
Proof. We expand out bg[1]j (xj) about eg[1]j (xj) in a Taylor expansion in efjt � fjt and egk(Xki) �
gk(Xki) obtaining many terms. A typical term isPT
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2
jt

:

Then
1

T

TX
t=1

� efjt � fjt

�
fjt =

1

T

TX
t=1

� efjt � f yjt

�
fjt +

1

T

TX
t=1

�
f yjt � fjt

�
fjt; (43)

where

1

T

TX
t=1

�
f yjt � fjt

�
fjt = (A

y)�1
1

T

TX
t=1

1

n

nX
i=1

G(Xi)"it

�
f yjt � fjt

�
fjt = Op((nT )

�1=2):

The expansion for T�1
PT

t=1(
efjt � f yjt)fjt is more complicated but basically one obtains terms like
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Substituting in the expansion (38) and collecting terms we see that the double averaging makes the

stochastic terms Op((nT )�1=2): The bias terms are always Op(h2):

De�ne eUn1 = 1

pj(xj)

1

n

nX
i=1

Kh(xj �Xji)e"i; (44)

e"i = PT
t=1 fjt"itPT
t=1 f

2
jt

:

Lemma 6. Under our assumptions

eg[1]j (xj)� gj(xj) = eUn1 +Op(h
2) + op(n

�1=2T�1=2h�1=2):
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Proof. ConsiderPT
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= Un1 + Un2 + Un3:

The term Un2 is a standard bias term of order h2: The term Un3 can be shown to be Op(h2) +

op(n
�1=2T�1=2h�1=2) as in Linton (1997), where the Op(h2) is a bias term. Interchanging summations

and approximating
Pn

i=1Kh(Xji � xj)=n by pj(xj) we obtain an approximation to the leading term

Un1; i.e., Un1 = eUn1(1 + Op(n
�1=2h�1=2)): The term eUn1 is a sum of independent random variables

and is Op(n�1=2h�1=2T�1=2) with mean zero and variance as stated in the theorem. Speci�cally,

E[e"ijXji = xj] = 0 and

var[e"ijXji = xj] =
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jt�

2
jt(xj)�PT
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2
jt

�2 � C

T

for some C < 1 for large enough T: Therefore, we can apply the Lindeberg CLT to eUn1. Further-
more, eUn1j(xj) and eUn1k(xk) are asymptotically independent by standard arguments for kernels with
bounded support.

Now de�ne bf [1]t as in (19). Using the above expansion it can be shown that the results of Lemma

2 and 4 continue to hold with bf [1]t replacing eft with a di¤erence sequence �n;t: Then we can show
that the conclusion of Lemma 5 and 6 continue to hold with bg[2]j replacing bg[1]j : This process can be
continued for any �nite number of iterations, see Linton, Nielsen, and Van der Geer (2004). The

only thing that changes in the expansions is the bias function, although the bias at each iteration

can still be approximated by some bounded continuous function.

Proof of Theorem 2. By the triangle inequality
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�2�
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+ sup
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kMT (�)�M(�)k ;
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whereMT (�) = T�1
PT

t=k+1  (Ft; Zt; �): Applying uniform laws of large numbers for classes of smooth

functions (Andrews (1987)) we obtain that sup�2� kMT (�)�M(�)k = op(1): Furthermore, by a �rst

order expansion for each ` = 1; : : : ; q;

cMT`(�)�MT`(�) =
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where F t are intermediate values. We next use the inequality Pr[C] � Pr[C \ D] + Pr[Dc] with

D = fmax1�t�T j bft� ftj � �n;Tg and �n;T ! 0 chosen such that Pr[Dc]! 0; this allows us to restrict

attention to the event D. It follows that on this set by crude bounding using assumption B3 and

(28) we have for some C <1;
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It follows that sup�2� jjcMT (�)�MT (�)jj = op(1): Finally, the unique minimum condition B2 implies

that b� � �0 = op(1):

