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Abstract

In this paper we investigate a class of semiparametric models for panel datasets
where the cross-section and time dimensions are large. Our model contains a
latent time series that is to be estimated and perhaps forecasted along with a
nonparametric covariate effect. Our model is motivated by the need to be flexible
with regard to functional form of covariate effects but also the need to be practical
with regard to forecasting of time series effects. We propose estimation procedures
based on local linear kernel smoothing; our estimators are all explicitly given. We
establish the pointwise consistency and asymptotic normality of our estimators. We
also show that the effects of estimating the latent time series can be ignored in
certain cases.
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1 Introduction

Panel data are found in many contexts. Traditionally, it is associated with a series of household
surveys conducted over time on the same individuals for which the cross-sectional dimension is large
and the time series is dimension is short. Parametric methods appropriate for this kind of data can
be found in Hsiao (1986). There has also been some work on semiparametric models for such data,
see for example Kyriazidou (1997), and nonparametric additive models, Porter (1996). The increase
in the length of time series available for these data has lead to some interest in the application of
time series concepts, see for example Arellano (2003). More recently, there has been work on panel
data with large cross-section and time series dimension, especially in finance where the datasets can
be large along both dimensions and in macro where there are many series with modest length time
series. Some recent works include Phillips and Moon (1999), Bai and Ng (2002), Bai (2003,2004),
and Pesaran (2006). These authors have addressed a variety of issues including nonstationarity,
estimation of unobserved factors, and model selection. They all work with essentially parametric
models.

In this paper we investigate a class of semiparametric models for such datasets. Our model
contains a latent time series that is to be estimated along with a nonparametric covariate effect. Our
model is motivated by the need to be flexible with regard to functional form of covariate effects but
also the need to be practical with regard to forecasting of time series effects. Our main contribution
in fact is to provide results that support subsequent time series analysis on the latent time series, and
for this purpose it is desirable and important to not require the latent time series to be stationary.
Our framework is consistent with the influential model of Carter and Lee (1992) for US mortality.
Some other related works in econometrics include Connor and Linton (2002), who applied a similar
model to a large financial panel dataset. See also Fengler, Hirdle and Mammen (2006) and Mammen,
Stove, and Tjgstheim (2006). We propose estimates of the nonparametric component and the latent
time series that are based on least squares objective functions and are defined in closed form. We
establish the pointwise asymptotic distribution of our estimator of the nonparametric component
and the joint distribution of the estimated latent time series in the case where the time series length
is fixed. We then establish some properties in the case where the time series length increases to
infinity at some rate. In many cases one wants to do further modelling of the latent time series with
a view to forecasting future values. We prove that the estimated latent time series is close enough

to the true latent time series such that the estimation error can be ignored in such future analysis.



We give an application on simulated data.

The paper is organized as follows. In section 2 we describe our model, while in section 3 we
introduce our estimators of the key components. In section 4 we give the asymptotic properties of
the estimates, while in section 5 we investigate the application of our estimates to further modelling
strategies. We give some numerical evidence on the finite sample performance of our procedures in

section 6, while section 7 concludes. All proofs are in the appendix.

2 Model

We suppose that the data are generated as an unbalanced panel:
}/;7t:9t+g(Xi7t)+ui7ta izl,...,nt,tzl,...,T, (1)

where the unobserved errors (u; +); + satisfy at least the conditional moment restriction Efu; | X+, 0:] =
0. Here, (6;); is an unobserved time series, while (X;;);: are observed covariates. We shall assume
throughout that (6;); is independent of the observed covariates and errors. The distribution theory
requires additional conditions on the errors and the covariates to ensure that laws of large numbers
and central limit theorems hold, we discuss this further below. The model is a semiparametric panel
data model and some aspects of this have been discussed recently in for example Fan and Li (2004),
Fan, Huang, and Li (2007), and Mammen, Stgve, and Tjgstheim (2006), although our assumptions
will be more general in some cases and our focus is different. In particular, the focus of our paper is
on the latent time series (6;); itself. In practice we expect the distribution of observed and unobserved
variables to change over time, and this is allowed for in our model. For example, we wish to allow

the covariates to have potentially time-varying densities f;, i.e.,
X@t th, ), = 1,...,7115. (2)

This is different from most previous treatments of this model.

