Uniform Bahadur Representation for Local
Polynomial Estimates of M-Regression
and Its Application to The Additive Model

Efang Kong®
(Technische Universiteit Eindhoven)

Oliver Linton'
(London School of Economics)

Yingcun Xia*
(National University of Singapore)

The Suntory Centre

Suntory and Toyota International Centres for
Economics and Related Disciplines

London School of Economics and Political Science

DP No: EM 2009 535 Houghton Street
London WC2A 2AE
2009 Tel: 020 7955 6674

* Eurandom, Technische Universiteit Eindhoven, The Netherlands. E-mail address:
kong@eurandom.tue.nl.

Department of Economics, London School of Economics, Houghton Street, London WC2A 2AE,
United Kingdom. http://econ.lse.ac.uk/staff/olinton/ index own.html. E-mail address:
o.linton@lse.ac.uk.

Department of Statistics and Applied Probability, National University of Singapore, Singapore.
http://www.stat.nus.edu.sg/ staxyc. E-mail address: staxyc@nus.edu.sg.



Abstract

We use local polynomial fitting to estimate the nonparametric M-regression
function for strongly mixing stationary processes {(Yl&)} . We establish a strong
uniform consistency rate for the Bahadur representation of estimators of the
regression function and its derivatives. These results are fundamental for statistical
inference and for applications that involve plugging such estimators into other
functional where some control over higher order terms are required. We apply our
results to the estimation of an additive M-regression model.
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We use local polynomial fitting to estimate the nonparametric M-regression function for strongly mixing
stationary processes {(Y;, X,)}. We establish a strong uniform consistency rate for the Bahadur rep-
resentation of estimators of the regression function and its derivatives. These results are fundamental
for statistical inference and for applications that involve plugging such estimators into other functionals
where some control over higher order terms are required. We apply our results to the estimation of an

additive M-regression model.

1 INTRODUCTION

In many contexts one wants to evaluate the properties of some procedure that is a functional of
some given estimators. It is useful to be able to work with some plausible high level assumptions
about those estimators rather than to re-derive their properties for each different application.
In a fully parametric (and stationary, weakly dependent data) context, it is quite common to
assume that estimators are root-n consistent and asymptotically normal. In some cases this
property suffices; in other cases one needs to be more explicit in terms of the linear expansion

of these estimators, but in any case such expansions are quite natural and widely applicable. In
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a nonparametric context there is less agreement about the use of such expansions and one often
sees standard properties of standard estimators derived anew for a different purpose. It is our
objective to provide results that can circumvent this. The types of application we have in mind
are estimation of semiparametric models where the parameters of interest are explicit or im-
plicit functionals of nonparametric regression functions and their derivatives; see Powell (1994),
Andrews (1994) and Chen, Linton and Van Keilegom (2003). Another class of applications
includes estimation of structured nonparametric models like the additive models (Linton and
Nielsen, 1995) or the generalized additive models (Linton, Sperlich and Van Keilegom, 2007).
We motivate our results in a simple i.i.d. setting. Suppose we have a random sample
{V;, X;}, and consider the Nadaraya-Watson estimator of the regression function m(z) =

EY;|X; = z),

() = 1@ T L KX = a)Ys

f(z) n=ty 0 Kn(Xi — )

where K(.) is a symmetric density function, A is a bandwidth and Kp(.) = K(./h)/h. Standard

arguments (Hérdle, 1990) show that under suitable smoothness conditions,
m(z) —m(z) = h2b(x ZKh z)ei + Ry (x), (1)

where b(z) = [w K (u)dulm”(z) + 2m/(z)f'(z)/f(x)]/2, while f(z) is the covariate density
function and ¢; = Y; — m(X;) is the error term. The remainder term R, (z) is of smaller order
(almost surely) than the two leading terms. Such an expansion is sufficient to derive the central
limit theorem for m(x) itself, but generally is not sufficient if i (z) is to be plugged into some
semiparametric procedure. For example, suppose we estimate the parameter 6y = [ m(x x)%dr #0
by 6 = [ m(z r)2dx, where the integral is over some compact set D; we would expect to find that
n2(6 — 6p) is asymptotically normal. Based on expansion (1), the argument goes like this.

First, we obtain the following

n2(0 — 6y) = 2n'/? / m(z){m(z) — m(z)} dz + n'/? / [(z) — m(x)]dz.

If it can be shown that 7(z) —m(x) = o(n~'/*) a.s. uniformly in z € D ( such results are widely



available; see for example Masry (1996)), we have
n'2(0 — 6y) = 2n1/2/m(w){ﬁz(m) —m(x)}dx 4+ o(1) a.s.

Note that the quantity on the right hand side is the term in assumption 2.6 of Chen, Linton,
and Van Keilegom (2003) which is assumed to be asymptotically normal. It is the verification

of this condition with which we are now concerned. We substitute in expansion (1) and obtain

nl/Q(é - onl/2p2 / m(x)b(x)dz + onl/2 / n! ;EiKh(Xi - x)T}l((;C)) dx

+2n1/2/m z)dr +o(l) a.s.

If nh* — 0, then the first term (the smoothing bias term) is o(1). The second term (the stochastic
term) is a sum of independent random variables with mean zero, which can be rewritten, using

a change of variables, as

w12 (@) f @)t 3 K (X = m)edr =072 Y 6(Xo)er

=1

En(Xi) = [ m(X; 4+ uh) f~1(X; + uh)K (u)du,
and this term obeys the Lindeberg central limit theorem under standard conditions. The problem
is with the third term, as equation (1) only guarantees that [ m(z)R,(z)dr = o(n"2/%) a.s. at
best. In fact, it is possible to derive a more useful Bahadur representation (Bahadur, 1966) for

the kernel estimator
() —m(x) = h*ba(x) + {Ef (2 IZKh i — w)ei + Ry (), (2)

where by, () is deterministic and satisfies b, (z) — b(x) and Ef(z) — f(z) uniformly in z € D,

while the remainder term now satisfies

sup |2 ()] = O (l‘jlgh”) a.s. (3)

z€D

This property is a consequence of the uniform convergence rate of f (z)—FE f (), n 130 Kn(x

—X){m(X;) — m(x)} — EKp(X; — 2){m(X;) — m(x)} and n~1 Y7 | Kp(X; — x)e; that follow



from, for example Masry (1996). Clearly, by appropriate choice of the bandwidth h, R} (z) can
be made o(n~/2) a.s. uniformly over D and thus 2n'/? [m(z) R (x)dx = o(1) a.s.. Therefore,
to derive asymptotic normality for nt/ 2(9 — 6), one can just work with the two leading terms
in (2). These terms are slightly more complicated than in the previous expansion but are still
sufficiently simple for many purposes; in particular, b, (x) is uniformly bounded so that provided
nh* — 0, the smoothing bias term satisfies h?n'/? [ m(z)b,(x)dx — 0, while the stochastic term
is a sum of zero mean independent random variables

711/2/7;(@U —1ZK r)eidr =n" 1/225"
$

=1 =1

m(X; + uh)
fX + uh)

K (u)du,
and obeys the Lindeberg central limit theorem under standard conditions, where f(z) = Ef(z).
This argument shows the utility of Bahadur representation (2). There are many other applica-
tions of this result because a host of probabilistic results are available for random variables like
n~t3" | Kp(X; — x)e; and integrals thereof.

The one-dimensional Nadaraya-Watson estimator for i.i.d. data is particularly easy to an-
alyze and the above arguments are well known. However, the limitations of this estimator are
manyfold and there are good theoretical reasons for working instead with the local polynomial
class of estimators (Fan and Gijbels, 1996). In addition, for many data especially financial time
series data one may have concerns about heavy tails or outliers that point in the direction of
using robust estimators like the local median or local quantile method, perhaps combined with
local polynomial fitting. We examine a general class of (nonlinear) M-regression function (that
is, location functionals defined through minimization of a general objective function p(.)) and
derivative estimators. We treat a general time series setting where the multivariate data are
strongly mixing. Under mild conditions, we establish a uniform strong Bahadur representation
like (2) and (3) with remainder term of order (logn/nh%)%/* almost surely, a rate that is almost

optimal or in other words can’t be improved further based on the results in Kiefer (1967) under

i.i.d. setting. The leading terms are linear and functionals of them can be analyzed simply.



The remainder term can be made to be o(n~'/2) a.s. under restrictions on the dimensionality
in relation to the amount of smoothness possessed by the M-regression function.

The best convergence rate of unrestricted nonparametric estimators strongly depends on d,
the dimension of the covariates. The rate decreases dramatically as d increases (Stone, 1982).
This phenomenon is the so-called “curse of dimensionality”. One approach to reduce the curse

is by imposing model structure. A popular model structure is the additive model assuming that

m(x1,...,xq) =c+mi(x1) + ... + mg(zq), (4)
where ¢ is an unknown constant and my(.), £ = 1,...,d are unknown functions which have been
normalized such that Emg(xx) =0, k = 1,...,d. In this case, the optimal rate of convergence

is the same as in univariate nonparametric regression (Stone, 1986). An additive M-regression
function is given by (4), where m(x) is the M-regression function defined in (5) for some loss
function p(.;.). Previous work on additive quantile regression, for example, includes Linton
(2001) and Horowitz and Lee (2005) for the ii.d. case. An interesting application of the

additive M-regression model is to combine (4) with the volatility model
Y; =o0;6; and In 02-2 =m(X;),

where X; = (Yi_1,...,Y;_q)". We suppose that ¢; satisfies E[p(Ine?;0)|X;] = 0 with ¢(.;.) the
piecewise derivative of p(.;.), whence m(.) is the conditional M-regression of InY;? given X;.
Peng and Yao (2003) applied LAD estimation to parametric ARCH and GARCH models and
showed the superior robustness property of this procedure over Gaussian QMLE with regard to
heavy tailed innovations. This heavy tail issue also arises in nonparametric regression models
and empirical evidences suggest that moderately high frequency financial data are often heavy
tailed, which is why our procedures may be useful. We apply the Bahadur representations to
the study of the marginal integration estimators (Linton and Nielsen, 1995) of the component
functions in the additive M-regression model in which case we only need the remainder term to
be o(n~P/(2Pt1)) as., where p is a smoothness index.

