that is positive definite.

(b) {Axt, 21} is a sequence of strictly stationary strong mizing random variables with miz-
ing numbers au.,, m = 1,2,..., that satisfy a,, = o (mf(a"*l)/(o‘ﬂ*l)) as m — oo for some
ag > 1, and for some e > 0, E|X:X/|*"° < 00 and E|X,_1u|*°"° < oo. Furthermore,
EAz; = 0 and the partial sum process, T,q/v/n,s € [0,1], converges weakly to a vector
Brownian motion B with a covariance matriz €, which is the long-run covariance matrix
of Axy and has rank p — 1 such that (1,56) Q = 0. In particular, assume that Ton//n
converges weakly to a vector Brownian motion B with a covariance matriz €2, which is finite
and positive definite.

(¢) the parameter space © is compact and bounded away from zero for A, and there is
a function J(w) that is monotonic, integrable, and symmetric around zero, and by which
sup,ee |d (z,7) — 1{z > 0}| is bounded.

(d) Let ug (£, A, 7y) be defined as in replacing z; (B) with z;+§, where & belongs to a compact
set in R and let

S (ga Av’Y) =F (’LL; (57 Av’)/) Ut (57 )‘77)) :

Then, assume that %Zt we (6,0, 7) wg (6, X,7) 2, S (&, A, 7y) uniformly in (£, A,y) on any

compact set and S (§,\,) is continuous in all its arguments and it is uniquely minimized at
(57 Aa 7) = (07 >‘0a 70) .

Condition (a) is common as in Chan (1993). It simplifies our presentation but could be



relaxed. While we assume the stationarity and mixing conditions for {Axy, 2}, Saikkonen
(2007) provide more primitive conditions on {u;} and the coefficients. They are more stronger
than each regime satisfying the standard conditions in the linear VECM. We also focus on
the processes without the linear time trend by assuming that EAx; = 0.

Unlike for nonlinear models with stationary variables, the consistency proof for the non-
linear error correction models is difficult to be established in a general level. It depends
crucially on the shape of the nonlinear transformation of the error correction term when the
variable takes large values, see Park and Phillips (2001). Condition (c¢) identifies the shape,
which is piece-wise linear in large values of the error correction terms. It is clear that the
indicator functions and logistic functions satisfy (¢). It distinguishes the current work from
previous ones. de Jong (2002) considered the nonlinearity only through a bounded function
and Kristensen and Rahbek (2008) through an unbounded function, which becomes linear for
the large values of the error correction z;_;. Thus, they do not capture the regime-specific
behavior, which makes the consistency proof much different from the previous ones. We do
not consider more general functional forms discussed in Saikkonen (2005) and Escribano and
Mira (2002). The condition for A, is not necessary but convenient for our proof and does not
appear to be much restrictive. We note that the case with A, = 0 is similar to the model
studied by de Jong (2002) as the error correction term appears only in a bounded function in
this case. We also comment on the case where the threshold variable is |z;—1 (8)|. The proof
of the consistency goes through almost the same but an additional assumption on A, such that
A, + D, # 0 will facilitate the direct application of the proof since 1 {|(;| > v} ~ 1{|(;| > 0}
for an integrated process ;.

The conditions in (d) are a standard set of conditions that are imposed to ensure the
consistency of nonlinear least squares estimators. More specific set of sufficient conditions
to ensure the uniform law of large numbers can be found in Andrews (1987) or Poscher
and Prucha (1991), for instance. It can be easily checked that the commonly used smooth
transition functions and the indicator functions for threshold models satisfy such conditions.
It implicitly impose the condition that Dy # 0 as in the standard threshold model. The
identification condition for £ here is to identify the cointegrating vector at the square root n
neighborhood and it is also imposed in de Jong (2002). The conditions in Assumption [I| do
not guarantee the existence of a measurable least squares estimator since we do not impose
the continuity of the function d. In this case, we can still establish the consistency based
on the convergences in outer measure, see e.g. Newey and McFadden (1994). To ease the

exposition, we implicitly assume the measurability in the theorem below.
Theorem 1 Under Assumption 0" — 0y is op (1) and furthermore, /n (B* - ﬁ0> =o0,(1).

When the transition function d;_; (5,v) satisfies certain smoothness condition, the as-
ymptotic distribution of 9" can be derived following the standard approach using the Taylor
series expansion. de Jong (2002) explored minimization estimators with nonlinear objective
function that involves the error correction term. It derived the asymptotic distributions of
such estimators under the assumption that /n (B* — ﬂo) = 0, (1). Thus, we refer to de
Jong (2002) for the case with a smooth d;—; (8,7). It is worth noting that the asymptotic

distribution of the short-run parameter estimates is in general dependent on the estimation



error of the cointegrating vector despite its super-consistency due to the nonlinearity of the
model. On the other hand, the threshold model has not been studied due to the irregular fea-
ture of the indicator function, although the model has been adopted more widely in empirical
research. We turn to the so-called threshold cointegration model and develop an asymptotics

for the model in the next section.

3 Threshold Cointegration Model

Balke and Fomby (1997) introduced the threshold cointegration model, which corresponds
to model with d (2 (8),7) = 1{2:(8) > v}, to allow for nonlinear and/or asymmetric

adjustment process to the equilibrium. That is,

)

Ags — { Ao+ A, 21 (B)+ Ay (Az)_y,--- 7A$;7l+1)l +uy, if 21 (8) <v
L=
>

Bi+B. z-1(8)+ B (Azj_y,- ,Axi_l“)/ +ug, if 21 (B)

where B = A + D. The motivation of the model was that the magnitude and/or the sign
of the disequilibrium z;_; plays a central role in determining the short-run dynamics (see
e.g. Taylor 2001). Thus, they employed the error correction term as the threshold variable.
This threshold variable makes the estimation problem highly irregular as the cointegrating
vector subjects to two different sorts of nonlinearity. Even when the cointegrating vector is
prespecified, the estimation is nonstandard. We introduce a smoothed estimator and study
the asymptotic properties of both smoothed and unsmoothed estimators in the following
subsections.

To resolve the irregularity of the indicator function, Seo and Linton (2007) introduced a
smoothed least squares estimator. To describe the estimator, define a bounded function K (+)
satisfying that

SEIPOOIC (s)=0, SEIJPOOIC (s) =1.
A distribution function is often used for K. Let K. (8,7) = K (%) , where h — 0
as n — 00. To define the smoothed objective function, we replace d;—1 (3,7) in with
Ki—1(8,7) and define the matrix X, (8) that stacks X;_1 (8) ;=1 (8, 7). Then, we have the

smoothed objective function
Sn (0) = (y = [(X (8), X5 (B) @ L] V) (y = [(X (8), X5 (B)) @ L] \). 3)
And, the Smoothed Least Squares (SLS) estimator is defined as
6 = argminS,, (6).
9co

Similarly as the concentrated LS estimator, we can define

N(B,7) =



and by profiling we can minimize S, (#) with respect to (3,7).
It is worth mentioning that the true model is a threshold model and we employ the

smoothing only for the estimation purpose. Since

£ (HO=2) - 14 9)> )

as h — 0, S, () converges in probability to the probability limit of S} (0) as n — occ.
We make the following assumptions regarding the smoothing function X and the band-

width parameter h.

Assumption 2 (a) K is twice differentiable everywhere, K™V is symmetric around zero, K™
and K@ are uniformly bounded and uniformly continuous. Furthermore, Ik ‘K(l) (s)’4ds,
[1k® (8)|2ds, and [ |s2K@ (s)| ds are finite.

(b) For some integer 9 > 1 and each integer i (1 <i <4d), [ |siIC(1) (s)| ds < o, and

/siflsgn (s) KW (s)ds = 0,
/sﬂsgn (s) KW (s)ds # 0,

and KK (x) —K(0) 20 ifz 2 0.