The model can also be thought of as an additive nonparametric regression model in covariates
t/T and X;; except that the function ¢ — 6, is not assumed to be smooth or even continuous, so
most extant theory for additive regression models cannot be applied.

Our aim is to estimate the unknown smooth regression function ¢(-) and the time series (6;); from

a sample {Yy, Xy,0 = 1,...,ny,t = 1,...,T}. We allow the datasets to be unbalanced: the number



of observations in each time period, denoted n;, and the number of time periods for each observation,
denoted T;, are allowed to vary freely but are assumed independent of all other randomness.
Observe that the mean of Y;; is

E[Yi) = E[B,] + / o) fi @) (3)

Without further restrictions, the mean of the latent process {6;} and the function g(-) are not
separately identified. Clearly, we may subtract a constant from 6; and add it to the function g without
changing the distribution of the observed data. In the context of additive models, for example Linton
and Nielsen (1995), it is common to assume that E[g(X)] = 0. However, since we wish to allow for the
possibility that the covariate distribution is nonstationary, this is not an attractive assumption. One
could instead assume that for example E[g(X; ;)] = 0, which would be consistent with nonstationary
covariates. We instead put restrictions on the process {6;}. A restriction on the mean of , would
effectively rule out nonstationarity in that component. Therefore, we shall impose that #; = 0 (one
could choose an arbitrary initial value instead, if this has better interpretation). This is consistent
with the process {0;} being a unit root process starting from the origin. It also allows the process {0;}
to be asymptotically stationary. We remark that there is an air of arbitrariness in the decomposition
between 6; and g(X;;) and whatever restriction is imposed cannot get around this. The quantity
o, = E(Yyl0, Xit) = 04 + g(X;) is invariant to the choice of identifying restriction. However, the
quantity ¢, contains two sources of nonstationarity though, 6; and the changing mean of g due to the
changing covariate distribution. It is of interest to separate out these two sources of nonstationarity
by examining separately 6; and f;.

We close this section with some motivation for considering the model (1). The model captures the
general idea of an underlying and unobserved trend modifying the effect of a covariate on a response.
For example, suppose that output of a firm () is determined by inputs capital K and labour L but
the production function F' is subject to technological change a that affects all firms in the industry.
This could be captured by the deterministic equation Q = aF (K, L). Taking logs and adding a
random error yields the specification (1) for Y;; = log Q;, 6; = loga;, and ¢(.) = log F'(.). Note that
Olog @/0loga = 1, and this specification imposes the so-called Hicks Neutral technical change. In
this case, the Total Factor Productivity or Solow Residual is ¢'(t), the part of growth not explainable
by measurable changes in the inputs. In the popular special case where the production function is

homothetic, one can replace F'(Ky, Ly) by f(X;), where X;; is the scalar capital to labour ratio.



Traditional econometric work chose particular functional forms for F' like Cobb-Douglas or CES,
and made 6; a polynomial function of time. However, there is not general agreement on the form of
production functions, see Jorgensen (1986), and so it is well motivated to treat g as a nonparametric
function. Likewise it is restrictive to assume a particular form that underpins how the technology
should change and so we do not restrict the relationship ¢ +— 6,. The model assumption that 6; =0
has a natural interpretation in this case as it corresponds to a; = 1, in which case Q;; = F(K;1, Li)

is a baseline level of production.

3 Estimation

We next present several methods for estimation of the unknown quantities. All our methods are based
on minimizing sample sums of squared residuals. This has several advantages: it leads to closed form
estimators; it only requires the conditional moment restriction E(u|X,6) = 0 for consistency; it
usually implies an efficient procedure under i.i.d. normal error terms as has been noted in earlier
work. We also adopt the local linear regression paradigm because of its many advantages, Fan
and Gijbels (1996). Extension to the local polynomial case is straightforward conceptually. Our
estimation method is related to that considered in the paper of Mammen, Stove, and Tjostheim
(2006) except that we consider different identification restrictions, which leads to a slightly different
procedure. They consider a more general model with multiple covariates that enter in an additive
fashion, which makes their procedure more complicated to describe. Also, they do not provide results
for estimation of the latent time series, which is perhaps the main contribution of this paper.