Bahadur representations (Bahadur, 1966) have been widely studied and applied, with notable



refinements in the i.i.d. setting by Kiefer (1967). A recent paper of Wu (2005) extends these
results to a general class of dependent processes and provides a review. The closest paper to
ours is Hong (2003), which established the Bahadur representation for essentially the same local
polynomial M-regression estimator as ours. However, his results are: (a) pointwise, i.e., for a
single x only; (b) the covariate is univariate; (c) for i.i.d. data. Clearly, this limits the range
of applicability of his results, and specifically, the applications to semiparametric or additive

models are perforce precluded.

2 THE GENERAL SETTING

Let {(Y;,X,)} be a jointly stationary processes, where X; = (X;1,...,Xiq)" with d > 1 and Y; is
a scalar. As dependent observations are considered in this paper, we introduce here the mixing
coefficient. Let F% be the o— algebra of events generated by random variables {(V;, X;),s < i <
t}. A stationary stochastic processes {(Y;, X,)} is strongly mixing if
sup |P[AB]— P[A]P[B]| =~lk] — 0, as k — oo,

AerY

BeF
and v[k] is called the strong mixing coefficient.

Suppose p(.;.) is a loss function. Our first goal is to estimate the multivariate M-regression

function
m(z1,- -, xq) = argmin E{p(Yi; 0)|X; = (21, -+, a)}, (5)

and its partial derivatives based on observations {(Y;, X;)}" ;. An important example of the
M-function is the gth (0 < ¢ < 1) quantile of Y; given X; = (z1,--- ,24)", with loss function
p(y;0) = (2¢—1)(y—0)+|y—0|. Another example is the L, criterion: p(y;0) = |y—6|? for ¢ > 1,
which includes the least square criterion p(y;0) = (y —0)? with m(.) the conditional expectation

of Y; given X;. Yet another example is the celebrated Huber’s function (Huber, 1973)

p(t) = /20{|t] < k} + (klt] — K2/2)I{]t] > k). (6)



Suppose m(z) is differentiable up to order p+1 at & = (x1,...,24)" . Then the multivariate p’th
order local polynomial approximation of m(z) for any z close to z is given by
~ 1 r T
m(z)~ Y Drml@)(z - 2)
0<|r|<p —

where r = (r1,...,7q), |r| = Zle ri, rl=ri!x - xrgl, and
Di _ 8£m(£) T o_ 1 Td _ 2 ] j 7
m(g)—m, Ir— = X...Xl’d, Z —ZZZ ()

Let K (u) be a density function on R?, h a bandwidth and Kj(u) = K (u/h). With observations
{(Yi, X;)}*,, we consider minimizing the following quantity with respect to 5,, 0 < |r| <p:
n
Z Kn(X,; — @P(YQ; Z 5g(&i - 2)2) (8)
=1 0<|r|<p

Denote by 3,(z), 0 < |r| < p, the minima of (8). The M-regression function m(z) and its partial

derivatives D™m(z), 1 < |r| < p are then estimated respectively by

m(z) = Go(z) and Dim(z) =r!B(z), 1 < |r| < p. 9)

3 MAIN RESULTS

In Theorem 3.2 below we give our main result, the uniform strong Bahadur representation for
the vector Bp(g). We first need to develop some notations to define the leading terms in the
representation.

Let N; = (ifld:ll) be the number of distinct d—tuples r with |r| = i. Arrange these d—tuples
as a sequence in a lexicographical order (with the highest priority given to the last position
so that (0,---,0,7) is the first element in the sequence and (i,0,---,0) the last element). Let
7; denote this 1-to-1 mapping, i.e. 7;(1) = (0,---,0,i),--- ,7%(N;) = (4,0,---,0). For each
i=1,---,p, define a N; x 1 vector u;(z) with its kth element given by 27(%) and write u(z) =
(L, pa(z)" -+, pp(2)")", which is a column vector of length N = > | N;. Similarly define

vectors (3,(z) and 3 through the same lexicographical arrangement of D™m(xz) and (3, in (8) for



0 < |r| < p. Thus (8) can be rewritten as
ZKh p(Yi; (X; — )" B). (10)

Suppose the minimizer of (10) is denoted as ,(z). Let (,(x) = WyG,(z), where W, is a diagonal
matrix with diagonal entries the lexicographical arrangement of r!, 0 < |r| < p.

Let v; = [ K(u)u‘du. For g(.) given in (A.7), define
Vni(&) = / K (u)u'g(z + hu) f(z + hu)du.

For 0 < j,k < p, let S and S, ;(z) be two N; x Nj, matrices with their (I,m) elements

respectively given by

[Sj7k} L = Vri()+7i(m)> {Sn,j,k(z)} L = Vnri () +7i(m )(.CU) (11)

) )

Now define the N x N matrices S, and S, ,(z) by

[ Soo Soa - Sop | Sn00(x) Snoi(x) -+ Spoplx)
Sl,() 8171 tet Sl,p Sml,()(g) Sn,l,l(@) tet Sn,Lp(@)

Sp = : : » Snp(z) = : :
Spo Sp1 0 Spp Sn,p,O@) Snp1 () - Sn,p,p@)

According to Lemma 5.8, Sy, ,(x) converges to g(z)f(x)S, uniformly in x € D almost surely.

Hence for |S)| # 0, we can define

Gilz) = =W, IZKh JoVio (X, — 2) Bp@n(X; —2),  (12)

where ¢(.;.) is the piecewise derivative of p(.,.) as defined in (A1) and H,, is a diagonal matrix

Izl 0 < || < p in the aforementioned lexicographical order. The quantity

with diagonal entries h
B (z) is the leading term in the Bahadur representation of 3,(z) — f,(z); it is the sum of a bias
term, E(3}(x), and a stochastic term 5} (z) — Ef}: (z).

Denote the typical element of 3 (z) by 8;,.(z), 0 < [r| < p and the probability density

function of X by f(.). The following results on Ef;.(x) is an extension of Proposition 2.2 in

Hong (2003) to the multivariate case.



PROPOSITION 3.1 If f(z) > 0 and conditions (A1)-(A5) in the Appendiz hold, then

—hP e (WS, Bimy, 1 (z) + o(hPT), for p—|r| odd,
EBF (x) = -
(@) =3 ey w551 ({91 (@)mpsn (@){0 (@) — NSy B} + Bymyes(2)
+o(hP+2), for p—|r| even,

where N(r) = 1 r)+ Iﬂ__l Ng, e; is a N X 1 vector having 1 as the ith entry with all other
] k=0

: - -
entries 0, and By = [Sop+1, S1.p4+1,+ Sppt1] 5 B2 = [Sop+2, S1p+2,- -+ Spp+2]

We next present our main result, the Bahadur representation for the local polynomial estimates

Bp(z).

THEOREM 3.2 Suppose (A1)-(A7) in the Appendiz hold with Ao = (p+ 1)/2(p + s+ 1) for

some s > 0 and D is any compact subset of R%. Then

N (s)
sup [Hi(By(z) — Byla)} ~ B3(a)] = O [RBIAY atmost surely

where |.| is taken to be the sup norm and

p+1 3p+3+25}
p+s+1 4dp+4s+4J°

A(s) = min {
REMARK 1. According to Theorem 1 in Kiefer (1967), the point-wise sharpest bound of the
remainder term in the Bahadur representation of the sample quantiles is (loglogn/n)3%. As
A(0) = 3/4, we could safely claim the results here could not be further improved for a general
class of loss functions p(.) specified by (Al) and (A2). Nevertheless, it is possible to derive
stronger results, if the concerned loss functions enjoy a higher degree of smoothness; e.g. (3)
in which case p(.) is the squared loss function. More specifically, suppose that ¢(.) is Lipschitz

continuous and (A1)-(A7) in the Appendix hold with A2 = 1/2 and A\; = 1. Then we prove in

the Appendix that

logn
nhd

sup \Hn{Bp@) — Bp(z)} — Bh(2)| = O< ) almost surely. (13)
z€D

REMARK 2. The dependence among the observations doesn’t have any impact on the rate of

the uniform convergence, provided that the degree of the dependence, as measured by the mixing



coefficient [k], is weak enough such that (A.3) and (A.4) are satisfied. This is in accordance
with the results in Masry (1996), where he proved that for local polynomial estimator of the
conditional mean function, the uniform convergence rate is (nh%/logn)~'/2, the same as in the
independent case.

REMARK 3. It is of practical interest to provide an explicit rate of decay for the strong mixing
coefficient y[k] of the form ~[k] = O(1/k¢) for some ¢ > 0 (to be determined) for Theorem 3.2 to
hold. It is easy to see that, among all the conditions imposed on v[k|, the summability condition
(A.4) is the most restrictive. We assume that

i 1 1 4
h=hy~ (1 @ U ’
(logn/n)* for some st 1d <a< d{ (1_>\2)V2_4)\1+2(1+)\2)}

whence (A.2) holds. Algebraic calculations show that (A.4) would be true if

(1 —ad){(1 —Xg)(4N +1) + 8N} + 10+ (4 + 8N)ad _
—1= . (14
€2V T T ) (1 = ad)vs — 8ad + 4(1 — ad)(1 — Aa — 2\1) e(dpyv2,, Ar o). (14)

Note that we would need the following condition

4{ad + (1 — ad)\1 }

2> 2 T T (= h)

to secure a positive denominator for (14). As ¢(d, p, 2, a, A1, A2) is decreasing in v5(< v1), there
is a tradeoff between the order vy of the moment E|p(g;)|"* < oo and the decay rate of the
strong mixing coefficient y[k]: the existence of higher order moments allows v[k] to decay more
slowly.