By a Taylor expansion cMT (b�) = cMT (�0) +
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where � are intermediate values. Furthermore, for each ` = 1; : : : ; q;
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where F t are intermediate values. By substituting in the expansion for bFt � Ft it is easy to see that
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We next use the inequality Pr[C] � Pr[C\D]+Pr[Dc] withD = fmax1�t�T j bft�ftj � �n;Tn
�1=2(log T )�g

and �n;T ! 0 chosen such that Pr[Dc] ! 0; this allows us to restrict attention to the event D. It
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follows that on this set by crude bounding using assumption B3 we have for some C <1;
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Therefore, cMT (�0) =MT (�0) + op(T
�1=2): Similarly

@cMT

@�
(�) =

@MT

@�
(�0) + op(1) = �0 + op(1):

In conclusion, we have op(T�1=2) = MT (�0) + �0(b� � �0); and the result follows from arguments of

Pakes and Pollard (1989, pp 1041-1042). In particular, a CLT for stationary mixing random variables

is applied to
p
TMT (�0); whence

p
T (b� � �0) is asymptotically normal as stated.
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Table 1: Sample Statistics of Raw Security Characteristics 
                                    
                  
  Mean Standard Deviation Skewness Excess kurtosis 
                  

Year Firms Size Value Mom Vol Size Value Mom Vol Size Value Mom Vol Size Value Mom Vol 
                  

1965 467 4.84 0.69 0.01 0.06 1.69 0.40 0.02 0.03 -0.25 1.04 0.18 1.21 -0.14 0.47 0.59 1.04 
1970 1562 4.62 0.52 0.00 0.10 1.56 0.29 0.03 0.04 0.23 0.82 0.23 0.74 -0.47 0.19 0.46 0.09 
1975 3394 3.44 1.40 -0.01 0.14 1.81 0.90 0.03 0.06 0.47 0.91 0.03 0.59 -0.38 0.27 0.19 -0.14 
1980 3465 3.72 1.21 0.02 0.12 1.86 0.69 0.03 0.06 0.20 0.79 0.44 0.69 -0.38 0.15 0.40 0.00 
1985 4017 4.20 0.73 -0.02 0.10 1.95 0.43 0.03 0.05 0.17 0.69 -0.37 0.76 -0.42 -0.04 0.22 0.06 
1990 4595 4.13 0.76 0.01 0.11 2.18 0.48 0.03 0.06 0.24 0.91 -0.02 1.00 -0.33 0.47 0.59 0.39 
1995 5583 4.78 0.62 0.01 0.11 2.00 0.40 0.03 0.06 0.37 0.91 -0.07 0.94 -0.31 0.28 0.57 0.33 
2000 6003 5.25 0.65 0.01 0.17 2.12 0.46 0.04 0.09 0.38 1.01 0.55 0.90 -0.27 0.47 0.73 0.31 
2005 4952 6.06 0.52 0.03 0.11 2.03 0.31 0.03 0.07 0.23 0.85 0.58 1.08 -0.28 0.39 0.66 0.42 

                  
Med 4017 4.62 0.69 0.01 0.11 1.95 0.43 0.03 0.06 0.23 0.91 0.18 0.90 -0.33 0.28 0.57 0.31 

  
Table 1 shows some descriptive statistics of the cross-sectional data for July at five-year intervals: the number of securities in the annual cross section, and the first four cross-
sectional moments of the four raw characteristics. Separately provided are the time series medians over the full 42 year period, also using July data. 
 



Figure 1: Time Series Plots of Cross-sectional Correlations between the Characteristics 
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Figure 1 illustrates the time varying nature of the correlations between characteristics by showing the cross-sectional correlation for each pair of characteristics each July. 