We estimate (g(z), ¢'(z)) for each x in a set X and 6 = (6;);—2,..r by minimizing the following

integrated weighted sum of squares:
T nt
/ Xz — X
[ 30 =0 gto) — @)X = ) 1 (T4 ) ot
t

g(x)])TK h (Y_AQ_B e
g (z) : '

= Y — A0 - B, dv(zx),
/< g’(x)) )

for some suitable measure v concentrated on X where 6; = 0, Y = (Yj;)i=1, n,t=1,..7, while A

and B, are suitable “design matrices” of dimension N x (T'—1) and N X 2 respectively, where

N = Zthl nt. The rows in B, are of the form [1 X;; — x| and the typical row in A has a 1 in the



t —1st place and zeros elsewhere if the row corresponds to an observation Y; ; from the ¢th time period
for t = 2,...,T; rows corresponding to observations Y;; from the first time period have all element
equal to 0. Finally, K, is the N x N diagonal matrix with diagonal elements K ((X;; — z)/h¢),
where h; is a bandwidth sequence and K is a kernel function. For any fixed value of # the integrated
sum of squares is minimized by minimizing the integrand. This leads to

[g(w
9'(x)

We note that this is just the (pooled) local linear regression of Y — A6 on X in the point x. Plugging

= (B KynBy) "B K., (Y — Af). (5)

this expression into (4) yields
/(Y — AO — W n (Y — A0)) Ko p (Y — A0 — W, (Y — AB))dv(x)
(V= 40)" [ Koally = Wa)v(a)(¥ = 46)
where W, ;, = B,(B, K, B,) !B, K, . Minimizing this as a function of # yields the weighted least
squares estimator

0= (AT / Kon(In — Wx,h)dV(x)A) h AT / Kon(In — Wy p)dv(z)Y

= ( / ATK, (I — Wx,h)Adu(:c)) h / AT Ky (I = Wep)Y du(x) (6)

The integrals in the matrices in (6) are one-dimensional and can be computed by standard numerical
integration routines. Moreover, simple expressions can be given for the matrices A" K. en(IN—Wepn)A
(see (21)) and AT K, ,(In—W,1)Y . Plugging (6) into (5) then gives the estimator of g(x) (and ¢'(x)).
It is worth noting that having derived the estimator of # and the estimator of g as a solution to a least
squares problem does not prevent us from using different z’s or another set of bandwidths (or even
another choice of kernels) in the final estimation of g. This may be quite useful in some situations,
perhaps especially when predicting future observations Y7, corresponding to a new covariate value

x.

4 Asymptotic results

In this section we give some asymptotic properties of our estimators. Our main focus is in the

estimation of the latent time series (6;); but we also provide results for the estimator of g. The
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first properties we give hold for the large N and fixed T case. Here we give the joint asymptotic
distribution of the estimation error for the time series. We then give some results for the case where
both quantities grow. Here the focus is on sufficient conditions that allow us to apply standard

asymptotic results from time series theory to the estimated time series.

4.1 Asymptotic results when 7' is fixed

We use the following regularity conditions, which as usual are sufficient but not necessary for our
results.

ASSUMPTION A.

1. Suppose that X;; are independent across i and t, and identically distributed across i, while

Ui = 0¢(Xit)€ir, where €4 are i.i.d. with mean zero and variance one and independent of X;.
2. Suppose that dv(x) = w(x)dz for some density w and that v has compact support X .

3. Suppose that g is twice differentiable on the compact set X C N{x : fi(x) > 0}, and satisfies
lg"(x) — ¢"(y)| < Clx —y| for some constant C'. The marginal densities f; are (uniformly over
t) continuous and strictly positive throughout X. The conditional variance functions o7 are

(uniformly over t) continuous and strictly positive throughout X .

4. Suppose that K is a Lipschitz-continuous density function symmetric about zero (a second order
kernel) with compact support. Define ||K||3 = [ K(u)*du and p;(K) = [ K(u)u/du.