(¢) Furthermore, for some € > 0,

lim Ai~Y /
n—oo |hs|>e

lim At

n—o0

st (s)

ds = 0,

K (5)‘ds = 0.
|hs|>e

(d) The sequence {h} satisfies that for some sequence m > 1,

nh® — 0,
~1
log (nm) (nl_ﬁ/"th_Q) — 0,

and

p9k/2=3y, 9k/242) frte, )

where k is the dimension of 6 and v > 4 is specified in Assumption [].

These conditions are imposed in Seo and Linton (2007) and common in smoothed esti-
mation as in Horowitz (1992) for example. Condition (b) is an analogous condition to that
defining the so-called 9" order kernel, and requires a kernel K1) that permits negative values
when ¢ > 1 and K (0) = 1/2. We impose the condition that K (z) — £ (0) Z 0if x = 0 as we
need negative kernels for 9 > 1. Condition (c¢) is standard. The standard normal cumulative
distribution function clearly satisfies these conditions and see Seo and Linton (2007) for an
example with ¥ > 1. Condition (d) serves to determine the rate for h. While this range of

rates is admissible, we do not have a sharp bound and thus no optimal rate. It the data



were independent and identically distributed, the conditions simplify to (nhQ)_1 logn — 0
and nh® — 0. As will be shown in the following section, the smaller h implies the faster con-
vergence, whereas it may destroy the asymptotic normality if it is too small. This condition
is not relevant for the consistency of . On the other hand, too large h introduces correlation
between the threshold estimate 4 and the slope estimate A

The following corollary establishes the consistency of the smoothed least squares estimator.

Corollary 2 Under Assumption and@, 0— 0 is op (1) and furthermore, \/n (B — BO) 18
op (1).

3.1 Convergence Rates and Asymptotic Distributions

The unsmoothed LS estimator of the threshold parameter is super-consistent in the stan-
dard stationary threshold regression and has complicated asymptotic distribution, which de-
pends not only on certain moments but on the whole distribution of data. On the contrary,
the smoothed LS estimator of the same parameter exhibits asymptotic normality, while the
smoothing slows down the convergence rate. The nonstandard nature of the estimation of
threshold models becomes more complicated in threshold cointegration since the threshold-
ing relies on the error correction term, which is estimated simultaneously with the threshold
parameter . We begin with developing the convergence rates of the unsmoothed estimators
of the cointegrating vector 8 and the threshold parameter « and then explore the asymptotic
distribution of the smoothed estimators.

The asymptotic behavior of the threshold estimator heavily relies on whether the model

is continuous or not. We focus on the discontinuous model. The following is assumed.

Assumption 3 (a) For almost every Ay, the probability distribution of z: conditional on Ay

has everywhere positive density with respect to Lebesque measure.
(b) E [Xé_lDOD(/)thﬂztfl = ’YO] > 0

The condition (a) ensures that the threshold parameter + is uniquely identified and is
common in threshold autoregressions. While it is more complicated to verity the condition in
general, it is easy to see that the threshold VECM without any lagged term satisfies it since
it entails threshold autoregression in z;. This remark is also relevant to Assumption [4] (c).
The discontinuity of the regression function is assumed in the condition (b). At the threshold
point v, the change in the regression function is nonzero, which makes the regression function
discontinuous. This enables a super-efficient estimation of the threshold parameter . If the
regression function is continuous, Gonzalo and Wolf (2005) showed that the least squares
estimator of the threshold parameter is root n consistent and asymptotically normal in the
context of stationary threshold autoregression, which may be used to test for the condition
(d).

We obtain the following rate result for the unsmoothed estimator of 5 and ~.

Theorem 3 Under Assumption and@ B* =By + 0, (n—3/2) and 4* =5+ O, (n_l) .



It is surprising that the cointegrating vector estimate converges faster than the standard
n-rate. Heuristically, ¥ =4 —x}, (B — 6()) behaves like a threshold estimate in a stationary
threshold model as

Hze-1 (B) > vh = 1{zi-1 > 9}

Since supy<;<,, |2t-1] = Op (nl/z) and the threshold estimate is super-consistent, it is ex-
pected that B — By =0, (n’g/ 2) . This fast rate of convergence has an important inferential
implication for the short-run parameters as will be discussed later.

We turn to the smoothed estimator for the inference of the cointegrating vector. While
subsampling is shown to be valid to approximate the asymptotic distribution of the un-
smoothed LS estimator of the threshold parameter in the stationary threshold autoregression
(see Gonzalo and Wolf 2005), the extension to the threshold cointegration is not trivial due to
the involved nonstationarity. The smoothing of the objective function enables us to develop
the asymptotic distribution based on the standard Taylor series expansion. Let f (-) denote
the density of z; and f (-|A) the conditional density given Ay = A. Also define

Ki (s) = KM (s) (1{s > 0} — K (s))
and

o2 = Eﬂ(id”\)z(x;lDout)2+H/€1Hz(xg1DODgXt1)2zt1=70 Fo)  (5)

op = KW(0)E(X{_1DoDyXs-1lze-1 =) f (7o) (6)
First, we set out assumptions that we need to derive the asymptotic distribution.

Assumption 4 (a) E[|Xu;|"] < oo, E[|X:X[|"] < oo, for some r > 4,

() {Axmy, 2z} is a sequence of strictly stationary strong mizing random variables with mizing
numbers o, m = 1,2,..., that satisfy a,, < Cm~Cr=2/=2)=1 for positive C' and n,as
m — 00.

(¢) For some integer ¢ > 2 and each integer i such that 1 < i < ¢ —1, all z in a neighborhood
of v, almost every A, and some M < oo, f) (z|A) exists and is a continuous function of z
satisfying \f(i) (z|A)| < M. In addition, f (z|A) < M for all z and almost every A.

(d) The conditional joint density f (z¢, 2t—m|At, At—m) < M, for all (z¢, 2t—m) and almost all
(A, Avn) .

(e) 0o is an interior point of ©.

These assumptions are analogous to those imposed in Seo and Linton (2007) that study the
SLS estimator of the threshold regression model. The condition (a) ensures the convergence of
the variance covariance estimators but can be weakened. We need stronger mixing condition
as set out in (b) than that required for consistency. The conditions (¢) - (e) are common
in the smoothed estimation as in Horowitz (1992), only (d) being an analogue of a random
sample to a dependent sample. In particular, we require more stringent smoothness condition
(condition (¢)) for the conditional density f (z|A) for the smoothed estimation than for the

unsmoothed estimation.



We present the asymptotic distribution below.

Theorem 4 Suppose Assumption[]]-[4 hold. Let W denote a standard Brownian motion that
is independent of B. Then,

<nh—1/2 (5-5,) ) L@ ( ‘BB ['B )‘1 ( deW)

) 1
Vb =L (5 = ) o2 Jo B 1 W (1)
-1
N 1 di_
\/ﬁ()\—)\o) = N|o, E(d d”)@thX;l 2% |,
t—1 t—1

and these two random vectors are asymptotically independent. The unsmoothed estimator \

has the same asymptotic distribution as A

We make some remarks on the similarities to and differences from the linear cointegration
model and the stationary threshold model. First, the asymptotic distribution of 3 and 4 is
mixed normal, the same asymptotic distribution as that of the standard OLS estimator of the
cointegrating vector and the constant in the exogenous case up, to the scaling factor o,/ 03.
A reading of the proof of this theorem reveals that the linear part does not contribute to
the asymptotic variance of B although [ appears in both inside the indicator and the linear
part of the model. The factor o2/ 03 contains the conditional expectation and density at the
discontinuity point. It is the asymptotic variance of threshold estimate if the true cointegrating
vector were known. Other than the estimation of this factor, the inference can be made in the
same way as in the standard OLS case. Second, the cointegrating vector converges faster than
the usual n rate but slower than the n?/2, which is obtained for the unsmoothed estimator.
This is also the case for the estimators 4* and 4 for the threshold point . Third, as in the
stationary threshold model, the slope parameter estimate \is asymptotically independent of
the estimation of 5 and ~.