 

Table 2: Characteristic-Beta Functions and Standard Errors 
                  

         
 Size Value Momentum Own-Volatility 

Grid Value SE Value SE Value SE Value SE 
                  
         

-2.00 n.c n.c n.c n.c -2.39 0.048 n.c n.c 
-1.50 -1.86 0.036 n.c n.c -1.53 0.046 n.c n.c 
-1.00 -1.07 0.030 -1.21 0.074 -0.94 0.034 -1.12 0.016
-0.50 -0.42 0.028 -0.01 0.059 -0.42 0.030 -0.56 0.024
0.00 0.28 0.025 0.71 0.067 0.10 0.026 0.13 0.034
0.50 0.78 0.022 0.70 0.059 0.58 0.025 0.67 0.041
1.00 1.04 0.019 0.79 0.058 1.01 0.029 1.11 0.044
1.50 1.19 0.016 0.93 0.063 1.34 0.032 1.47 0.047
2.00 1.22 0.014 1.08 0.059 1.61 0.035 1.78 0.045
2.50 n.c 0.012 1.25 0.089 1.89 0.063 2.10 0.071

         
n.c = not computed        

 
Table 2 shows the estimates of the characteristic-beta functions at some selected characteristic values 
and the heteroskedasticity-consistent standard errors for each of these estimates. The table reports 
results for each characteristic over a support ranging from the empirical 2.5% to the 97.5% quantile. 
 



Figure 2: The Characteristic-beta Functions  
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The solid lines in Figure 2 display the estimated characteristic-beta functions over all grid points. For 
comparative purposes the dashed line depicts the linear Rosenberg-type model with the same 
identification conditions imposed. 



Figure 3: Characteristic-Beta Functions on Four 126-Month Subperiods 
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Figure 3 shows the characteristic-beta functions from four subsamples. SP1 line is a function for 1963 
July-1973 December period, SP2 for 1974 January-1984 June period, while SP3 and SP4 for 1984 July-
1994 December and 1995 January-2005 July periods, respectively.
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Table 3: Uncentered R-squared Statistics Using Subsets of the Characteristics 

   
  
 Marginal UR2 Statistics when Adding Factors First or Last to the Model 
           
      
 Market Size Value Momentum Volatility 
           
      

Adding first 12.23% 1.50% 0.66% 1.26% 2.01% 
      

Adding last 12.12% 0.89% 0.34% 0.74% 1.09% 
           
      
 UR2 Linear and Nonlinear Five Factor Model 
   
    

 Linear Nonlinear  
     

    
UR2 16.20% 16.44%  

    
 
Table 3 shows the time-series averages of uncentered cross-sectional R2 (UR2) statistics as a measure of 
the explanatory power of the factor model. The upper part of the table shows average UR2 statistics 
from cross-sectional regressions of excess returns on each characteristic-beta function singly as well as 
their marginal contribution given the other four. The lower part of the table shows the UR2 statistic 
based on the model with all five characteristic-beta functions. 
  



 
Table 4: Factor Return Statistics and Comparison to Fama French Factor Mimicking Portfolios 

                  
         
 Panel a: Factor Return Statistics     
               
          
 Market Size Value Momentum Volatility     
          

Annualized Mean 9.65% -2.66% 0.80% -0.28% -1.27%     
Annualized Volatility 19.47% 5.78% 3.54% 5.85% 7.29%     
% Periods significant* 91.07% 74.40% 57.34% 66.47% 75.20%     

overall p-value 0.00% 0.00% 0.00% 0.00% 0.00%     
          
 Panel b: Empirical Factor Return and Fama French Mimicking Portfolio Return Correlations 
                   

          
 Market Size Value Momentum Volatility RMRF SMB HML FF_MOM 
          

Market 1.00 0.00 -0.16 -0.39 0.80 0.86 0.66 -0.30 -0.17 
Size 0.00 1.00 0.19 0.15 -0.01 0.34 -0.34 -0.10 -0.11 