5. Suppose that N = 3.7 ny — oo such that ny/N — N, € [\, N] C (0,00) for eacht =1,...,T.

6. There exists a sequence h = h(N) such that h;/h — b;, where b; € [b,b] C (0,00) for all t,
while h — 0 and Nh®> — 0.

We have maintained strong assumptions with regard to the errors. In principle, one can allow
both cross-sectional dependence and time series dependence in the errors and most of our results go
through with some modification of the limiting variances in some cases. However, note that the model
itself induces cross-sectional and time series dependence in Y;;. We are assuming that the number
of observations in each time period is of similar magnitude; this can be weakened but at the expense

of a more complicated theory. It seems like a reasonable assumption to make here. In assumption



A6 h may be chosen to be any of the bandwidths hy,...,hr. Note that since the distribution of
covariates and errors may differ from time period to time period it may in practice be very useful
to have different bandwidths in each time period. The other assumptions are quite standard in the
nonparametric literature. In the setup of this section, where T' is fixed, the uniformity in ¢ required
in assumption A3 is just an assumption for each t. However, we will use the assumption again in
section 5 where T' — oo and here some sort of uniformity is required.

We need to define some quantities that are important in the results. Define the T'— 1 x T — 1

matrix D(x) with elements

' _ Aty1ber fryn () e
fira(z) (1 Zz:l Asbsfs(x)> ift=t
D(z)iw = (7)
v )\t+1bt+1ft+1($) )\t'+1bt'+1ft'+1($) if ¢ 4 Y
\ >oasi Asbafa(2) '

Under assumptions (A3) and (A5) the matrix D(z) is strictly positive definite for z € X: If we
let v be the T'— 1 vector with elements vy, vs, ..., vy, where v, = \b, fi(x) for t = 1,...,T and let
V =diag(v), then D(x) may be written as A=Y/2B~Y2D(2)B~Y2A"'/2 where A = diag{\s, ..., A1},
B = diag{b,, ...,br}, and

— 1
D(z)=V - ——wv'.
Zs:l Vs
We note that

— 1
D(SL’)il =y + U—linlZ';fl,

which can easily be checked, see Berry, Linton and Pakes (2004) for some results on this type of

matrices. In particular, D(z)~ and therefore also D(x) and D(z) are strictly positive definite.
Define also the (7' — 1) x T-matrix

vig, (8)

Zf:l Vs

where ir = (1,1,...,1)T € RT. Thenlet C(z) = B_l/zA_l/QC’(:U)KI/2§1/2, where A = diag{\, ..., A},

B = diag{b,...,br}, and define

Clx) = [0Hr] -

Q) = C(2)¥(2)C() ", 9)

where U(x) =diag{o?(z)fi(x),...,0%(z) fr(x)}.
Let AT = diag{ng, . ,’I’LT} and HT = diag{hg, ey hT}

7



Theorem 1 Suppose that assumptions A1-A6 hold. Then
AM? (é - 9) 2, N, =Y, (10)

where

(1]

o = Bl/2/D(l‘)w(ZL‘)dl‘Bl/2 and = /Q(x)w(:c)%lx.

The asymptotic variance is a bit unusual for a semiparametric quantity in that the bandwidth
constant matrix B enters the limiting variance. This is due to the fact that we have allowed different
bandwidths in each time period; with a single choice of bandwidth this term cancels out. We
discuss the form of the limiting variance more below. Consistent standard errors can be obtained by
estimating the unknown quantities in the asymptotic variance by consistent estimators. A simpler
approach is to work off the leading terms in the asymptotic expansion of the estimator as follows.
Let

o = H;'PAM? / AT K, (Iy — Wy p) Aw(z)de Ay P HLY?

== W\diag{ﬂ?t}W
W= HolA Y2 / AT (I — Wap)w(@)dz,

where Uy = Y, — gt — 9(Xi+) are nonparametric residuals.
We conclude this section with a discussion of the limiting variance (10). Consider the special case
where 0?(x) = o%(z) for all t, fy(z) = f(x) for all t, and \; = 1/T. Then

—l=g-1 Jo* (@) f(2)w(@)*de
b=t = (J f(z)w(z)dx)?

If we knew the function g, then we would estimate ; by

[Ir—1 +ir—1ig_4] .