The convergence rates of the estimators B and %4 depend on the smoothing parameter h
in a way that the smaller i accelerates the convergence. This is in contrast to the smoothed
maximum score estimation. In the extremum case where h = 0, we obtain the fastest conver-
gence, which corresponds to the unsmoothed estimator. The smaller h boosts the convergence
rates by reducing the bias but too small a h destroys the asymptotic normality. We do not
know the exact order of h where the asymptotic normality breaks down, which requires further
research.

The asymptotic independence between the estimator B and the estimator \ of the slope
parameter A and the asymptotic normality of \ contrast the result in smooth transition
cointegration models, where the asymptotic distribution of A not only draws on the estimation
of 5 but is non-Normal without certain orthogonality condition (see e.g. de Jong 2001, 2002)E|
This is due to the slower convergence of the estimators of 8 in the smooth transition models.

Therefore, it should also be noted that the Engle-Granger type two-step approach, where

2In case of Ez; = 0, we can still retain the asymptotic Normality of the slope estimate by estimating
after replacing the z;—1 (8) with Z;—1 (B) = (1,B,> (xt_l — %ZS xs_l), for any n-consistent 3, as in de
Jong (2001) . It is worth noting, however, that this demeaning increases the asymptotic variance.
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the cointegrating vector is estimated by the linear regression of z1; on xo; and the estimate
is plugged in the error correction model, does not work in our case in the sense that the
estimation error affects the asymptotic distribution of A Therefore, the above independence
result is useful for the construction of confidence interval for the slope parameter .
Furthermore, we may propose a two-step approach for the inference of the short-run
parameters making use of the fact that the unsmoothed estimator B* converges faster than
the smoothed estimator Zi’ In principle, we can treat Zi’* as if it is the true value ;. The

following corollary states this.

Corollary 5 Suppose Assumption -4 hold. Let 4 (B) be the smoothed estimator of v when
B is given. Then, ¥ (B*) has the same asymptotic distribution as that of 4 (B,), which is

N(0,%).
3.2 Asymptotic Variance Estimation

The construction of confidence interval for the slope parameter X is straightforward as A and

A are just OLS estimators given (8, 7). We may treat the estimates 3 and 4 (or ,@’* and 4™)
as if they are 3, and v, due to Theorem {4 We may use either 1{2;_1 > 4} or K;_; (B,ﬁ/)
for d;_1. The inference for (3, ) requires to estimate Q, 02, and O’?Iﬂ The estimation of Q can
be done by applying a standard method of HAC estimation to Axy, see e.g., Andrews (1991).
Although o2 and 03 involve nonparametric objects like conditional expectation and density,
we do not have to do a nonparametric estimation as those are limits of the first and second
derivatives of the objective function with respect to the threshold parameter ~.
Thus, let

Tt = LXt—l (B)/qul_)l (B,’?) 1y, (7)

2Vh

where u; is the residual from the regression , and let

1 h R

~2 ~2 ~2

G, = — , and 6, = —Q, (9) ,
v n P Ter ANC %4 o 22

where (),,22 is the diagonal element corresponding to v of the Hessian matrix @, see Appendix

3 is straightforward from the proof of Theorem

and that of 62 can be obtained after a slight modification of Theorem 4 of Seo and Linton
(2007) .

We can construct confidence interval for v based on Corollary |5} The estimation of o2 and

03 can be done as above with g = B* Due to the asymptotic normality and independence,

the construction of confidence interval is much simpler this way without the need to estimate
Q.

Even though Nand A are asymptotically independent of (B,ﬁ) and (B*,'Ay*) , they are

for the explicit formulas. Consistency of &

dependent in finite samples. So, we may not benefit from the imposition of the block diagonal

3In the MLE of linear VECM, the likelihood ratio statistic for a hyhothesis on 8 converges to the Chi-square
distribution as the log likelihood function under normality is approximately quadratic. It will be interesting
to examine if the same holds true for the threshold cointegration model.
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feature of the asymptotic variance matrix. Corollary [5|enables the standard way of construct-
ing confidence interval based on the inversion of t-statistic with jointly estimated covariance
matrix. In this case, we may define 7; in using the score of u; (6) with respect to (v, \)

for a given B* See Seo and Linton (2007) for a more discussion.

4 Monte Carlo Experiments

This section investigates the finite sample performance of the estimators explored in this
paper. Of particular interest are the various estimators of the cointegrating vector S and
the threshold parameter v. We compare the unsmoothed LS estimator B* of B with the SLS
estimator 3 and the Johansen’s maximum likelihood estimator 3, which is based on the linear
VECM. For comparison purpose, we also compute the restricted estimators BZ and Bo» which
are the unsmoothed LS and SLS estimators of § when « is fixed at the true value 7. Similarly,
46 and 4, denote the restricted unsmoothed LS and SLS estimators of v when 3 is prespecified
at the true value B,. To distinguish the SLS estimator 4 from the two-step SLS estimator,
let 45 denote the two-step estimator.

The simulation samples are generated from the following process

-1 -2
Awt = < 0 ) ($1t71 — BOthfl) + < 0 ) ]-{:I/.ltfl - /801'21571 S ’YO}

—0.5
+ < 0 ) (x16—1 — Boar—1) 1{z1e—1 — BoTar—1 > Yo} + ws,

where uy ~ i1dN (0,13), t = 0,...,n, and Azg = up. This process was considered in Hansen
and Seo (2002) , who provide us with the finite sample performance of the maximum likelihood
estimator of S and v. We fix §; = 1, and v, = 0. While the data generating process does
not contain any lagged first difference term, the model is estimated with two lagged terms in
addition to the error correction term. The estimation is based on the grid search with grid
sizes for § and 7 being 100 and 500, respectively. The grid for 3 is set around the Johansen’s
maximum likelihood estimator 3 as in Hansen and Seo (2002) . For the smoothed estimators,
we use the standard normal distribution function for K and set h = 6n~'/2logn, where 62 is

the sample variance of the error correction term.

Table [1] summarizes the results of our experiments with various sample sizes n = 100, 250,
and 500. We examined the finite sample distributions of the various estimators in terms of
mean, root mean squared error (RMSE), mean absolute error (MAE), and selected percentiles
from 1000 simulation replications. The RMSE and MAE are reported in log .

The results appear as we expected. The Johansen’s maximum likelihood estimator B does
not perform as well as all the other estimators, which are obtained from estimating the cor-
rectly specified threshold cointegration model. The unsmoothed estimators and the restricted
estimators outperform the smoothed and the unrestricted counterparts, respectively, in terms
of RMSE and MAE. However, careful examination of percentiles reveals that the smoothed

estimator 3 exhibits the smaller length of interval between five percentile and ninety-five per-
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Mean RMSE MAE Percentile(%)
inlog inlog 5 2% 50 7505

E - By 0.001 -2.841 -3.191 -0.083 -0.028 0.000 0.028 0.098
8 —pB, 0.001 -2880 -3.293 -0.082 -0.023 -0.001 0.023 0.091
Bo— By -0.001 -3.009 -3.617 -0.063 -0.015 -0.001 0.011 0.062
3 — By -0.001 -2.854 -3.268 -0.085 -0.025 0.001 0.025 0.084
Bo— By -0.002 -2.947 -3.470 -0.068 -0.020 -0.001 0.019 0.068

¥ =7, -0.672 0.138 -0.284 -2.649 -1.153 -0.293 -0.032 0.258
¥ — v -0.631 0.080 -0.408 -2.617 -1.023 -0.209 -0.038 0.123
Y=, -0461 0.149 -0.265 -2.702 -0.945 -0.058 0.241 0.700
Yo —7vo -0.444 0.090 -0.380 -2.719 -0.862 -0.021 0.192 0.504
Yo —7 -0.497 0.146 -0.272 -2.802 -1.014 -0.086 0.219 0.582