Value -0.16 0.19 1.00 -0.12 -0.32 -0.23 -0.18 0.78 -0.21 
Momentum -0.39 0.15 -0.12 1.00 -0.41 -0.17 -0.18 -0.08 0.80 
Volatility 0.80 -0.01 -0.32 -0.41 1.00 0.65 0.63 -0.44 -0.17 
RMRF 0.86 0.34 -0.23 -0.17 0.65 1.00 0.30 -0.41 -0.06 
SMB 0.66 -0.34 -0.18 -0.18 0.63 0.30 1.00 -0.28 0.02 
HML -0.30 -0.10 0.78 -0.08 -0.44 -0.41 -0.28 1.00 -0.12 

FF_MOM -0.17 -0.11 -0.21 0.80 -0.17 -0.06 0.02 -0.12 1.00 
          
* defined as abs(t-value) > 1.96.          
 



The upper part of Table 4 shows the mean, volatility, and statistical significance of each factor. The statistical significance is calculated as the percentage of significant t-
statistics for each factor by estimating for each cross-sectional regression, the t-statistic for each estimated coefficient, based on Hansen-White heteroskedasticity consistent 
standard errors.  Then for each factor, finding the average number of cross-sectional regression t-statistics that are significant at a 95% confidence level across the 504 time 
periods. The aggregate p-value is also provided. The lower part of Table 4 displays the correlations between the estimated factors, along with the three Fama-French factors, 
RMRF, SMB, and HML and a momentum factor FF-MOM created by Ken French. RMRF is the Fama-French market factor, it is the return to the value-weighted market 
index minus the riskfree return; SMB is the return to a small capitalization portfolio minus the return to a large-capitalization portfolio; HML is the return to a high book-to-
price portfolio minus the return to a low book-to-price portfolio. FF-MOM is the return to a portfolio with high cumulative returns over the past twelve months minus the 
return to a portfolio with low cumulative returns over the past twelve months, adjusted to have roughly equal average capitalization.  



Figure 4: Characteristic-based Mispricing Function
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Figure 4 shows the four additive nonparametric characteristic-based mispricing functions over the grid of 
points between -3 and 3 at equally-spaced intervals of 0.1. 



 
 

Table 5: Vector Autoregression for the Factor Returns 
            

      
 Market Size Value Momentum Own-

Volatility 
           
      

Market(-1) 0.122 -0.074 -0.002 -0.014 -0.005 
 (0.086) (0.002) (0.001) (0.016) (0.020) 

Size(-1) 0.733 0.133 -0.001 -0.116 0.171 
 (0.239) (0.047) (0.004) (0.046) (0.056) 

Value(-1) -2.180 -0.496 0.292 -0.475 -1.220 
 (3.800) (0.751) (0.057) (0.723) (0.889) 

Mom(-1) 0.201 -0.144 -0.005 -0.073 0.118 
 (0.287) (0.057) (0.004) (0.055) (0.067) 

Own-Vol (-1) 0.244 -0.047 0.008 -0.123 0.200 
 (0.431) (0.085) (0.006) (0.082) (0.101) 

Constant 0.008 -0.001 0.000 0.000 0.000 
 (0.003) (0.001) (0.000) (0.001) (0.001) 

R2 0.054 0.129 0.068 0.054 0.061 

 
Table 5 shows the results from a first-order vector autoregression of the five factors returns on their 
lagged values.  Heteroskedasticity-consistent standard errors are shown in parentheses below each 
estimated coefficient. 

 



  
Table 6: Vector Autoregression for the Squared Factor Returns 

            
      

 Market^2 Size^2 Value^2 Momentum^2 Own-Volatility^2 
           
      

Market(-1)^2 -0.002 0.004 0.000 0.001 -0.004 
 (0.052) (0.002) (0.000) (0.003) (0.004) 

Size(-1) ^2 1.400 0.238 0.002 0.280 0.520 
 (1.370) (0.052) (0.000) (0.070) (0.090) 

Value(-1) ^2 -76.030 32.390 0.230 14.080 19.070 
 (248.300) (9.480) (0.062) (12.610) (16.370) 