REMARK 4. It is trivial to generalize the result in Theorem 3.2 to functionals of the M-
estimates (3,(z). Denote the typical elements of 3,(z) and SB,(z) by Bpr(z) and B,r(z), 0 <
Ir| < p respectively. Suppose G(.) : R? — R satisfies that for any compact set D C R?, there
exists some constant C' > 0, such that |G’ (B (z))| < C and |G"(Bpr(z))| < C for all z € D.

Then with probability 1,

sup h‘£|{G(Bp£(£)> — G(Bpr(z))} — G’(ﬁpz(g))ﬂ:‘w(g)‘ = O({logn}/\(s)>_ (15)

z€D nhd
The following proposition follows from Theorem 3.2 and the uniform convergence of the sum

of weakly dependent zero mean random variables.

10



COROLLARY 3.3 Suppose conditions in Theorem 3.2 hold with s = 0. Then with probability

1 we have, uniformly in x € D,

. —1 n ogn
HndByle) — Bp(2)} — BB (2) — ~2=,(w) D KX, — 2)pleon(X, —2) = O ({227 3

=1

4 M-ESTIMATION OF THE ADDITIVE MODEL

In this section, we apply our main result to derive the properties of a class of estimators in the
additive M-regression model (4). In terms of estimating the component functions mg(.), k =
1,...,d in (4), the marginal integration method (Linton and Nielsen, 1995) is known to achieve
the optimal rate under certain conditions. This involves estimating first the unrestricted M-
regression function m(.) and then integrating it over some directions. Partition X, = (x1,...,2z4)
as X, = (x1;,X5;), where xj; is the one dimensional direction of interest and X,; is a d — 1

dimensional nuisance direction. Let = (z1,25) and define the functional

b1(21) = / (a1, 25) fo a5) s, (16)

where f3(z5) is the joint probability density of X,;. Under the additive structure (4), ¢1(.) is
m1(.) up to a constant. Replace m(.) in (16) with fo(z1,z) = Bg(g) given by (9) and ¢1(x1)
can thus be estimated by the sample version of (16):

n

Gpni(z1) =n"! Zﬁo(xlaﬁm)'

i=1
As noted by Linton and Hérdle (1996) and Hengartner and Sperlich (2005), cautious choice
of the bandwidth is crucial for ¢,1(.) to be asymptotically normal. They suggested different
bandwidths be used for the direction of interest X; and the d — 1 dimensional nuisance direction
X, say hy and h respectively. Sperlich et. al. (1998) provides an extensive study of the small
sample properties of the marginal integration estimators, including an evaluation of bandwidth
choice.

The following corollary concerns the asymptotic properties of ¢p1(.).

11



COROLLARY 4.1 Suppose the support of X is [0, 1]%¢ with strictly positive probability density
function. Assume that conditions in Proposition 3.3 hold with T,, = {r(n)/min(hy,h)}?* and the
he replaced by hih® in all the notations defined either in (A.1) or (A.2). If hy oc n~Y/(2r+3),

h = O(h1) and (A.2) is modified as
nh1h34=1 /log® n — oo, n= {r(n)}**/2d, log n/M,(LQ) — 00, (17)
then we have
(nh1) Y2 {pu1 (1) — G1(21)} 5 N(esWy Sy BiEmy 1 (w1, X ), 52 (x1)),
where ‘%7 stands for convergence in distribution,

) ={ [ U 00 X) B0 0 X)X ferS; KK S ],
[0,1]®d-1 P b

o%(z) = E[p*(e)|X = z] and Ky = f[o e K(v)u(v)dv. In particular, for the additive quantile

regression model, i.e. p(y;0) = (2¢ — 1)(y — 0) + |y — 0|, we have

5 (1) = a(1 - q){ /[0 o 7 (a, Xo) f72 (0], X) f3(X5)dX, fer S KoK S, el

REMARK 5. For conditions in Corollary 4.1 to hold, we would need 3d < 2p + 5, i.e. the
order p of local polynomial approximation should increase with the dimension of the covariates
X. See also the discussion in Hengartner and Sperlich (2005).

REMARK 6. Besides asymptotic normality, we could also by applying Theorem 3.2 develop
Bahadur representations for ¢,;(x1), like those assumed in Linton, Sperlich and Van Keilegom
(2007). Based on (15), similar results are also applicable to the generalized additive M-regression
model, i.e. G(m(z1,...,24)) = c+mi(z1)+...+mgq(zq) for some known smooth function G(.), in

which case the marginal integration estimator is defined as the sample average of G (1 (z1, X5;)).

5 CONCLUSION

We have obtained an asymptotic expansion for a nonlinear local polynomial M-estimator of a

conditional location functional for stationary weakly dependent processes. The approximations

12



we have obtained are to a high enough order for many applications based on computing func-
tionals of said estimators. The error from the omitted terms is established in two cases, the
smooth case and the unsmooth case, and both cases we achieve what appears to be the optimal

rate.
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APPENDIX: Proofs

We will need the following notations. For any A2 € (0,1), A1 € (A2, (1 + A2)/2] and M > 2,

define
dy = (nh®/logn)~M+22/2) (nhdlog )2, r(n) = (nh?/logn)(1=*2)/2, (A1)

MY = M(nh?/logn) ™, M = MY4nh/logn) ™2, T,y = {r(n)/h}*,

and L, as the smallest integer such that logn(M/2)kn+1 > nMT(LQ)/dn. Let ||.|| denote the
Fuclidean norm and C' be a generic constant, which may take different values in each appearance.

Let ¢, =Y; — m(X;) and assume that the following conditions hold.

(A1) For each y € R, p(y;6) is absolutely continuous in 6, i.e., there exists a function ¢(y; 0) =
©(y — 0) such that for any 6 € R, p(y;0) = p(y;0) + foe ©(y; t)dt. The probability density
function of ¢; is bounded with E|p(g;)|"* < oo for some vy > 2, and E{p(e;)| X} =0

almost surely.

(A2) ¢(.) satisfies the Lipschitz condition in (aj,aj+1), j =0,--- ,m, where ag = —00, apm41 =

+oo and a1 < -+ < a,y, are finite number of jump discontinuity points of ¢(.).

(A3) K(.) has a compact support, say [—1,1]®¢ and |Hj(u) — Hj(v)] < Cllu— vl for all j with

0 < |j| <2p+1, where Hj(u) = WK (u).

(A4) The probability density function of X, f(.) is bounded with bounded first order deriva-

tives. The joint probability density of (X, X;) satisfies f(u,v;1) < C < oo for all > 1.
(A5) For r with |r| = p+ 1, D™m(z) is bounded with bounded first order derivatives.

(A6) The bandwidth A — 0, such that

nh®/logn — oo, nh@* @2 /loen < 0o, n ™ {r(n)}*2/2d, logn/M? — oo, (A.2)
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for some 2 < vp < vy and the processes {(Y;, X,)} is strongly mixing with mixing coefficient
~[k] satisfying

io:k:“{'y[k:}}l*z/”2 < oo for some a > (p+d+1)(1 —2/vn)/d. (A.3)
k=1

Moreover, the bandwidth h and ~[k] should jointly satisfy the following condition

o (1) 1/2 va/2 2Ln/1/2
Zn3/2Tn{Mn } P @MY 2 eyl <o a0, (M)
= dn r(n)(2v2/2 /M )2Lin/v2

(A7) The conditional density fx|y of X given Y exists and is bounded. The conditional

density function f(x, x,,,)(vi,vis) Of (X1, X;41) given (Y1,Yi4q) exists and is bounded for

Y1

all I > 1.

REMARK 7. Assumptions on ¢(.) in (Al) and (A2) are satisfied in almost all known robust
and likelihood type regressions. For example, in gth quantile regression, we have ¢(t) = 2¢I{t >

0} + (2¢ — 2)I{t < 0}, while for the Huber’s function (6), its piecewise derivative is given by
o(t) = tI{|t| < k} + sign(t)kI{|t| > k}.

Note that the condition E{p(e;)|X;} = 0 a.e. is necessary for model specification. Moreover, if
the conditional density f(y|z) of Y given X is also continuously differentiable with respect to

y, then as shown in Hong (2003) there exists a constant C' > 0, such that for all small ¢ and z,
2
Bl{o(¥it+a) - o(Via)} |X =u| <Clf (A5)
holds for all (a,u) in a neighborhood of (m(z),x). Define
Gt,u) = B{e(Y: )X = u},  Gilt,u) = (0°/01)G(t,u). i = 1,2, (A.6)
Then it holds that
g(z) = Gi(m(z),z) > C >0, Ga(t,z) is bounded for all z € D and t near m(z).  (A.7)

Assumptions (A3)-(A7) are standard for nonparametric smoothing in multivariate time series

analysis, see Masry (1996). For example, condition (A.3) is needed to bound the covariance
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of the partial sums of time series as in Lemma 5.5, while (A.4) plays a similar role to (4.7b)
in Masry (1996). It guarantees that the dependence of the time series is weakly enough such
that the deviance caused by the approximation of dependent random variables by independent
ones (through Bradley’s strong approximation theorem) is negligible; see Lemma 5.4. Of course,
(A.4) is more stringent than (4.7b) in Masry (1996), due to the non-linear nature of the estimates
obtained by using the loss function p(.) instead of the method of least squares.

Proof of Proposition 3.1. Write 5} (z) = —WpS’,;]lj(g) i1 Zni(z)/n, where
Zni(m) = Hy "W K (X, — 2)o(Vi, (X, — 2)" Bplz)) (X, — ).
We first focus on EZ,;(x). Based on (A.6) and (A.7), we have
E{p(Yi,n(X,; — 2)' Bp(2))1 X} = G(u(X, —2)' f(z). X,)

= —g(X){m(X,) — X, - E)Tﬁp(@}

+Ga(&i(@), X)) {m(X,) — (X, — z)" Bp(z)}2/2

for some &;(x) between (X, — z)" 8,(z) and m(X,). Apparently, if X, = z + hv, then

Dim(x Dim(x
m(X;) - (X 2 Byla) = ot 3 DD e e 5 DI e,
|k|l=p+1 = |k|=p+2 )

Therefore,

EZyi(z) = th/K(v)fg(:chhv)u(v) > Drz(@vkdv

|k|l=p+1  —

12 [ Ko+ hout) Y Db+ o)
|k|=p+2

= Ty +Ts.