B— By  0.000 -3.960 -4.241 -0.030 -0.011 0.000 0.011 0.031
8 —pB, 0.001 -4302 -4.637 -0.022 -0.007 0.001 0.007 0.023
Bo—By 0.000 -4.639 -5.133 -0.014 -0.003 0.000 0.003 0.014
B — By 0.000 -4.278 -4.626 -0.022 -0.007 0.000 0.007 0.020
Bo — By 0.000 -4.540 -4.866 -0.019 -0.006 0.000 0.006 0.016

¥ =7, -0.116 -0.928 -1.778 -0.734 -0.108 -0.031 0.015 0.156
Yo — 7% -0.102 -1.007 -2.085 -0.526 -0.069 -0.021 -0.002 0.069
v—7y -0.057 -0.888 -1.677 -0.746 -0.073 0.019 0.113 0.236
Yo —7 -0.049 -0.901 -1.826 -0.622 -0.043 0.030 0.100 0.184
Js—7y -0.054 -0.917 -1.704 -0.769 -0.071 0.025 0.105 0.236

E -5, 0.000 -2.006 -2.147 -0.015 -0.005 0.000 0.006 0.015
8 —pB, -0.000 -2.279 -2.425 -0.009 -0.003 -0.000 0.002 0.008
Bo— By -0.000 -2.491 -2.698 -0.005 -0.001 -0.000 0.001 0.005
B — By -0.000 -2.253 -2.383 -0.009 -0.003 -0.000 0.003 0.008
Bo — By -0.000 -2.335 -2.476 -0.007 -0.003 -0.000 0.002 0.008

N =7y -0.006 -1.165 -1.346 -0.115 -0.035 -0.004 0.020 0.096
Yo — 7Y -0.010 -1.438 -1.636 -0.068 -0.022 -0.007 0.002 0.045
¥y—7, 0032 -1.080 -1.199 -0.092 -0.013 0.030 0.076 0.155
Yo—"7 0031 -1.213 -1.319 -0.051 -0.007 0.031 0.061 0.122
Yo —7 0.028 -1.102 -1.229 -0.086 -0.015 0.025 0.068 0.146
Notation. Johansen’s maximum likelihood estimator, 87 the unsmoothed estima-
tors, **, the restricted unsmoothed estimators, *;, the smoothed estimators, *, the
restricted smoothed estimators, “o, and finally the two-step estimator 4,.

Table 1: Distribution of Estimators
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centile than the unsmoothed estimator B* And the percentiles of all the estimators of 8 seem
very symmetric around the medians, which are mostly zeros.

Similar observation is made for the comparison among the estimators of the threshold
parameter . The unsmoothed estimators have smaller RMSE and MAE than the smoothed
ones. The knowledge on the true value of 5 helps reduce RMSE and MAE of the estimators
of 7. The two-step estimator %4, which employs more efficient estimator B* than B, indeed
improves upon 4 and even has the smaller RMSE than the restricted estimator 4, when
n = 250. The distributions of all the estimators of v appear quite asymmetric and have large
negative biases when n = 100. However, for n = 500 the distributions become more or less
symmetric around the medians and the biases are much smaller than those for n = 100.
We also note that the biases of the unsmoothed estimators are much bigger than those of

smoothed estimators when n = 100 and n = 250.

5 Conclusion

We have established the consistency of the LS estimators of the cointegrating vector in gen-
eral regime switching VECMSs, validating the application of some of existing results on the
joint estimation of long-run and short-run parameters for models with smooth transition.
We also provided asymptotic inference methods for threshold cointegration, establishing the
convergence rates and asymptotic distributions of the LS and SLS estimators of the model pa-
rameters. In particular, the theory and Monte Carlo experiments indicate that the inference
on the threshold parameter can be improved upon by using the two-step estimator.

While we only considered two-regime models, our results might be extended to multiple-
regime models, provided that the assumptions on stationarity and invariance principle in
Assumption [I] hold true. In that case, we may consider the sequential estimation strategy
discussed in Bai and Perron (1998) and Hansen (1999) . A sequence of estimations and tests can
determine the number of regimes and the threshold parameter. The LM test by Hansen and
Seo (2002) can be employed to test for the presence of the second break without modification
due to the fast rate of convergence of the cointegrating vector estimators.

It is also possible to think of the case with more than one cointegrating relation if p is
greater than 2. In this case, the threshold variable can be understood as a linear combination
of those cointegrating vectors. However, the models commonly used in empirical applications
are bivariate and the estimation of such a model is more demanding and thus we leave it for

a future research.

Proof of Theorems

A word on notation. Throughout this section, C stands for a generic constant that is finite.
The proof of Theorem [I| makes use of the following lemma, which might be of independent

interest.

Lemma 6 Let {Z,} be a sequence of random wvariables and {r,} be a sequence of positive

numbers such that r,, — oco. If an,Z,, = 0, (1) for any sequence {a,} such that a,/r, — 0,
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then
TnZn =0, (1).

Proof of Lemma |§| Let X,, = r,Z, and suppose X,, # O, (1). Then, there exists ¢ > 0
such that for any K,
limsup Pr (| X,,| > K) > e.

Thus, there exists ny such that Pr(|X,,| > 1) > e. Similarly one can find ny > n; such
that Pr (| X,,| > 2) > ¢, and ng < ny < ---, accordingly. Let b, = 1 for n < ny, b, = 2
for n1 < n < no, etc. Then, it is clear from the construction that b, — oo, and that
Pr(|X,,| > b,) > ¢, infinitely often (i.0.), which implies that X, /b, # o, (1) . However, given
the condition of the lemma, X, /b, = (r,,/b,) Z, = o0, (1) since (r,,/by,) /rn, — 0. This yields

contradiction. |

Proof of Theorem [

Let ©,,5s ={0 €0 :7,|8— 8y > d}. Supremums and infimums in this proof are taken on
the set ©, s, unless specified otherwise. To show that [3* — By = op(r;;1) we need to show

that for every § > 0,
Pr{i%fS,*L @) /n-S5; (90)/n>0} — 1. (8)
Let X7 = (X (8), X2 (B)) ® I, and rewrite ([2) as

ST*L (9) = y/y + XXE:WXEW)\ — 2y’X§ﬁ)\.

Let n = /n(8 — By) and r, be a sequence of real numbers such that /n > r, — oo and
rn/v/n — 0 as n — oo. Then,

|77| =Tn |ﬁ - ﬁ0| (\/ﬁ/’/‘n) Z 6\/5/7‘” - X (9)

for any 8 € ©,,, 5.
Note that

1 1 1 2 1 1
- *9_7 *9 :*)\/X*IX* )\—*/X* )\ a7 _7*0

nSn( ) nsn( 0) n B,y“> B,y ny B,y + nyy nSn( 0)

and that y'y/n — S% (0o) /n = y'y/n — v'u/n converges in probability to a positive constant
as in the standard linear regression due to Assumption [1] (¢) and this term is free of the

parameter 0. Therefore, it is sufficient to show that
Pr<inf 1)\’X*’ X5\ 21 ‘X5 A >0
R e W R R T O R

1 X*/ X 1 /X*
R O T N E P £ SR
o\ n |y n |

; (10)

— 1
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as n — oo. This follows from (9) if we show that (i)

sup

/ *
‘1yXﬁrv
0

] )\‘ =0, (1), (11)

and (i¢) infy %X%)\ converges weakly to a random variable that is positive with prob-
ability one.