~ 1 &
O =—> (Yu—g(Xu)), t=1,....T, (11)

n
ti—1

which satisfies .
(Vi = 00),..../ar(Br = 0r)| 2> N(0,3),
where ¥ = diag ([ 07(z) f;(z)dz). In the special case considered above, ¥ = [ ¢2(z)f(z)dxIr_1. Of

course this is an unfair comparison in view of the identification issue. If instead of knowing g we



know ¢ up to an additive constant, «, (11) would estimate 0; + « instead of ;. Assuming as above
that 6; = 0 we would estimate ; by

nt 1 ni

b= o > (Vi = 9(X)) — - Y (Vi — g(Xa)), £ =2, T

n
b1 i=1

with asymptotic distribution

A (h-0) = N (0, / o?(x) f(a)dx [T + z'T_@J)

Observe that we may get arbitrarily close to this asymptotic variance by choosing X to be a large
compact subset of {z : f(x) > 0} and letting w(z) = 1 in Theorem 1. Thus, the lack of efficiency of
our estimator of ; is more due to the unidentifiability than to the unknown regression function g.
It follows from Theorem 1 that we can write 0 = 0+ (9 —0), where the two terms on the right hand
side are asymptotically independent and the latter term is asymptotically N (0, A;]‘/ o129/ 2A;1/ %)-
distributed. Hence, when n; is large we may either model the estimated time series and from this
derive a model for the latent time series, or — if n; is sufficiently large so that the prediction error is

negligible — use the estimated time series as if it were the latent time series.

4.2 Asymptotics for the estimator of ¢

Theorem 2 Suppose that assumptions A1-A6 hold. Then

VT (g@:) - gfa) = T O g"(a:)) 2w o KZ(Z“;Z;(” )S)

.....

Consistent standard errors can be obtained by estimating the unknown quantities in the asymp-
totic variance in the usual way, Fan and Gijbels (1996) and Fan and Yao (2003). In particular we
note that the constants by,...,by and Aj,..., A\r in practice may be replaced by h;/h and n;/N
respectively.

If we knew the process 0, we would estimate the function g from the pooled nonparametric
regression of Yj; — 0; on X;;. This satisfies the same CLT. In the special case where o?(z) = o?(x)
for all ¢, fi(z) = f(x) for all ¢, and \; = 1/T, the asymptotic variance is T'||K||30%(z)/ f(x).

9



5 Time series analysis

If one observed the time series 6;,t = 1,...,T, where T is large, the usual econometric approach
would be to specify a model for it, thereby enabling description and forecasting. For example,
suppose that ; follows an ARIMA(p,d,q) process with slowly varying mean, A(L)(1 — L)%, =
w(t/T) + B(L)o(t/T)¢,, where p(-) and o(-) are smooth functions on [0,1], ¢, is a white noise
process, while A(L) = >"_ja;L7 and B(L) = >7%_(b;L/ are lag polynomials with roots outside the
unit circle. Here, d is an integer denoting the order of nonstationarity. This is a convenient class
of models for forecasting; it is just one (quite general) class of discrete time models that allows a
certain type of nonstationary behaviour, others can be contemplated. The properties of estimators
in such models generally rely on a long time series so that T" — oc.

Our previous results can be formally extended to this case, although in an extension of Theorem 1,
one would have to consider finite dimensional linear combinations of the expanding parameter vector.
Instead, we address the issue of the impact of estimating the time series 6; on inference about the
parameters that govern its dynamic evolution. Hansen, Nielsen, and Nielsen (2004) consider the
general problem of using estimated values in time series models. They prove a general result that
provided

T
Yy (ét - et)z .0 (12)
t=2
as T' — oo, then we may use the estimated time series as if it was the true unobserved time series
for instance in estimation and unit root testing in the sense that using the estimated values leads to
the same asymptotic distribution (for 7' — o0) as if the true values were used. It is understood that
the limits here are taken pathwise so that N and T approach infinity at some rate.

We next show that this property also holds in our case with a nonparametric covariate effect. As
we now consider the case of ' — 0o and mins—; 7 ns — 00, we need additional assumptions. When
T — oo we must have n;/N — 0 if not for all then at least for some ¢. Thus we need to replace
assumption A5. A natural assumption would be to let all ratios n,/N go to 0 with the same rate.
Hence we will assume:

AsSsSUMPTION B.