Now arrange the Np;1 elements of the derivatives D™m/(z)/r! for |r| = p+1 as a column vector

my1(z) using the lexicographical order introduced earlier and define my, 2(x) in the similar

way. Let the N x Np;1 matrix Bpi(z) and the N X Npi o matrix Bpa(x) be defined as

Sn,O,erl@) Sn,O,p+2(@

Shp T Sn T
Bnl(z) = 717p.+1( ) ) BTL2 )= ’1,p.+2( ) ’

Sn,pp+1 (z) Sn.p.p+2 (z)
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where Sy, ;py1(z) and Sy ;py2(z) is as given by (11). Therefore, T1 = thBnl(g)mpH(g),

15 = hp+23n2(£)mp+2(£)v and
EBy(z) = =Wph?TS, () Buy (z)my 1 (z) — WphPT2S, L (2) Bra(z)mya(z) + o(hPF?).

Let e;, ¢ = 1,--- ,d be the d x 1 vector having 1 in the i¢th entry and all other entries 0. For

0<j<p, 0<Ek<p+1,let Nj(z) be a Nj x N, matrix with its (I, m) element given by

d
Nnle)] = Yo DI} @) [ KO e,
’ i=1

and use these N;z(z) to construct a N x N matrix Npy(z) and a N x N1 matrix M(z) via

[ Noo(z) Noi(z) --- Nop(z) Nops1(z)

Niola) Nila) - Nilo) | Nyois(2)

Np(z) = : : , M(z) = T
Npo(z) Npa(z) -+ Npp(z) Np,p;rl(a:)

Then Suplz) = {£g}(@)S, + hNy(@) + O(h?), Bui(z) = {fg}(@)B1 + hil(z) + O(h?) and
Bra(z) = {fg}(z) B2+ O(h). As S, (z) = {fg} "(x)S, ' — h{fg} 2(x)S, ' Np(z)S, ' + O(h?),

we have

—Ef;(z) =Wolh ({9} @)S; " = h{f9) 2 (@)S; Npl@) S, | [{£9} (@) By + hNI (2) | mpi ()
+ WphPt2{fg} " (2)S, { fg}(z) Bomyo(z) + o(hPT2)
—W WS, By (@) + WFRWLS {F9Y T (@pmp i (@) {M (2) — Ny(2)S; " Bi)

+ Bgmp+2(@)] + o(hPT?).

We claim that for elements E3},.(z) of E};(z) with p—|r| even, the A term will vanish. This

means for any given r with |r| < p and ry with |[ry| =p+1,

Z {Sl:l}N(El)vN(E) Vrtr, = 0. (A.8)
0<r|<p
To prove this, first note that for any r; with 0 < |r;| < p and ry with |ry| = p + 1,

S () bt P, = [ 02K, )i (A9)

0<|r|<p
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where K, p(u) = {|M,p(w)|/|Sp|} K (uw) and M, p(u) is the same as Sy, but with the N(r) column
replaced by p(u). Let ¢;; denote the cofactor of {S,}; ; and expand the determinant of M, p,(u)

along the N(r) column. We can see that

/ u2 K, p(w)du = | Sp| ™! / > enNeu K (w)du,

0<|r|<p
whence (A.9) follows, because ¢y n(r,)/ 1Sl = {Sy '} n(e,) () from the symmetry of S, and
a standard result concerning cofactors. As a generalization of Lemma 4 in Fan et. al. (1995) to

multivariate case, we can further show that for any r; with 0 <|r;| < p and p — |r;| even,
/U’”?Kr,p(U)du =0, for any [ry| =p+1,

which together with (A.9) leads to (A.8). |
We proceed to prove Theorem 3.2. Define X, = X, —z, i, = p(X,,), Kix = Kp(X,,) and

oni(z;t) = @(Yi; i, Bp(z) + t). For any o, 3 € RN, define

q)ni(g; «, ﬂ) = sz{p(}/u :U’—zrm(a + ﬂ + 6}7(&))) - p(Yu N—zrx(ﬂ + ﬂp(g))) - 4,01‘(2; O)M;rxa}
ty (c+3)
- Kzz/ {‘Pm(&v t) - (pm'(&; 0)}dt
]
and Ry;(z; o, B) = Ppi(z; o, §) — E®@pi(z; o, ).

Lemma 5.1 Under assumptions (Al) — (A6), we have for all large M > 0,

n
sup sup |Z Rui(z; v, B)] < M3/%d,, almost surely, (A.10)
z€D o e B, i=1
Be B

where BY) = {BeRYN : |H,B| < MS)}, i=1,2.

Proof. Since D is compact, it can be covered by a finite number T,, of cubes Dy, = D,, ;, with
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side length I, = O(Tn /%) = O{h(nh?/logn)~(1=*2)/2} and centers z;, = z,, . Write

sup sup | Rpi(z;o, 8)] < max  sup ‘Z%i(&k;a,ﬂ)—E@m(zk;aﬂ)‘

2€D, ¢ gV, i1 1<k<Tw , o B i
8eBY geBY

n

+ max sup sup ‘Z {‘@m‘@k;aaﬂ) — Opi(z; Oéaﬂ)}’
1<k<Th 2€Dr , ¢ g ' 1=

s e By

n
+ max sup sup ‘ Z {Eq)m'@k; @, f) = E®ni(z; a,ﬂ)}‘
1§k§Tn gepk o RS B'S7,1>7 Z:1

8eBY

=Q1 + Q2+ Q3.
In Lemma 5.2, it is shown that Q9 < M3/2dn/3 almost surely and thus Q3 < M3/2dn/3.

It remains to bound ;. To this end, partition Bff), 1 = 1,2, into a sequence of disjoint

subrectangles DY), e ,DS?, such that

D1 = swp {[Haer = B)] 5 € D)} < 2M MO g, 1<y <
Apparently, J; < (M log n)N. For every 1 < j; < Ji, 1 < kg < Jy, choose a point aj, € DJ(,})

and G, € D](j). Then

n

Q1 < max sup | Y {Rni@y; 0y Bry) — Roni (g @, 8) }
lsk<Tn cp® 5

1<,k <1 o

seDy)
n
+ max |ZRnl(£ka ajlaﬁk:l)‘ = Hnl + Hn2~ (Al]-)
1<k<T,

1<jk < ©F

We first consider H,;. For each j; = 1,---,J; and i = 1, 2, partition each rectangle Dj(»?
.- ,Dj(? J,- Repeat this process recursively as
@
15025501

further into a sequence of subrectangles D](?l,-

follows. Suppose after the Ith round, we get a sequence of rectangles D with 1 < jp <

Jk, 1 <k <, then in the (I+1)th round, each rectangle DJ(?JQ g is partitioned into a sequence

(1) .
of subrectangles {Djl,j2,~-~,jz,jz+1’ 1 <7 < J;} such that

j17j21"'7jl)jl+1 .717j27"'1jl7jl+1

\D(i) | = sup {|Hn(a —B)|:a,p € D } < 2M7(f)/(Ml logn), 1 <711 < Jpy1,
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where J;,1 < M7. End this process after the (L, + 1)th round, with L,, given at the beginning
of Section 3. Let Dl(i)7 1 = 1,2, denote the set of all subrectangles of D(()i) after the [th round of
partition and a typical element D](i) o of Dl(i) is denoted as Dgg) Choose a point a;,) € D&))

and [, € Dgl)) and define

M3/2q

V ZP{‘ Z{R’m $k,a]l,,6kl) nz(&k;ajl_;,_pﬁkprl)}‘ Z 2[ n}7 1 S l S Ln7
((Jkll))
- M3/2d
Qi =Y"P{ sw | > {Ruilayias ) - Fuilzyia, )} = S R ES PR
G, eeDih =1
(k1) B e Déz))
By (A4), it is easy to see that for any a € D(l) e DY and B e DY e p?
Yy Yy y (L +1) Ln+1 (kL,+1) Lp+1°
oM
| nz(flik; 7/8 nz($k7a]Ln+1’ﬂkLn+1)‘ = Wllogn

which together with the choice of L,, implies that @, +1 =0. As Q; < Vi + @, 1 <1 <Ly,

M3/2dn n
P(Hpy > =) < TpQ1 < T, ) V. (A.12)
To bound V, [ =1,---, Ly, let
Wn = Z Z’I’L’h an = an(@k, ajl’ﬂkl) - an(&k? O[jl+1’6jl+1)' (A13)

i=1

Note that by (A2) we have, uniformly in z, « and (3, that
(@i (250, 5)] < CMY. (A.14)
Therefore, |Z,;| < C’MT(LI). Using Lemma 5.6, we can apply Lemma 5.4 to each V; with

_ ClM( ) 32 :nhd( ( )) M(2 {Ml logn} 2/1/2
Th =T, = (2”2/2/M)2l/y2 ( )7 q= n/Til, n= M3/2dn/2l7

An = (201 MVrl) 7, W(n) = Cq*2 ' Pyfrl ol M2,
Note that nM,(ll)/n — 00, L, — oo for all 1 <[ < L, from (A.2) and
A = CMY?1lognM?/72 /228 N2By = C'logn'=2/2 M2Hv2 1920 = o(\),
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which hold uniformly for all 1 <[ < L,,. Therefore,

I+1
< (1)t -crommuzz=) 1,
7=1

where, because J; < 2(M logn)Y and J; < 2MY for 2 <1 < L, 7! is given by

1
_ N o 2 2 ALV

rl {d }1/2
It is tedious but easy to check that for M large enough,
L, i+1
T, Z [( H J2>4exp{ C1log n(M/Z”?)Zl/”Q}} is summable over n. (A.15)
I=1

As ’y[rfl]/ rfl is increasing in [, we have

L,
T, ZT < T, (logn)*Vn 3/2{M D32 o[l H41M2N +1),
= : @3

which is again summable over n according to (A.4). This along with (A.12) and (A.15) implies
that H, < M3/2d, /2 almost surely, using the Borel-Cantelli lemma.