Mom(-1) ^2 0.699 -0.102 0.000 0.126 0.014 
 (1.420) (0.054) (0.000) (0.072) (0.094) 

Own-Vol (-1) ^2 -0.390 -0.013 0.000 -0.110 0.041 
 (1.360) (0.052) (0.000) (0.069) (0.090) 

Constant 0.004 0.000 0.000 0.000 0.000 
 (0.001) (0.000) (0.000) (0.000) (0.000) 

R2 0.003 0.145 0.257 0.067 0.141 

 
Table 6 shows a first-order vector autoregression of squared factor returns on their lagged values. 
Heteroskedasticity-consistent standard errors are shown in parentheses below each estimated coefficient. 



Figure 5: Time series of cross-sectional root-mean-square asset-specific return 
 

Figure 5 shows the time-series of cross-sectional mean-square asset-specific return over the sample period 
July 1964 to June 2005.   



Figure 6: The Characteristic-beta Functions with Observed Market Index
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Figure 6 displays the estimated characteristic-beta functions over the range of grid points covering 95% 
of characteristic values. The model is estimated with an observed market index.  The characteristic-beta 
functions are standardized to have a capitalization-weighted mean of zero and capitalization-weighted 
variance of one.  



 
 

Table 7: Tests of the Capital Asset Pricing Model as a Restriction 
on the Non-Market Factor Returns 

 
    
    

 intercept beta R2 
    

 Full Period: 7/1963 - 6/2005 
       
    

Size -.0011 (-3.40) .0065 (.875) 0.002 
Value .0006 (2.09) -.057 (-9.06) 0.14 

Momentum -.0004 (.755) -.039 (-3.41) 0.023 
Own-Volatility -.0008 (-3.21) .105 (17.0) 0.367 
GRS (p-value) 10.49 (.0000)   

 First Subperiod: 7/1963-12/1973 
       
    

Size -.0006 (-1.07) -.061 (-4.08) 0.118 
Value .0001 (.275) -.040 (-2.92) 0.065 

Momentum .0012 (1.54) -.056 (-2.68) 0.055 
Own-Volatility -.0006 (1.69) .104 (10.4) 0.465 
GRS (p-value) 3.00 (.021)   

 Second Subperiod:  1/1974 — 6/1984 
       
    

Size -.0027 (-3.78) -.010 (-.723) 0.004 
Value .0003 (.499) -.063 (-5.73) 0.207 

Momentum -.0007 (-.734) -.021 (-1.09) 0.009 
Own-Volatility -.0010 (-2.97) .074 (10.5) 0.469 
GRS (p-value) 11.57 (.0000)   

 Third Subperiod: 7/1984 - 12/1994 
       
    

Size .0002 (.440) .035 (2.78) 0.059 
Value .0010 (2.15) -.042 (-3.83) 0.106 

Momentum .0003 (.497)  .004 (.285) 0.001 
Own-Volatility -.0007 (-1.99) .054 (6.55) 0.257 
GRS (p-value) 2.15 (.079)   

 Fourth Subperiod: 1/1995 - 6/2005 
       
    

Size -.0017 (-2.40) .047 (3.04) 0.07 
Value .0010 (1.36) -.080 (-5.20) 0.182 

Momentum .0007 (.0480) -.085 (-2.72) 0.057 
Own-Volatility -.0012 (-1.46) .186 (10.5) 0.477 
GRS (p-value) 6.15 (.0002)   

 
Table 7 shows the results from univariate time-series regression of each of the four characteristic-based factors on 
a constant and the excess return to the market index. The CAPM implies that the set of four intercepts from these 
univariate regressions should jointly equal zero.  T-statistics are shown in parentheses next to each estimated 
coefficient.  The regressions are run over the full 504 month sample period and for each of four 126-month 
subperiods.  The Gibbons-Ross-Shanken test statistic of the joint hypothesis that all four intercepts are zero is also 
shown, together with its p-value in parentheses. 