1. Suppose that ny — oo for each t and T — oo such that there exists a sequence {\.}, bounded

10



away from zero and infinity, such that as T — oo

= o(1/T). (13)

2. For each x ZST:1 % fo(z) has a limit, f(zx) say, as N — oo.

3. [0 0%(x)% f(x)dx is bounded as N — co.

Note that under assumption Bl the limit in B2 may be rewritten as

Moreover, under assumption A3 f(x) > 0 for z € X. Under assumptions A3 and B2, a sufficient
condition for assumption B3 is that o;(z) is bounded (in ¢). This latter condition is almost implied
by A3.

Theorem 3 Suppose that assumptions A1-A4, A6, and B1-B3 hold and that log N/(Nh) = o(1),
Th?> = o(1) and T/(vV'Nh) = o(1) as N — oo. Then (12) holds.

This shows that the estimation of #; does not affect the limiting distribution of the estimators
of the parameters of the time series process or the tests. This means that standard errors can be
constructed as if the 6, were observed. Furthermore, under the strong exogeneity assumption, we
can factor the likelihood so that our two-step approach to estimation of the parameters of 6; does
not lose information. Note that our result does not make any assumptions about properties of the
process 6;.

REMARK. In this asymptotic framework, we can revise the result of Theorem 2. For any = such
that 715120% Zstl Asbsfs(x) > 0, we have

lim T oAb o2(x) fs(z)
D T s=1 sYsY s S
MQQH(x)> N 0> ||KH3

2
Jim 577 A fulo))

R A i)
2 30 Mibifi(z)

nTh (Q(I) —g(x)

provided h is chosen to be of order (NT)~1/5.

11



6 Numerical Results

In this section we present the results of a small simulation experiment. We generated data from the
design

Yit = Or + it + war,
where u; ~ N(0,1), 2y ~ U[—1,1], and 6; = 0,1 + n,, where n, ~ N(0,0.1) and #; = 0, with

all random variables mutually independent. This results in the regression function and the time
varying component having similar scale in most cases, see below. We take T' € {20, 40,80} and
n =n; € {50,100,200}. Bandwidth was chosen by a Silverman rule of thumb procedure, specifically
h = 1.06G(nT)~'/°, where & was the sample standard deviation of the covariates. This bandwidth
is exactly optimal for the integrated mean squared error of a kernel density estimator when the
underlying density is Gaussian. Obviously, it is not optimal for the problem at hand. However, it
is so widely used and simple to implement and also relatively robust, that we decided on using it
here. This means that the performance we report can likely be improved on by using a more time

consuming method like least squares cross-validation. We evaluate several performance measures:

ét_(gt

T
L@ =EY (ét . et)Z . Loo(0) = E max
t=2

2<t<T
J
1 A e .
La(9) = 5 Z;E GU;) = 9(U;)" 5 Leo(§) = B max [5(U;) = 9(Uy)].,
]:

where U; ~ U[—1, 1] independent of the data. The expectations are computed by averaging over 100

simulation draws. We also evaluate the performance of the least squares estimator of the autore-
o~ ~2

gressive coefficient, p = >, 0,0,_1/> ", 0, 1; we show the standard deviation and bias. Our results

are given in Table 1.

Table 1

12



~

n T L) Leo@®) L) Le(d) bias(p) std(p)
50 20 0.3181 0.2757 0.0024 0.0878 -0.3022 0.2601
40 0.6870 0.3215 0.0016 0.0722 -0.1589 0.1832
80 1.5581 0.3720 0.0009 0.0535 -0.1220 0.1356
100 20 0.1635 0.2045 0.0014 0.0667 -0.1434 0.2473
40 0.3761 0.2336 0.0010 0.0544 -0.0931 0.1501
80 0.8382 0.2811 0.0005 0.0415 -0.0466 0.0832
200 20 0.0932 0.1540 0.0009 0.0553 -0.0645 0.1913
40 0.2184 0.1789 0.0005 0.0434 -0.0374 0.1173
80 0.5151 0.2159 0.0003 0.0326 -0.0254 0.0696

The performance of 9 clearly improves with n and gets worse with 7. Note however that Ly (/é)
roughly doubles and Loo(g) increases by a factor v/2 whenever T doubles as Theorem 1 would predict.
Our asymptotics in section 5 refer to the case where T'(n) — oo as n — oo and so one should ideally
choose a path through these numbers. Our impression is that the results roughly correspond to
the predictions of our asymptotics. The performance of § seems to be much better and it improves
with both n and T. Regarding p performance seems to improve primarily with 7" (as expected) but
also there is some improvement as n increases, which reflects the reduction of the estimation error

associated with the first stage. Note that even when the time series is observed and not estimated

as here, p is negatively biased in finite samples.