For H,q, first note that

P(Hnz >n) < TodPP() Ruilz; gy, )| > n). (A.16)
1=1

We apply Lemma 5.4 to quantify P(| > | Rni(x; ajy,, Ok, | > n), with rp, = r(n), By = 2C’1MT(L1),
= Cynh?(M, M ))2M722), Ap = {r(n)Mfll)}*l/llCl and n = M?3/2d,,. Then nB;/n — co and
Ann/4 = (nhh)1722)/2(10g n)1+22)/2 /1160, r(n)} = M2 logn/(16CY),
A2 By = MY4(nh®)' =22 (log n)*2 /{16C?r*(n)} = MY *logn/(16C?),
U(n) = gu{nBi/n}"?ylra] = TnJiq(n)*? /0 >~[r(n)){r(n) MM,

where ¥(n) is summable over n under condition (A.4). Therefore,

P(Hpa > 1) < 2T,J2 /n® +¥(n), b= —— (M2 - MY4Cy/0n). (A.17)

1601
By selecting M large enough, we can ensure that the right hand side of (A.17) is summable over
n. Thus, for M large enough, H,y < M?3/2d,, almost surely. By (A.39), we know for large M,
Q1 < M3/2d,, almost surely. u

The quantification of Q2 is relatively more involved, so we put it as a separate lemma.
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Lemma 5.2 Under conditions in Lemma 5.1, Q2 < M3/2dn/3 almost surely.

Proof. Let X,;, = X,—x;, pix = w(X;;) and K, = Kp(X,;). Write @p;(2y; o, 8)—Ppi(x; , B) =

&1 + &2 + &z, where
T 1 T
& = ( ik ik — Kixﬂm> Oé/o {@m(&k;ﬂik(ﬁ + at)) — gom'(gk;O)} dt,

1
&io = za:/%x / {‘Pm’(@]ﬁ /L;rk(/g + at)) - ‘Pm'(x§ ,ij(ﬁ + at))} dt,
0
iz = wﬂma{()@m(x O) @ni(&k;o)}-

Then P(Qo > M3/%d,,/3) < Ty(Pn1 + Pno 4 Pp3), with

P,; = max P( sup  sup ]Z@J\ > M3/2dn/9> j=123.
1<k<Thn Na€Diy e g0 T
Be B(2)

Based on Borel-Cantelli lemma, Qo < M3/2d,, almost surely, if YonTnPrj < oo, j=1,2,3.
We first study P,;. For any fixed o € B,g and 3 € Bn ), let I I.O;g’ﬂ = 1, if there exists some
€ [0, 1], such that there are discontinuity points of ¢ (Y;;6) between ), (By(z),) + B+ at)) and
,uszﬁp(gk.); and If,;’ﬁ = 0, otherwise. Write &1 = &1[.&”6 + &1(1 — I.O‘”B). Note that by (A3),
(K tir — Kizptiz) ' o < Co MY l,/h. Then by (A2) and the fact that |u), (8+at)| < CMP | we
have [£;1(1 — Iﬁe’ﬁ)\ < comPmM ln,/h uniformly in i, «, 8 and z € Dy. Define Uy, = I{| X ;1| <

2h}, whence &1 = &1U;y since 1, = o(h). Therefore,

M3/24 n M/4ppd
P( sup sup &in( ’ﬂ ‘ > n) < P( U-k>7>
e B 2€Dy g " ) 18 ; i 18C
66 B(2>

IN

n M1/4nhd
P Up — EUi| > ————), (A.18
(1320 = BV > =355). (a18)
where the second inequality follows from the fact that Var(>_"_, I{|X,;| < 2h) = O(nh?) implied
by Lemma 5.5. To quantify (A.18), we apply Lemma 5.4 with B; = 1, n = MY/*nh?/(18C), B, =

nhd, r, = r(n). As Ay = CMY*logn(nh®/logn)1+t*2)/2 X\2By = o(\,n) and T,¥, is

summable over n under condition (A.4), we know that

TnP( sup Zle 1- IO"B) > M3/2dn/18> is summable over n, (A.19)
a € Bg), =1
seBY
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whence Zn T, P, < o0, is equivalent to

T P( sup Zgﬂl ’ﬁ’ > M3/2dn/18) is summable over n. (A.20)
aeBY, =1
ge B(Q)

To prove (A.20), first note that Iﬁc’ﬁ < IH{e € Sio,‘,f}, where

Szl;ﬁ = U U szwk) + /"L’Lk(ﬁ + Oét) A(Kza@k:)]
j=1te(0,1]
C U la; — cMP), a; + CM?] = D,, for some C >0,
j=1
1 1
Awiz) = 0+1) 3 Sei-n) [ D+ iz —2)0 - w)rde
rj=p+1 "~

where in the derivation of Sio,‘,’g’g C D, we have used the fact that |X,;| < 2h and A(X;,z;) =
O(hr+1y = O(MP) uniformly in i. As ISP < I{e; € Dy}, we have |€1|I5? < |61 |Upi, where

Uni = I(|X,| < 2h)I{e; € D,}, which is independent of the choice of o and 3. Therefore,

P(a s, ‘ Z;gﬂff;ﬂ > M3/2dn/18) < P( Z; Upi > MY2nhd @ /(180))
Be B:(Lf)’ - .
n 2)
SP(XNM—E%D>Mﬂngﬁ» (A-21)

i=1
where the first inequality is because |§;1| < CM, (1)ln /h and the second one is because EU,; =
O(hdM7§2)) by (Al). As EU2, = EUy,,;, by Lemma 5.5, we know that Var(}_" | Uy;) = CnhdM?.

We can then apply Lemma 5.4 to the last term in (A.21) with
By =CnhiMP, B =1, r, =r(n), n=M"?nh?M? /(360C).

Apparently, A\, = Clogn(nh®/logn)*=22)/2 and X\2 By = o(\,7). As in this case T, ¥, is still
summable over n by (A.4), (A.20) thus follows.
For P9, first note that using approach for P,;, we can show that

TnP( sup  sup Z{fig — 512}’ > M3/2dn/18) is summable over n.
aeBY, 2Pk iy

geBY

24



where
z T ! T T
o = Kik,uika/ {wm@k; i (B + at)) — oni(w; 1, (B + Oét))} dt.
0
Therefore, we would have > T, P2 < oo, if

TnP( sup sup Zfzg

= B(l) ﬂCEDk i=1

M3/2dn/18> is summable over n. (A.22)
B c B(2>
For any fixed a € BT(LI), 8 € BT(LZ) and x € Dy, let I?,’f , = 1, if there exists some interval

[t1,t2] C [0,1], such that
Y :U'zk(ﬂp(xk) + 5 + Oét) < aj < Y sz(ﬂp( ) + 5 + Oét) vt € [tlatQ] (A23)

with a; € {a1,--- ,an}; and If,f = 0, otherwise. Write & = £l ik, $+€i2(1 —Ig,;ﬁ ). Note that
Koo = OMY) and gpi(zy; 1, (8 + at)) — (s (8 + at) = O(MP1, /h) if I35, = 0.

sk T

Then again as &z = E1{|X,;.| < 2h}, we have similar to (A.19) that

n
TnP< sup ‘Z&g( IO‘B )‘ > M3/2dn/18) is summable over n.

Therefore, by (A.22), to show > T, P2 < 00, it is sufficient to show that

Z 61211061;6:5
=1

TnP< sup sup
GB(l) €Dy

ge B(2)

M3/2dn/36> is summable over n. (A.24)

To this end, define ¢; = ¢; + A(X;, z;,). Then Ig,’fx =1, i.e. (A.23) is equivalent to
AX zp) = AKX, 2) + pip (B + at) < e — a; < (B + at), VE € [ty b (A.25)

Let 6, = M\?1,,/h. Then |A(X;,z;) — A(X;,2)| < C6n, |(1tir — p1iz)' 8| < C3, and (A.25) thus

implies that
208, + pl(B+ at) < e —aj < plp (B + at) + 2C6,, Yt € [t1, t). (A.26)
Without loss of generality, assume ,ulTkoz > 0. Then from (A.26) we can see that
—2C6, + (B + aty) < € — aj < (B + aty) + 206, (A.27)
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which in turn means that if Ig‘l’fx = 1, then [&2] < C(t2 — tl)\,uZTka] < 4C4, uniformly in

i, a € B7(L1), 0 e BT(L2) and z € Dy. Therefore, as &2 = &QI{|X“€\ < 2h}, we have

M3/2q
P( su su ZI’ﬁ > n
( EBRI):EE’PIC ;521kz 36 )
ﬁEB(Q)
M5/4nhdM(1)
<P< I{|X ) < 20} 170, >—"). A28
< S“;Uf;&Z (Xl <20 > =7 (A28)

ge B(Q)

We will bound Iﬁ,’f » by a random variable that is independent of the choice of o € B,(ll) and

2 € Dy. By the definition of Iio,‘,fx and (A.27), the necessary condition for Iﬁ,’fgﬁ =1is

€ € U aj + 3 — 2MV a; + pl B+ 2M\D] = DY, (A.29)
Jj=1

which is indeed independent of the choice of « and z € D). Therefore,

M5/4nhdM(1)
P( sup su I{|X,.| <2} %P > —n>
Bl:zl) xEDpk Z {’ lk| } zkx - 360
B € B 2)
M54 hdM(l)
< P( sup ZI{|XZ,€| < ohM{e; € DI} > #) (A.30)
5eB® i 36C
Now we partition B7(12) into a sequence of subrectangles Sy, --- , S, such that

181 = sup {|[Ha(3 - )] : 8,8 € i} < MY, 1<1<m.