Show (i) first. Note that y' X3 | /n consists of the sample means of the product of Az; and
(1,2-1(8),A}_;) and that of Az, and (1,21 (8),A;_;)di—1(8,7). However, as A and
di—1 (B, 7) are bounded, it is sufficient to observe that £ 3, |[Azj|, and 1 3, |Az, A} | are

O, (1), and that

T

I2t—1
NG

1 1 1
— _ Az < — 1A+~ A

by the law of large numbers for |z;_; Az}|, the weak convergence of xo;/+/n and the Cauchy-
Schwarz inequality.
We consider (44) now. Let 7 =7/ |n|. Since %XE:WXEW is the matrix of the sample means

of the outer product of

((th—l (ﬁ) ) A;;—1) ) (L Zt—1 (ﬁ) ) A;—1) di—1 (677))l ’

we may write

n;'zxxgjvxgﬁx — N(E5(B,7) © L) A + Rn (0),
where
= (8,7) = ( ) #z,:t (:.8/25‘177)2 %Zt (mét‘lﬁ)de (6,7) ) ,
a2 2y (T M) dee1 (B,7) o= 2oy (b 17) d7y (B,7)
and

Sl;len (0)] =0y (

by the same reasoning to show (i) . Since A, is bounded away from zero by Assumption|1|(c),
it is sufficient to show that

(12)

L2 11,0
5 (8,7) = (i Q) ( Jo W Jo W2L{W >0} )

Jaw2L{w >0} [ W2L{W >0}

where W is the standard Brownian motion. Note that the matrix in is positive definite
and free of parameters up to a constant multiple (7'7' Qr’]) , which is positive and bounded away
from zero.

Now we show . It follows from Assumption |1 (b) and the continuous mapping theorem
that

1 1
% Xt:(w’zt_m)zé /0 (B'})* = /0 W2 (i) | (13)
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and that
1 1 1
2 Z (37/215717.7)2 L{ah 17 >0} = /0 (B/h)Q 1{B"i) > 0} =* (/') /0 W21{W > 0}.
t

Then, it remains to show that

up |55 37 (i) ({1 > 0} — d (211 (9) ,7))| =0, (1) (14)
and that
sup 25 37 (s 1)" (1 {ah v > 0} =& (-1 (B) ,w)‘ =0, (19)

Since (1{z >0} — ¢g*(z)) < (supw lg ()] +1)|1{z > 0} — g ()| for any bounded function g
and sup, ; (x5, 177/f)2 O, (1), it is sufficient to show that

1
S‘;P n Z |d(zt71 (B),7) -1 {wlzt—lﬁ > OH < Riy + Rap = 0p (1),
t

where

Rln

sup Z|1{Zt 1(B8) > 0} — 1{zh, i) > 0}

RZn

sup - 37 1d (21 (3),7) = 11 (8) > 0)].

Due to (9) and the fact that z,—1 (8) = z—1 + Q\tfm Inl,

Ty 17 0rnze—1
— 1 0}—1 0 1 < . 16
E |{Zt1 ) >0} {332t 11> H Et { \/E’_ n } (16)
For any m,, > 0,
‘TIQ[nT]n 57’nzt71 . zIQ[nT]n 5rnzt71
sup 1 < < 1< inf <
=1 { vn vn mi=1] Vn NG
. xé[nr]n O0rnzi—1
1 f < 1 17
: {I;& Vi —mn}+ {2 m o

Consider the first term in . Since 222" converges weakly on {0 <r <1} x {7 : || =1},

f
E1< inf | ———| <m, —>Pr{ 1nf |B,. 7]<O}—0,
lnl=1| +/n £l

for any r € [0.1] and for any decreasing sequence m, — 0. And for the second term in

, we observe that E'1 { 5”"%

> mn} is the same for all ¢ and that it goes to zero as
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Myp+/N/1n — 00. Consider the right hand side term of . Letting m,, — 0 and m,,\/n/r, —
00, we observe that
} dr — 0,

>7 (18)

by the dominated convergence theorem. This shows that Ri, = o, (1).
where [nr] =t — 1. Due to (), for each r and for any sequence {e,,} such that ¢, — 0 and

57"nZ[7”-]

n

0Tn2i—1

NG

2[nr] n <

}-[ =

vn

l'zt 177‘

Next, it follows from Assumption 1 (c) that

NG

Z[nr] +

sup | (z0-1 (8),7) = 1{z-1 (B) > 0}| < d (igf

En\/N)Tn — 00 a8 N — 00,

- xh M
. [nr]
E |d | inf |z,
5 \/'ﬁ . zIZ[nr]n { Znr] } . x/Q[nr]T.]
< Eld|é— [ inf —€n 1<{su <e,rl< inf > 2e,
8 ( et |V "l T

2[nr] 77

NG

nr]

sy’

ZE
+CE <1{ >sn}+1{;nf1
e

< 2%}) .
“’2\[?]"7’ =0,(1),E1 {infwzl %%m’ < 2sn} — 0. Due to the fact that e,v/n/r, —
> En} — 0, and
e o
2[nr]

00, we have El{‘éfrn
€ 1{ <e }1 inf i > 2¢e
—&n sup S éEn mn n
" =1 Vn

Thus, it follows from the dominated convergence theorem that the integral of over r on

As inf|h|:1

. ! 7
g sY™ [ g | T2
o \l9l=1] /1

< d(denv/n/ry) — 0.

Z[nr]

]

the interval [0, 1] goes to zero. This shows Ra, = o, (1), thus, completing the proof of (8] .
Then, it follows from Lcmma|§|that vn (B* - ,6’0) =0, (1).

We turn to show that 6 — 6 = op (1) and /n (B* = ﬁo> = op (1). When d(z,7) is con-
tinuous in all its arguments, we can resort to Theorem 1 of de Jong (2002). And it can be
readily generalized to the case where the limit objective function is continuous. Recalling
Assumption [1] (d) and reading the proof of Theorem 1 of de Jong (2002), we see that we only

have to show his equation (A4.9) with a,, = 0, which corresponds to

li / !
Z Ty 17 Tor—17 Lor—17
- aAafy) ut( 7)‘37 75 ,)‘37
vn vn

uniformly in (n,v) on any compact set. However, for any 7 and v and C' > 0, the term in

.0, (19)
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is bounded by

sup |27 [ue (€07 e (€ 27) = S (6,0,7)]

A lElISC n ¢

1 Ty 47
- 1 >C
+nzz%w’¢ﬁ ’

t n

whose first term converges to zero in probability by assumption and the second term can be
made arbitrarily small by choosing C' large enough due to the weak convergence of “2:="

Therefore, the proof is complete. |

Proof of Corollary

As in the proof of Theorem [1] we need to show that
Pr {irglfSn 0) /n — Sy (0o) /1 > 0} — 1,

where we follow the notational convention of the proof the theorem that infimums and supre-
mums are assumed to be taken over O, ; unless specified otherwise. As S, (6y) /n does not
contain any I (1) variable, the result in Seo and Linton (2007) applies so that it is sufficient
to show with X7 replaced by Xz, = (X (8),X, (8)) ® I,. However, is obvious as
K is bounded. Thus, we need to show 7 that is,

En(B,7) = ( e 2 (xééfm)z w2 (xlztflﬁ)z’@fl(ﬁﬁ) )
o 23 (@ 17) K1 (B,7) 7712 S (@he 1) K21 (By7)

e w2 JEWRL{w > 0}
= () ( Jiwe{w >0} flw2{w > o0} )

which follows if we show and with d replaced by K. The proof hinges on , which
is the part where d matters. However, it still holds replacing d with K and taking supremum
over both # and h on any interval including zero. This establishes that 3 is y/n-consistent.
Remaining part of the proof follows if the conditions on /C satisfy Assumption (1| (d) . In other
words, defining @, (£, A,v) like uy (€, A, ) replacing the indicator with &, we need to show
the uniform convergence of its sample mean to S (¢, A, y), which follows from Seo and Linton

(2007) as 1y (€, A, y) consists of stationary variables. This completes the proof. ]

A word on notation. Having proved Theorem 1 and Corollary 2, we write hereafter
0 = (7,7, ) and 6; = (17',~)" with slight abuse of notation. To further simplify notation

assume v, = 0 and thus 0 is a vector of zeros.