Obviously, m < (M,(LQ)/MS))N = M—3N/4(nht/logn)M—22)N | Choose a point §; € S; for each

1 <1 <m, and thus

MO nhd MY )

&}
< >
P( sup E I{| X ;.| < 2h}I{e; € D} 2360

,BGB( )
M5/ Anpd )
72C )

IN

mP (32 H{IXl < 20} 1{e € DL} >
=1
, M5/4nhdM(1)
P I{|X,.| < 2nMI{e; € D} —I{e; e DY > — - "
+m <§2pl; {124] < 2m}[1{ei € DY} — I{es € DY > =)
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We deal with T3 first. Let
Ul = I{|X | < 2h}I{e; € DY, (A.32)

Then by the definition of Dg; given in (A.29), EUTJ;Z- = O(hdMél)) < M5/4hdM7(11)/(144C) for
large M and we have

MO/ *npd Y )

1< p( Yo - By =

=1

We can thus apply Lemma 5.4 to the quantity on the right hand side with By = 1, Bs given by

(A.51), r, = r(n) and n M5/4nher(Ll), and A\, = 1/(2r,). It follows that
Ann) = CMo/* log n(nhd/ log ”)(1”\2)/27’\1, AiBQ = Clog n(nhd/log n)*Q()‘lfA?)/”Q.

As (14 X2)/2 > A; and Ay < Aq, we have T} = O(n™?) for any b > 0.

For Ty, note that as |}, (8 — 6] < c MY for any 8 € S, 1 <1 <m, we have
[H{ei € Dt} = I{ei € Dy} = I{e € D\ D)L}

= I{Ei € Ulaj + pipB — OMD, aj + iy, By + CMS)}} = Uni,
j=1

for some C' > 0, which is independent of the choice of 3 € S;. Therefore,

M5/4nhdM7(L1))

Ty < P HIXal < 20}Uni > —— =

which can be dealt with similarly as with 77 and thus 75 = O(n~°) for any b > 0. Thus from
(A.28), (A.30) and (A.31), we can claim that (A.24) is true and thus T, P,2 is summable over
n.

Dealing with P,3 is simpler, as no 3 is involved in ;3. For any given z € Dy, let I;; , = 1,
if there is a discontinuity point of ¢(Y;;6) between ), B,(x;) and ul,B,(2); and Ik, = 0,
otherwise. Write &3 = &3k + &i3(1 — Iiskz). Again by (A2) and the fact that |Kmumoz|
O(MV) and |l By (24) — pl,Bp(@)| = |A(X; ) — A(X;,z)| = O(MP1,/h), we have similar

o (A.19) that

< Sup( ) Z{Zg —Lika)| > M3/2dn/18) is summable over n.
o€ BY

x € Dy,
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It’s easy to see that I;. , < I{e; + A(X;,2;) € Si;k»}, where

Sue = U U o~ 140 20) - A 2], a5 + A 20) - A 2)
Jj=1t€0,1]
< Jla; — cMPly/h,a; + CMPI, /] = Dy, for some C > 0.
j=1

Therefore, [&3|1ik2 = |3 I{| Xn| < 2R} ik 0 < Ups, with
Uni = MDT{|X | < 20} {zi + A(X,, 1) € Do},

which is independent of the choice of o € Bg) and z € Dy. Therefore,

TnP< sup Zglgfzm > M3/2d /18) <T P(Z[Um- — EU,] > M3/2dn/36), (A.33)
e B i=1
EAS Dk
where we have used the fact that EU,; = O(hdM(I)M ln/h) = O(d,/n). We will have

> T, Py3 < oo if the right hand side in (A.33) is summable over n, i.e.

TnP< Z[Um — EUy;| > M3/2dn/36) is summable over n. (A.34)
i=1

It’s easy to check that Lemma 5.5 again holds with v, (X, ¥;) standing for U,;. Applying Lemma
5.4 to (A.34) with By = M(l) C’nhd(M(l))QM In/h, n = M3?d, /36 and r, = r(n), we

have (note that nBy/n — oo indeed)
Ann/4 = CMY?logn, A2By = Cr;2/"2logn = o(Ann).

Thus, T, ¥, is again summable over n and (A.34) indeed holds. |
Proof of Theorem 3.2. Let A\; = A(s). Then according to Lemma 5.1 and Lemma 5.9, we

know that with probability 1, there exists some C7 > 1, such that for all large M > 0,

]’Ld
sup sup Zfbm T, ) — o ( )" Spp(z) Hp (a4 205)
QED S B(l), =1
B c B(2>
< CY M3 (dpy + dy) < 20, M3 (nh®)1=2M (log n)?M for large n, (A.35)

where d; = (nh®)1= 217222 (logn) 17232 Note that based on (12), we can write

n

> KoY tiiBp()) s = nh B (z) Wy S () Hyv.
=1

28



Replace BY in (A.35) with B{) = {a e RN : k < M~Y(nh?/logn) |Hya| < k+ 1} and M
with (k + 1)M. We have, by the definition of ®,;(z; a, 3), that
inf inf {3 o0 ahila + B+ By(@) Kns — D p(Vii (B + By(2)) Ko

D 1
e aeB<k)7 i=1 i=1
Bl

g e By

(W, Bi() = HoB)T Suple) Hner}

d

> inf inf ﬂ(Hna)Tsn,,(g)Hna — 20 M3 (nh®)1=2M (log n)*M
z€D aEBEle)

> {Cg(kM)2 /2 — 204 (k + 1)3/2M3/2}(nhd)1’2)‘1 (log )2

> (8- 25/2)0102/2(nhd)1_2’\1(log n)?* > 0 almost surely, (A.36)

where the last term is independent of the choice of &£ > 1. The last inequality is derived as follows.
As S, > 0, suppose its minimum eigenvalue is 71 > 0. As Spp(z) — g(z)f(z)S, uniformly in
z € D by Lemma 5.8 and g(z)f(z) is bounded away from zero by (A5) and (A.7), there exists
some constant C3 > 0, such that for all z € D, the minimum eigenvalue of S,,(z) is greater

than Cs. The last inequality thus holds if M > C; = (1607 /Cs)?. Note that
logn "

G BY = {ay e RV ( nh )AllHnal > M} .= BY. (A.37)
k=1

Therefore, from (A.36) and (A.37), we have

n n

inf inf { > p(Yis i+ B+ Bp(@) Kni — > p(Yas s (B + Bp(2))) Ko
T el i=1
—i—nhd(Wp_lﬁ;:(@) - Hnﬂ)TSnp(g)Hna} > 0 almost surely. (A.38)

Note that by (A.40), Lemma 5.10 and Proposition 3.1, we have |3:(z)| < C3(nh?/logn)=*?
uniformly in z € D almost surely. Namely, 5 (z) € BT(«?) for all z € D, if M > C4. This implies

that if M > max(C3, Cy), (A.38) still holds with 3 replaced with H, 'W, 135 (x). Therefore,

inf inf {3 Kuip(Vis phylo + B W, B (@) + By(2)))
i=1

z€D aeBY

=3 Kuip(Yis i (H; Wy B () + By(a)) | > 0,
=1
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which is equivalent to Theorem 3.2. |
Proof of (13). Let d, = (nh®)'~2*(logn)?*1. Following the proof lines of Theorem 3.2, we

can see that (13) will follow if

n
sup sup |ZRM(§; a, fB)] < M3/2d,, almost surely,
2€P o e BY, i=1
geBY

with Ay =1, Ao = 1/2 and Bg), 1 = 1,2 defined as in Lemma 5.1.
To prove this, cover D by a finite number T,, = {(nh%/logn)/?/h}? of cubes Dy, = D,;, with
side length I,, = O{h(nh?/logn)~/?} and centers z; = Z, - Write

n

n
sup sup | Y Rpi(z;0,8)] < max  sup ’ D Bilzy; @, B) — By v, 5)‘
QEIDQ c lel)7 i=1 1<k<Tn = lel)7 i=1

seBY 5eB®

+ max sup sup ‘zn:{@m(fﬂk;&,ﬁ)‘I’m‘(%aaﬂ)}‘

1<k<Tna€Dy , ¢ g0 i
ge B

n

+ max sup sup ‘Z {Eém(&k;a,ﬂ) - E‘I)m‘@;a’ﬂ)}‘
1<k<Tn 2€Dk o ¢ BV ' 51

geBP

Q1+ Q2+ Qs.

We will show that with probability 1, Qi < M>/2d, /3, k =1,2,3.

Define &;; as in Lemma 5.1. As P(Q2 > M3/2Jn/2) < Tn(Pm + P, + Pp3), where

n
P,; = max P( sup sup |Z&j| > M3/26Zn/9), j=1,2,3.
1<k<Tn  \2€Di 4 e g0, =3
seBY

Then by Borel-Cantelli lemma, Qo < M3/2Jn/2 almost surely, if >~ TnPnj < oo, for j=1,2,3.

We only prove that for P,; to illustrate. Recall that
T 1
§i1 = (Kikuik - Kixuix) Oé/ {‘Pm‘@k; pip (B + at)) — @iz 0)} dt.
0

Because |(Kipix — Kizptiz) o < CgMél)in/h, |u§k(ﬁ + at)| < CM,?) and ¢(.) is Lipschitz

continuous, we have [&;1] < CM,?)MT(Ll)Zn/h. Define Uy, = I{|X ;| < 2h}. As I, = o(h), we can
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see that &1 = &1U;;, and similar to (A.18), we have

" .
M3/24 M1/4 X
P( sup sup | & >7n> < <2Um " )
e BV, 2€Dx | i )
geBY

n 14, 7d
< P<|;Uik — EUy| > %»

and Y, T, P, < oo thus follows from similar arguments as those lying between (A.18) and
(A.19).

The proof of Q; < M3/2d,, /2 almost surely is much easier than in Lemma 5.1, if ¢(.) is Lipschitz
continuous. Instead of the iterative partition approach adopted there, we once for all partition

BS), 1= 1,2, into a sequence of disjoint subrectangles Dgi), e ,Df,il) such that
\D \ = sup{|H (a—=P0):a,B € D§?} < MW (logn/n)Y?, 1< j < Jp.
Obviously J; < (n/logn)N/2. Choose a point aj, € Dﬁ) and B, € D,(fl). Then

Ql < max sup ‘ {an xkaaj176k1) m(@k;aaﬁ)}’
1<KSTa qepd) Zz_l
1<ji,k1 <1 by

+ max | Ri(@ys gy, Br)| = Hot + Hao. (A.39)
1<k<Tn
1<ji ki <h

By Lipschitz continuity of ¢(.), we have for any a € Dj(i) and 3 € Dl(c21)’

|Ppi (2 ajuﬂlm) Dpi(2y; 7/8)‘ ({Mg)}g logn/n) < Mg/QCin/(Zln)-

Therefore, it remains to show that P(H,y > M3/ 2d, /4) is summable over n.

First note that by Cauchy inequality, |R,i(z; o, 8)|> = O({MT(LI)M,Sz)}Q) and E|Rp;(z;a, B)|? =

O(hd{M,Sl)MT(LQ)}Z) uniformly in X;, z, a € M,(Ll) and § € Mr(LQ). Next, for any n > 0,
P(Hpy>n) < TnJiP ZRm (5 0y, Bry )| > ).

We apply Lemma 5.4 with r,, = (nh?/ log n)1/2, B = 201M,§1)M,$2), By = anhd(MS)Mff))Q, Ap =
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(4Clrn{M }2) and n = M3/2d, /4. Tt is easy to see that nB;/n — oo and

/4 = Mlogn/(16C1), A\2By = o(Ann)
U(n) = gu{nB1/n}"ylra] = n**(log )~y [r(n)]/r(n).

As T,,J?¥(n) is summable over n by condition (A.4), so is P(Hpno > M3/%d,, /4). [
Proof of Corollary 3.3. As 1+ Ay > 2]y, it’s sufficient to prove that with probability 1,

Gile) ~ BAL@) — 1, IZKh (cou(X, — ) = O (BT

(A.40)
uniformly in z € D. As p(&;) = ¢(Y;, m(X;)) and Ep(g;) = 0, the term on the left hand side of
(A.40) stands for

S b@) =1 S A nil@) — BZui(a)}
i=1
where

Zuilz) = Hy Kn(X; = (X, — o) { (Vi n(X; — 2)7 By(2)) — () }.

Next, similar to what we did in Lemma 5.1, we cover D with number T,, cubes Dy, = D,, ;, with

side length [,, = O(T 1/d) and centers zy, = x,, .. Write

su Z, - FEZ < max
xeg’Zl m m( ’ 1<k<T,

4+ max sup ZZm — Zni( xk)‘
1<k<T, zeDy, '

n
4+ max sup EZ EZ,i(z ‘
g, sup | D BZ0ia) - BZ(z)

=Q1 + Q2 + Q3.

As Zpi(x) = Zni(ay) = Hy ' Kn(X; — 2)p(X; — 2){pni(2;0) — @ni(zy;0)}, through approaches

similar to that for &;3 in the proof of Lemma 5.2, we can show that

Q2 = O{ (1221)(1)\2)/2 log n} almost surely

and the same result for Q3 also holds. To bound Q1, first note that EZ2,(x;) = O(hPH1+d)

uniformly in ¢ and k. As |Z,;(z)| < C for some constant C by (A2), we can see that from
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Lemma 5.5

Y EZyi(x) + Y |Cov(Zniy), Znj ()| < ConhPH+,
=1

1<j
Finally by Lemma 5.4 with By = Cy , By = CnhPt1te, 5 = Az(nh?/logn)~—*2)/21ogn and

rn, = r(n), we have, as nBy/n — oo that
A = A3/(2C1) logn, A2 By = Cq/(4C%)logn.
Therefore,

P( | Max, ‘ Z Zni(z)) — EZpi(z1)| = As(nh?/logn)(1722)/2 10g n) <T,/n"+CT,V,,
SPSEn oy

where a = A3/(8C1) — Cs/(4C%). By selecting A3 large enough, we can ensure that T, /n® is

summable over n. As T, V¥, is summable over n from (A.4), we can conclude that

Q= 0{ (lzgi>(l/\2)/2 log n} almost surely.

This together with Lemma 5.8 completes the proof. |
Proof of Corollary 4.1. Through the proof lines for Theorem 3.2 and Corollary 3.3, it’s
not difficult to see that Corollary 3.3 still holds under the conditions imposed here. Under the
additive structure (4), we thus have

1 « 1 —
Pn1(z1) =¢1(x1) + > ma(Xy) — th@leS;lBlg D my (w1, Xy;)
i1 i=1

1 n n B
+ Wel Z o(e5) Z Snpl(l“la Xm)K(Xl,xj/hl,Xz,ij/h)M(Xl,xj/hla Xzzj/h)
j=1 i=1

+ op({max(hy, h) 1Y) + O, {(nh1h®1 /logn) ~3/4}, (A.41)

where X 45 = X15 — 7, Xy;; = Xy, — Xy; and ey is as in Proposition 3.1. Note that by (17),
(nh1)Y?(nhih=! flogn)=3/* — 0, the O,(.) term can thus be safely ignored.

By central limit theorem for strongly mixing processes (Bosq, 1998, Theorem 1.7), we have

1 < ~ 1 < ~
n Z”@(lgi) = 0p(n~'7?), " Zmpﬂ(ﬂ?l,izi) = Emyp (21, X,) + Op(n /).
i—1 =1
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As the expectations of all other terms in (A.41) are 0, the leading term in the asymptotic bias

of ¢1(21) — ¢1(x1) is thus given by
—{max(h1, h)}pﬂeleSnglEmpH(a:l,XQ).
Again through standard arguments in Masry (1996), we can see that
# i Sop (@1, Xo)) Kn (X125, Xo 1) (X1,25/h1, X 45/h)
i=1

{Ku}(XLmj/hl,y)dy{l + O<{ g™ }1/2)}

nhd—1

= S;pl(ﬂflaXQj)fQ(X%)/

[071]®d71
uniformly in 1 < i < n. Therefore, the leading term in the asymptotic variance of ¢y,1 (1) —¢1 (1)

is the variance of the following term

() e YRS o X X)) (K
i=1 ,

which is asymptotically

(nhl)—l{/[m]@d1{fg2}—1(x1,X2)f22(X2)a2(m1,Xg)dX2}els;1K2K§S;le] (A.42)
If p(y;0) = (2¢ — 1)(y — 0) + |y — 0] and ¢(0) = 2¢I{0 > 0} + (2¢ — 2)I{6 < 0}, we have
9(z) = 2f:(0]z) and

o?(z) = E[¢*(e)|X = z] = 4¢*(1 — F-(0)) + 4(1 — q)*F(0) = 4¢(1 — q),

which when substituted into (A.42), yields the asymptotic variance of the quantile regression

estimator,

5%(z1) = q(1 - q){/[ i f*l(xl,gz)ff(oyxl,&)fg(gz)dgg}elsglKgKgsljle} u
0,1)®d—
The next Lemma is due to Davydov (Hall and Heyde (1980), Corollary A.2).

Lemma 5.3 Suppose X and Y are random variables which are respectively G— and H— mea-
surable, where G— and H— are two o—algebras. E|X|P < oo, E|Y|? < oo, with p > 1, ¢ > 1,

and p~' + ¢! < 1. Then
—-1_ -1

1-p~"—¢
[EXY ~ BEXEY| < S|X Yo s [P(AB) ~ P(A)P(B)]}

)
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The next lemma is a generalization of some results in the proof of Theorem 2 in Masry (1996).

Lemma 5.4 Suppose {Z;}°, is a zero-mean strictly stationary processes with strong mizing

coefficient y[k], and that |Z;| < By, > n | EZ? +Y,_.|Cov(Z;, Z;)| < Ba. Then for anyn >0

1<J
and integer series r, — 00, if nBy/n — oo and q, = [n/r,] — 0o, we have
PN 2 2 ) < desp(- 227 1 2By} + C(n),
i=1

where U(n) = qu{nB1/n}*Y[r], A\n = 1/{2r,B1}.

Proof. We partition the set {1,---,n} into 2¢ = 2¢, consecutive blocks of size r = r,, with
n=2qr+vand 0 <v < r. Write
Jgr
V)= > Zij=1,-,2
i=(j—1)r+1
and

q q n
W= Va2i—1), W =Y "Va(2)), W)= > 2.
j=1 j=1 i=2qr+1
Then W,, = > | Z; = W) + W/ + W,". The contribution of W}" is negligible as it consists of

at most r terms compared of ¢gr terms in W), or W/'. Then by the stationarity of the processes,

for any n > 0,
P(W, > ) < P(W,, > n/2) + P(W} > n/2) = 2P(W} > 1/2). (A.43)

To bound P(W] > n/2), using recursively Bradley’s Lemma, we can approximate the random
variables V,, (1), V,,(3), - - - , Vi, (2¢—1) by independent random variables V,(1), V,*(3), - -- , V5 (2¢—

1), which satisfy that for 1 < j < ¢, V,*(2j — 1) has the same distribution as V,,(2j — 1) and
P(IVi(2) = 1) = Va(2j = D) > u) < 18(1Va(2) = 1)loo/w)"/? sup | P(AB) — P(A)P(B)], (A.44)

where u is any positive value such that 0 < u < ||V;,(2j —1)|lec < 00 and the supremum is taken

over all sets of A and B in the o—algebras of events generated by {V,,(1),V,(3), -, Vn(2j —
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3)} and V,,(2j — 1) respectively. By the definition of V,,(j), we can see that sup |P(AB) —