Proof of Theorem [3]

Let ©, = {6 : |6 — 6y| < c}. Due to the consistency shown in Theorem [I] we may restrict the
parameter space to ©. for some ¢ > 0, which will be specified below. It is sufficient to show

the following claim for 6y to be n-consistent as in Chan (1993).
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Claim I For any € > 0, there exist ¢ > 0 and K > 0 such that

liminf Pr{S, (§) — S, (0,A) >0foralld € O, g} >1—c¢,

n—oo

where O, x =0.N{0:101] > K/n}.

Proof of Claim I: Let v, =~ — f/é%n and wu; (0) = uye (0) + uge (0) , where

U1t (0) = Ut — (A — A())lXt_l — (D — Do)/ X1 {Zt—l > ﬂthl}
—D(/)Xt,1 (1 {Zt,1 > ’thl} —1 {Zt 1> O})
ug () = — (A + D 1{2,5 1>%-1}) ftfln.

Since ug (0,A) =0, (Sp, (8) — S, (0, X)) /n = D1y, (0) + Day, (6), where
D1, () = = Z urg (0) ure (0) — uhy (0,2) ure (0,N)]

Dy, (6) = -~ Z gy (0) ugs (6) — = Zult "y (
t

ZT2t—1

e = O, (1) and thus ¥,, = sup,,, |’yt71| =0, (1601]) = 0y (¢)

Note that Za, = sup,,,
for 6 € ©.. Then,

Zu% "zt (6)] < O ([0l nf*) = Oy (el (20)

Since {u;} is a martingale difference sequence, so is the sequence {usl{z—1 >, 1}},

implying

1 xh,
o zt:utl {thl > Pthl} f;ﬁl =0, (1),

see e.g. Hansen (1992) . This implies that

Zult "ust (0)| < 0p (Inl) + O (cInl) + 0p (Inl) (21)
because )% S X1l {z—1 >y} zf;%l < 1%1 =0, (1) and

1 Xy
E ; ‘Xt—l (1 {Zt—l > ’Yt—l} -1 {Zt—l > 0}) 1 {Zt—l > ’Yt—l} f;ﬁl

IN

L1
xQ”EZ ‘Xt—l‘ 1 {|Zt—1| < "Yt—l‘}
t

— 0,(1)0,(c).

The meaning of o, (|n]) is that the term can be bounded for all large n by the product of

In| and an arbitrary small constant with probability 1 — ¢ for any & > 0. The same is true for
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O, (¢|n|) since ¢ can be chosen arbitrary small. Thus, we conclude from and that
for any m,e > 0, there is ¢ > 0 such that

liminf Pr{| D2, (0)] < m|0;| forall 0 € ©.} > 1 —e. (22)
On the other hand, as we show below, for any ¢ > 0 and all sufficiently large n, there

exists some constant m’ > 0 such that Dy, (6) > m’|01| with probability 1 — &, which will

complete the proof of Claim I as m is arbitrary. By direct calculation as above, we may write
1
Din(0) = (Dy+0p(e)) D XX a1 {|z-1] < [veea|} Do
t

+ (D6 +0 (C)) % ZXt—lutl {|Zt—1| < ”Yt_l}} + Op (c2) .

We first argue that the same as (22)) can be said for the last two terms. It is obvious for the
last term O, (02) and it is left to show that for any £, > 0 and sufficiently large n

Pr< sup
0€O, . Kk

The other terms in X;_; can be analyzed similarly. To show , we consider a grid

1
nZutlﬂzt1|<|’yt1|}‘/|91|>6}<5. (23)
t

0, = {91 = (b, .., b%) K/n: |01] < c, and iy, ..., 5 = 1,2,...},

for b > 1 and first show when the supremum is taken over ©,. By the Markov inequality
Pr < sup >0
Oy

s BB St {lanil <
1
= Z 62K2 )|2 zEufl {|Zt—1| S "yt_ly} . (24)

1 . )
=3t {laal < m_l|}| J|K /(o)
t

\K/n (b, ..., bix) | 62
(b, ..., bix

However, since the conditional distribution, say, F;_; of z;_1 given xo;_1 has a density, which

is bounded by M, an expansion of it yields that

K|(b™,...b")| =0 (K |(b™,...,b™)]). (25

Tat

1
EF;_ 1) S M- E
; t 1(|’7t 1|) ’I’L; \/ﬁ

Furthermore, b > 1 implies that Zil ik ’(bil, ...,bi’“) ’71 < o00. Thus, letting K large makes
the term in smaller than any given € > 0.
Next, if a; and ag are any two adjacent points in O, then |a1 — az| < |a1] (b—1) K/n <

c¢(b—1) K/n. Also, let v,; and 74, denote v;s corresponding to any two points (say, 11 and
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012,) lying between a; and ag, then

|1 {|Zt—1| < |’Y1t—1|} - 1{|Zt—1| < |’72t—1|}|

< 1 {}71t1| — sup |y — Yol <z < }71t71| + sup |y — 72t|}
t,011,012 t,011,012
and

. K
sup vy — Vor| < Fan c(b—1) w

611,012
where the supremum is taken over ¢ < n and over #1; and 615 between a; and as. Since aq
and as were chosen arbitrary, the supremum can be extended to the collection of all 6,7 and
01> that lie between any two adjacent point in ©, and by the same reasoning as ,

E sup Zut (1{|Z7571|§|’71t—1‘}_1{|zt71|§"72t—1|}) =0(c(b-1K).

011,012

Since b can be chosen arbitrarily close to 1, this completes the proof of .
Turning to the first term of Dj,, let F' denote the distribution function of |z;| then it

follows from the standard uniform law of large numbers that

1
sup —

1{|zi1| < 2611} = F (j2'61])] -2 0,
Iml,\fh\gcnzt:' {lz-1] < | [} (] DI

for any C < co. Since C is arbitrary and &, = O, (1),

1 . .
S zt: [1{|ze1] < ¥ |} = F (JFea )| == 0. (26)

Since [, /v/n = B (r) and F is continuous, it follows from that

1
0

Pl < el = [ P v=B @ adr L [ oW o) an

where W is a standard Brownian motion and the equality in distribution follows from the

normality of B. Then, for all large n,

1
Pr{n21{|zt1| < ‘;Yt71|} —mg |01] >0 for all 6; € @c}

t

Y

1
Pr{/ F(ly+7"QnW (r)]) dr — ms 01| > 0 for all 6; € @C} —e/2
0

> 1—g,

where the last inequality is shown below in several steps.
First, there is m; such that F'(z) > myz for all z € [0,1] and supy<, <1 [W (r)| = O, (1)

and |y| and |n| are bounded by c. Thus, choosing ¢ small we can argue that for any ¢ > 0,
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with probability greater than 1 — ¢,

1 1
| E v omw @ = [y W )] dr.
0 0
Second, since |y| < ¢, if |W (r)| > ¢, then |y +7'QqW (r)| > 20'Qn |W ()| > 2ma |n] |W (r)],

for some my as Q is positive definite. Thus, choosing ¢ small, Pr {info<, <1 |[W (r)| > ¢} > 1—¢

and thus with probability greater 1 — ¢,
1 1
[ ma byt @)l dr = maol [ W ()
0 0

Third, for any € > 0, there is m4 such that Pr {fol |W (r)| dr > m4} > 1 —¢. Thus, we can
conclude that for any € > 0, there exists a constant ms > 0 such that

1
Pr{/ F (v + 7' QW (r)|) dr — ms|61] > O} >1—¢/2.
0

Proof of Theorem [4]