P(A)P(B)| = ~y[ryp]. Write

P(W! > g) < P(‘ quv,j(zj - 1)‘ > g) +P(‘ iVn@j 1) - VA2 — 1)} > Z)
j=1 Jj=1

We bound I; as follows. Let A = 1/{2Byr}. Since |Z;| < By, AV,(j)| < 1/2, then using the fact

that e < 14 x + 22/2 holds for |z| < 1/2, we have

E{ej:/\v,f(Zj—l)} <14+ ABE{V,())? < N BV (2-1)1 (A.46)
By Markov inequality, (A.46) and the independence of the {V,5(2j —1)}{_;, we have
q q
Lo< e [Eexp (AZv;(zj - 1)) + Eexp ( A Ve - 1))}
j=1 j=1
q
< 2exp ( — /A NS EB{V(2) - 1)}2)
j=1

< 2exp { /4 + CQAQBQ}. (A.47)

We now bound the term I in (A.45). Notice that

q
LY P(
j=1

If |Va(2§ — 1)||co > 1/ (4q), substitute n/(4q) for u in (A.44),

Vi(2) — 1) — V(25 — 1)‘ > 4%)
I < 18q{|[Va(25 — D) /n/(40)}*A(ra] < Cq* 0 P5{ra] (r B1)Y?, (A.48)
If |[Va(2) — 1)]leo < m/(4q), let u = [|V,(2] — 1)||co in (A.44) and we have
I, < Cqylral,
which is of smaller order than (A.48), if nB; /n — oo. Thus by (A.43), (A.45), (A.47) and (A.48),
P(Wy, > n) < dexp{—Ann/4+ CoBoXS} + Cy,

where the constant C' is independent of n. |
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Lemma 5.5 For any z € RY, let ,(X;,Y:) = I(|X;,| < h)Y.(X,,,Y:), a measurable function

of (X;,Y;) with |.(X,;,Y:)| < B and V. = Ev2(X,,Y;). Suppose the mizing coefficient [k]

satisfies (A.3). Then
n ’ ‘ _ 9 a1 1—2/1/2 .
Cov(;:l e (X, Y)|) = nV [1 n o{ <B ppt /V) H

Proof. Denote ¢5(X;,Y;) by 1. First note that

V = Eyf, = h B3| X; =z + hu) f(z + hu)du,
u|<1
n—d n—d
Z |Cov(iz, Yjz)| = (n — 1 —d+1)|Cov(¢oz, Y1) < Z |Cov(toz; Yiz)|
1<J =1 =1
d—1 Tn n—d
= n —i—nZ +n Z = nJds1 + ndoo + nJog,
=1 l=d l=mpn+1

where 7, = hEHdtD@/va=1)/a For Jy, . there might be an overlap between the components of
X, and X, for example, when X; = (X;_g4,---, Xi—1), where {X;} is a univariate time series.
Without loss of generality, let v/, 4" and «” of dimensions [,d — [ and [ respectively, be the
d+1 distinct random variables in (X, /h, X;,/h). Write u; = (2", 2"7)" and uy = ("7, u"")".

Then by Cauchy inequality, we have

=z + hu 1/2
| B (oas a3 25 1) | < { BWRLIXp = 2+ hauy) (U, X, = o+ hup) } T = V/? (A.49)

and through a transformation of variables, we have

|Cov(vow, Yiz)| < hlV/ul| 2o @ hwgy o haugs 1) = f (24 hwy ) f (2 + hags 1+ d = 1)|dududu’™,

|22| <1

where by (A4) and (A5), the integral is bounded. Therefore,

d—1
nJy < CnV Z hl = o(nV).
=1

For Jaz, there is no overlap between the components of X, and X;. Let X, = hu and X;, = hv
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and we have

(Covtbor,tual| < 12 [\ B (v, a3 2L 1) dudo
[v] <1
x[f(z + hu,z + hv;l +d — 1) — f(z + hw) f(z + hv)]
= Ch,

where the last equality follows from (A4), (A5) and (A.49). Therefore, as m,h? — 0,
nJyy = O{nm,h@V} = o(nV).
For Jos, using Davydov’s lemma (Lemma 5.3) we have
[Cov(to, tir)| < 8{yll — d + 1} >/ {E|pia| 2}, as vy > 2. (A.50)

As sz! S 37 Elq)nz’m S BV272V7

Jog < CBUWTD2y2/ e N0y — d + 1]},
l=mp+1

1-2/v
where the summation term is o(1), as 7, — oo. Thus Jog = 0{V<Bth+d“/V> 2}, which

completes the proof. |

Lemma 5.6 Suppose (A2)- (A6) hold. Then for UL, 1 =1,--- ,m defined in (A.32) and Z;,1 =

1,---,L, defined in (A.13), we have

> E(UL)? + Y ICov(Us, UL)| < CrMD{MP MDY= (A51)
i=1 1<j

> EZ} 4 Y 1Cov(Zai, Zuy)| = nh (MED)*MPH{M log n} /", (A.52)
i=1 i<j

uniformly in x;, 1 <k <T,.

Proof. We only prove (A.52), which is more involved than (A.51). To simplify the notations,

denote «yj,, B, o5, and Bj, by aq, 51, a2 and Ba, respectively. Clearly,

u' Hp(a2+02) u' Hp(c2+01) -
/ {@ni(zy; t)—ni(zy; 0) }dt = / {@ni(@y; t+u Hy(B2—p1))—@ni(zy; 0) }dt,
u' Hp B2 u Hp 1
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and

' Hy (c1+61) u' Hy(a2+062)
Zni = / {oni(zg;t) — oni(zy; 0) hdt —/ {oni(zg:t) — oni(zy; 0) }dt
u' Hp 1 ul Hp B2

ETHn(a1+ﬂ1) T
= / {oni(zy:t) — onilzy;t +u Hy (B2 — fr))}dt
UTHnﬁl

ul Hp (a2+61) T
—/ {nilapit + 0 Ho(By — 1)) — onilay: 0)}dt = Ay + Ao,
uTHn(a1+ﬁ1)

Therefore, E{Z,;}? = h? [ K2(u) f(z), + hu) E{(A1 + A2)?|X; = z;, + hu}du. The conclusion is

thus obvious observing that by Cauchy inequality and (A.5),

E(A X =zp +hu) < |u' Hyoqu' Hy(Ba — B1)u” Hyao| < 2(MD)2MP) /(M logn),
EAYX; =z 4+ hu) < {u' Hy(az — )Y (Ju' Hpao| + |u" Hyan| + 2|u” Hy, ()

< AMMY2MP /(M ogn)?,

where we used the facts that |a; — as| < 2M7(11)/(Ml logn) and |5 — 2| < 2M,(12)/(Ml logn).
Therefore, E{Z;}2 = Chd(M{V)2MP /(M logn). As |Zni| < CMY and WP+ /M < oo, the

rest of the proof can be completed following the proof of Lemma 5.5. |
Lemma 5.7 Suppose (A2)- (A6) hold.
Y BB+ |Cov(Dpi, y)| < Cnh (M) M), (A.53)
i=1 i<j
uniformly in x € D, € Bv(@l) and 3 € BT(LZ).

Proof. By Cauchy inequality and (A.5), we have
E®Z,

=h? / K*(w)E H /ﬂ ::;H;(a+ﬂ) (@m(g; t) — oni(z; 0))dt}2|& =z+ hy} f(z + hu)du

w(w)" Hy (a+3)

<hd / flz+ hU)K2(U)u(u)THna/ E KS"’”‘@? — 0)>2\L- . hg] .

u' Hp(3
< [ K] Hoa

(T Ha(at5)
p(w)T Hpf3

Cltldtf(z + huydu = Of{nt(MD 22}, (A.54)

uniformly in z € D, a € B and g€ BY. (A.53) thus follows from (A.54) and Lemma 5.5. W
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Lemma 5.8 Let (A3) — (A6) hold. Then

sup |Snp(z) — g(z) f(2)S,| = O(h + (nh?/logn)~Y2) almost surely.
z€D

Proof. The result is almost the same as Theorem 2 in Masry (1996). Especially if (A.4) holds,

then the condition (3.8a) there on the mixing coefficient y[k] is true. [

Lemma 5.9 Denote d,; = (nh®)!=21=2%2(logn)"1+2%2 and let \; and BY. i =1,2, be as in
Lemma 5.1. Suppose that (Al) — (A5) and (A.2) hold. Then there is a constant C > 0 such

that for each M > 0 and all large n,

n d
sup sup |37 B, 5) — "o (Hy) Sup) oo+ 20)] < OM¥ 2y,

2€P o e BYY, i=1

BeB®

Proof. Recall that G(t,u) = E(p(Y;t)|X = u),
p(w)" Hn (a+)

E®u(zionf) = K / K(w)f(z+ hu)du x / (A.55)

w(w)" Hn 8

(Gt + p() Hafiy (@), 2+ h) — Glpa(w)” Hofi(), 2+ hus) bt
By (A3) and (A5), we have

G(t + p(w) Hofp(x), z + hu) — G(p(u)" Hnfy(z), z + hu)
2
=tG1(u(w) HoBp(z), 2 + hu) + %Gz(én(t,u; z),z + hu),

G (p(w) HofBp(z), z + hu) = g(z + hu) + O(hFT),

where &,(t,u;z) falls between p(u)' H,B,(z) and t + p(u)" H,B,(z), and the term O(hPT!) is

uniform in z € D. Therefore, the inner integral in (A.55) is given by

%g@ + hu) (Hna) p(w)p(w)" Hy (o +28) + O{M3/2 (%)MHAQ}

uniformly in z € D, where we have used the fact that nh®®+1)/*2 /1ogn < co. By the definition

of Spp(x), the proof is thus completed. |
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Lemma 5.10 Under conditions in Theorem 3.2, we have

logn

1/2
W) } almost surely.

1 1 iy . —
Sup | g VoS () Hy ;Kh(Xi—w)so(ez)u(Xi—w)\ —O{(

Proof. Note that under conditions Theorem 3.2, the assumptions imposed by Masry (1996)
in Theorem 5 hold. Specifically, (4.5) there follows from (A.2), and (4.7b) there from (A.4).

Therefore, mimicking the proof lines there, we can show that

1 e logny 1/2
sup | 32 B (X, =)ot~ = O (T) )
which together with Lemma 5.8 yields the desired results. |
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