To derive the limit distribution of the SLS estimator 6, define T}, () = 2229 and Q,, (6) =

2 noo
159"3(5,). Then, by the mean value theorem,

VD (8- 60) = (D.@u (8) D) VDT, (60).

where D,, is a diagonal matrix, whose first p — 1 elements are (h/n)l/ % the p-th element is
Vh, and the others are 1, and 0 lies between 6 and 6. Recall that X;_, () D = X/_,D +

WD'Z and write the residuals of the SLS as

N
e (0) = w—(A—Ag) Xy_1— (D — Do) X;_1dy_1 (27)
Th,
—D'X; 1 (Ki—1 (n,7) — di—1) — (As + D.Ki—1 (n,7)) 215\/5177.
Then,
der (0)' o Jwhen o o) K M)
87’] = TT2t-1 Az + Dzlctfl (777’7) + Dz \/ﬁ + thlD h (28)
(1)
dey (9)/ / ’ m/2t7177 ’thl (77»7)
— = —|\X._D+D 2
37 t—1 + z \/’Tl L ( 9)
e () ~ (XD + D) o 1,
OA —Ki—1(n,7) (Xt/qD + D, 12\7,71”) ® Ip
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Convergence of T},

The asymptotic distribution of

\/'EDnTn (90) /2 = %D" Z %et (90)

has been developed in Seo and Linton (2007) except for the part corresponding to 7. Thus,

we focus on the convergence of

@ Met (90) = —%ngtfl(\/ﬁ’l)lt‘f‘\/EU2t+U3t/\/E)7

2n < on
where
V1t = A;out + D;UIthlut,
vy = (Alg+ DLoKio1) DyXy—1 (Kim1 — di—1),
v = KM X[ Do us — DyXoo1 (Keer — di—1)]

and that of covariances of \/nD,,T,, (0p) .
Since vy is a martingale difference array, % > o101 = Oy (1) due to the convergence of
stochastic integrals (see e.g. Kurtz and Protter 1991). The convergence of n~ip=1/2 Zt Top_1V9t

is similar to that of ni\l/ﬁ > Tar—1V3¢, which we will establish here. Then, it follows that
1
- 2952#1 (V1 + var) Vh = op (1),
t
as h — 0. Let U3y = (v3y — Ewvs;) /vh, then s, is a zero mean strong mixing array. Seo
and Linton (2007, Lemma 2) has shown that y/n/hEvs; — 0 and var [(hn)_l/2 > v3t] =
var |:U3t / \/ﬂ +0(1) — 02, which is defined in (5] . This implies that
1
s Z-TQt—lE'U?)t/\/E = 0p (1),
t

[nr]
Aoy B

n=1/? S I , 30

Z ’l_]gt O'%W ( )

t=2

and that

due to Assumption [4| and the invariance principle of Wooldridge and White (1988, Theorem
2.11), where W is a standard Brownian motion that is independent of B. For the inde-
pendence between B and W, see Lemma 2 of Seo and Linton (2007), which shows that
Z;L,t:1 EAxv3: = 0(1).

For the convergence of % > Ta—1U3¢, we resort to Hansen (1992, Theorem 3.1). Checking
his conditions, we observe that the moment condition for #3; is not met, that is, E |v3;|" — oo
for p > 2. However, it is not necessary but used to show that sup,<,<, n =2 337 E [0344| F] =

op (1), where F; is the natural filtration at time ¢. Using the Markov inequality, he obtains
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that for p > 2

oo

sup n_l/QZE[TJng\]-}} >c

1<t<n h—1

—0 (31)

- gpnp/Q 1

|

if F'|v3|” < co. Now we show that while E |v5;|” is not bounded for p > 2 but diverges at a
rate slower than n?/2~! so that still holds. As y/n/hEvs; — 0 and the part associated

with u; can be done in the same manner, we focus on

} CE |t

p
E ‘/cgl_)lxg,lDngXt,l (Koor — dt,l)‘ hop/2

€0 (55)(£(552) 1)

- hlfpﬂ/\X'DngXHlC(” (s) (K (s) fl(s))\pf(hsﬂo\X) dsdPx,

p

f(2|X) dzdPx

hP/? / | X' DoDy X |F

where Px is the distribution of X;_ 1 and the last equality follows by the change-of-variables.
Note that f is bounded almost every X, K (s) — 1(s) is bounded, {K(1)|p is integrable, and
E|X'DyD\X|" < oo. As h'=P/2/nP/2=1 — 0 for p > 2, we conclude that converges to

zero. Therefore,

2;/?” > 6eta(7t790) e (60) = /0 BdW. (32)

Finally, note that a similar argument that showed the asymptotic independence in
yields the asymptotic independence between the scores for n and A. For the covariance between

the scores for 7 and ~, note that vs; = h%ﬂo)/et (6o) -

Convergence of Q,,

To begin with, we claim the following lemma.

Lemma 7 Under the conditions of this theorem, h™' (¥ —7,) and h=%) are o, (1).

Proof of Lemma Recalling the formula and , we may write

*Za (0) =T1n (0) + -+ Ti0n (), (33)
where
_ L (1) /
Ti, (0) = nh ZICt—l (1,7) Xi_1Duy,
t
Tgn (0) = tr [D/ h ZK: 7’] ’)/ Xt 1Xt 1 (A Ao)
T3, (0) = [ — ZXt 1 X5 K, (0,7) (Kemy () = dtl)D] )
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and till we reach

1 Tot—
Tl[)n (9) = leznZ f;ﬁl Kilf)l (777’7) (AZ + Dzlctfl (7% ’Y))
t

/
Lor—17)

N

As we proved the consistency of the smoothed least squares estimator of 6 in Corollary 2,
we can find a sequence r,, — 0 and that Pr {‘9 — 90‘ > rn} — 0. Without loss of generality, we
restrict the parameter space to ©,, = {|0 —fo| < r,}. We first show that supg _ |Tin (0)] =
op (1), for all ¢ # 3, which implies that

T3 (9) =0,(1), (34)

since equals zero at @ = 6 due to the first order condition of the SLS estimation.
First take Ty, (). In particular, consider

)

h

ih Sk (Ztl +ahan/vn — ’Y) ”
n
t

and the other terms in the vector can be handled similarly. As in Seo and Linton, we may
assume u; is bounded by some constant C' < oo and divide the parameter space for 6; of ©,.
into I';, non-overlapping pieces ©,,;,7 = 1,...,T',;, and the distance between any two points in
each piece is smaller than equal to ph?*< for some y > 0. Then, T, = O (h=3(P~D(+/2)) - An
application of a Hoeffding type inequality for martingale difference sequence (Azuma 1967)

yields that for 6,; € ©,,; and some constant C;

1 _ ! . — .
Pr{iupp Ez:utlc(l) (zt 1+372t7f1:71/\/ﬁ ’Yz) >77}
A ) t
1 _ ! ) — .
< Zpr{‘mzutjc(l) (zt 1+$2t7}1l771/\/ﬁ %) >77}
i<T,, t
< Fnexp(—nhQWQ/C’l)
— 0,

as nh? — oo. And for any 6, and 6 in ©,;,

ih Z {K(l) (Zt—l a5 /v - 71) _ (Zt—l + h 1M/ V1 — '72)] ”
n
¢

h h

1 Ze1 4 Thy 1M/ — Top_1 | phte
< . 1 ]C(z) t
=k Xt:%’ B Y
< Oy (hF),
T2t —1

as SUPy <p<n | o | = O, (1) and K@ is bounded.

Next, we study the convergence of Tj, (6). The same analysis applies to Tj,s for i =
2,4,5,...,10, to yield that they are all o, (1) s. Note for example that T5,, is the product of
(A — Ap), which is bounded by 7, and of a sample mean, which is O, (1) applying the same
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method as below.

Define
21 +a'n— 21 +a'n—
Ti (x,01) = Xt—lXt/—llC(l) (W) (’C (W) —1{z_1+2'n> ’Y}) )
and

s(x,01) = E(Ty (x,01)).
Furthermore, letting 4 = v — 2’7, define
. . 2 — 2 24— . )
T () = Xt—lxé—llc(l) (tlh’y> (’C <t1th> —1{z-1 > ’Y}) )
c(h) = ET,(%).

Assume that  belongs to a compact set ©, and thus 7 lies within an interval Oy, shrinking

to zero as 01| < r, — 0. Then, it is clear that

nhZTtxH ¢ (z,601)) <

me@T,Ol €0,,

LS () - m))’ =0, (1), (35)

where the last equality is due to Lemma 4 (17) of Seo and Linton (2007). Since holds

2

for any compact set O, and sup, ‘n_l/ xgt_1’ =0,(1), holds true when z is replaced

with n_l/ngt,l. This implies that

and thus

nlhzcﬁﬁe) = LS =00, (39)

where the last equality is due to (24) of Seo and Linton (2007) . Expanding the (1,1) element
of around 61, yields that for 8; between 6; and 619

vy Z§11 <:U2tl7 Al) = %Z§11 <:Eftrn1,91o> Z§11 (x% L6 > (91 — 910)
t

where ¢11 denotes the (1,1) element of ¢. Given and , this implies that h~? (91 — 910) =

op (1) if
%%Zgu (x2t\/ﬁl’91> %OP(]‘) (39)
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However,

0 zi—1+a'n—r zi—1+a'n—r
— @ (ze=1 20— T e A A /
91E[K ( h >(IC< h 1{zt-1 +2'n >~}

B I 3 I 1
- E [K(Z) (zt 1*;” 7) (/c (zt 1+Z”7 W) —1{zt_1+x’n>7}> h] («,-1)

W (A1 tan -1\’ 1 (1) / Y.
ERO () 2 = kD (0) £ (v —a'n) | (o, -1)

where f denotes the density of z;. Using change-of-variables formula,

g (227 ‘1 = /OOIC(” kit 21f(z)dz
h h h h

— 00

- /OO KD (2)% f (hz +4) dz

— 00

- /OO KW (2)*dz - £(0),

— 00

by the dominated convergence theorem as h and 4 go to zero. Similarly,

E {/c@) (‘”*ﬂ) (IC (“*ﬂ) —1{z-1> %) H
- /Z/c@) (2) (K (2) = 1{z > 0})dz - f (0).

Furthermore, it follows from the integral by parts that

/oo Kk (S)stf/oo K@ (s)(l{s>0}fIC(s))d5:f/oo K@ (s)1{s > 0} ds = K’ (0).

—0o0 — 00 — 00

’
Tor—1

2=t — ’y‘ =0, (1), we obtain

Since SUP1<i<n,0,€0,,

01 Tot—1 =
%nzt:Ql( \/ﬁ 591)

= 2/_00 K@ (2) (K (2) —1{z > 0})dz - f (0) iz(x%%—g +0,(1).

Thus, follows since [*°_ K (z) (K (2) — 1{z > 0})dz > 0 and f (0) > 0. [ |

In view of Lemma [7] and the proof, we can restrict the parameter space to
977, = {9 € O: |)\_)‘0| < rn,h_l |7_’70| < 'rnah_l |77| < T’I’L}»

for a sequence r, — 0. Let

Quo)= 1Y L0l grg =ty Yy Tl o),
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where the subscript i of a matrix (or a vector) indicates the i'* Column (element) of the
matrix (the vector). Then, Q,, (6) = 2Q% (8) +2Q°% () . Start with Q° (), in particular, with

KM, (v K2, (0,7
= > waazh <2Dzz~t1h()+Xt_1(n)’Dit1h(2) eir (0).  (40)

Since A — 0 and sup; <4<, ‘Ii’i\;%n =0,(1), X;_1(n) D; = X|_,D; + D., Ié\”/‘ﬁm =X/ D;+

op (1) and the leading term in (40) with the normalization is

h / / ]ng 1 (77 ry /
—~ > worawh, X[ D; — e /c2 BB (41)
t

where K3 (s) = K& (s) (K (s) = 1{s > 0}) and &2, = E (D};X{_1X;—1Doi|2e-1 = 0) f (0).
The convergence can be achieved in the same way as in Lemmal That is, decomposing
it as in the lemma, we can easily show that T}, s are negligible except for ¢ = 3. For T, the
same as holds with

¢(z,0) = o 2me’E [Xt’ DK ( -

) (e (4 9) -1 {5 v 0))]

where ¥ = T,"T_'Y Since sup;<, gco, xé"%} = 0, (1) and by the change-of-variables tech-
nique

1 2 .

ZE (X[ D) K2, (Koo = dimy) = B ((DiXe-1)’ J2i-1 = 0) £ (0) //c%

the convergence in follows.

The remaining terms in Q% (6) are 68§g§\€) =0,

9%, (0) KO, (1,7) ;K ()
oy DziTﬂLXt—l(n) Di——5— T 1,

0%eit (0)
oyoy!

/C(Q) 2 0
— X, () D t—1 (77,7)_ d%ei (0) _ (

3 ]C(l) , & Ii7
h? 6)\67’ t—1h(’7 ) X, 1 (,'7) >

and
€2

82eir (0) ( ) )
A c® Ty 1 @I
OO K, 1(777)62+ﬂxf L ()
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where €5 = (0,1,0,...,0) whose dimension is (pl + 2). As their convergence can be analyzed

similarly as above, we omit the details and conclude that

1 1
~J BB [}B 0
D, Q4 D, = &2 //c2 B 1 oo |,
0 0 0

~2 P

~92 .
where 67 = i, 0,,. Similarly,

1 1
oo (6570 o
DnQ5 Dy = o

1 dy
0 E R =D D (=
di1 di1

Finally, note that HIC(U H; —f Ky =K® (0) by an application of the integral by parts, which
yields the desired result.

The convergence of A" is a direct consequence of Theorem which obtains the convergence
rates of 4 and #*, and Theorem 5 of Seo and Linton (2007). [ |

Proof of Corollary

Let n, =n+0, (n‘l), 02 = (v, A). The consistency of 05 is obvious since we established the
consistency in Corollary |2| based on the \/n-consistency of B . For the limit distribution, let
T, (025 1) and Qay, (02;m) denote the score and hessian of the sum of squares function with a
fixed . But, we have already derived the convergence of the Hessian @,, (¢) for = n9+o0, (1) .

Thus, we only have to examine the score Ts,,. Let

€ (02im,) = w—(A—Ag) X;o1— (D — Do) Xy 1dy—y
_D/Xt—l (Kt—l (Wm’Y) - dt—l) - (AZ + DZ’Ct—l (nner)) m/Qt—l (nn - 770) s

1
- (Xwg—lD + Dlwy_q (0, — 770)) Kg—)l (Np>y) /P
= - (XLlD + Dlwy_y (n, — 770)) ® I
K1 (0, 7) (X{_1D + Dlaty_y (n,, —19)) © I,

&, (02)
904

Then, we need to show that

2y

€ (020;m0)

ae 9 01 (02051,)" .
¢ (02057,,) & (B203m,,) — Tet (020; 77()) =0y (1).

004
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As the arguments are all similar for each term, we show that

\/E n
N D X1 DoD X1 (Kiox (11,70) — Kio)
t=1

< gmnno) sup

1<t<n

/
Lot—1

NG

e _
n Z ‘Xt/—lDODE)Xt—lKglf)l (1,70)| = 0p (1),
t=1

where 7 lies between 71, and 7,,, since (1,, — 1) v//Vh = 0, (1) and £ is bounded. This
completes the proof. |
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