Figure 1 below shows a typical outcome:
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Estimated and Actual Theta

Theta

Time

Figure 1. Shows actual time series (solid line) with estimated series (circles) for a case with

n = 200,T = 40

7 Conclusions

We have established the theoretical properties of our estimation procedures for the quantities of
interest in this semiparametric model for large panels. The simulation results generally support our
asymptotic arguments.

The model can be extended in various ways. If the observed covariates X are multidimensional,
our results go through provided we use multidimensional kernels and multidimensional local linear
estimation. In some multivariate cases one may wish to impose additional structure on the function
g such as additivity, index structure, or partial linearity. Our methodology provides consistent
estimation of the unrestricted function; the additional structure may be imposed afterwards, see for
example Linton and Nielsen (1995).

In some applications, one may also be concerned about individual effects, Hsiao (1986). For

example, suppose that
Yie=o; + 60, +g(Xir) + iy,
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for some unobserved individual specific effect ;. One can estimate the parameter vector («;);
jointly with (6;); and g(.) by minimizing the re-defined sum of squared residuals in (4) subject to
the constraint that > ., o; = 0. However, with a large cross-section this may be computationally
demanding. Alternatively, either differencing or deviation from full mean eliminates the nuisance

parameters and reduces the model to something very similar to (1).

A Appendix

A.1 Lemmas
We start by noting that

O =0+ (AT Ko n(In = War)A) ™ (ATKon(In = W)Y,
where Y* =Y — A6 is the vector with elements

Y;Tt = g(Xi) + 01(Xig)eir
=g(z) + gl(x)(Xm —x)+ (Q(Xz‘,t) —g(x) — gl(x)(Xi,t - 93)) + Ut(Xi,t)eiﬂf-

Moreover as (Iy — Wy )B, =0

g9(z)

/

ATKz,h(IN - Wz,h)y* = ATKz,h<IN - Wx,h) (g - B, )
g(x

) + ATKx,h(IN - Wz,h)u (14)

with g = (g(X;+):+. The first term on the far right is the “bias term”, the second is the “variance

term”. Therefore,
HYPAY2(0, —0)

-1
- (HT—VZA;”ATKM(JN - WM)AA;/QH;/Z) Hy PATPATK, y(Iy — W) <g ~ B,

-1
- (Hp AL AT (I = Wo) ADS P HE ) H AL AT R (I = W)

To prove our results we need the following two lemmas.
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Lemma 1 Suppose that assumption A holds. Then

sup | Hy P A7 2 AT Koy = Wan) AAL By 2 = D()| = o,(1).
zEX
1/2

where for a matriz W, |[W| = (te(WTW))

Proof of Lemma 1. Letting

S (X — .
Sj,t(x):Z(Xi,t_x)jK< 2 x),]eNO,tzl,...,T,

i=1 t
it is well known (Fan and Yao (2003, Theorem 5.3)) that as n;, — oo and h; — 0 such that
nihy/ logng — oo,

sje(@) = NI fi(w) (p; + Op(rw) (15)

______ 1(hs + +/logns/(nshs)) the Op-term is uniform in = € X'. Note that by assump-
tion Ad iy = 1 and gy = 0. Put s;(z) = 3.1 s;4(z), j € No.
It follows that the 2 x 2-matrix B; K, 1B, is
NEY L b fi(@) (14 Op(ry)  NE2 XL BN fi(2)Op(ry) o
NB2Y L BN fi(@)Op(rn) N 22 i fi(x) (14 Op(ry))

Next we see that for t = 1,...,7 — 1 the ¢'th row of ATKLth is

[307“1(1’) Sl,t+1(x):| = Nhfia(r) [bt+1)\t+1 + Op(rn) hOP("’N)] ) (17)
so that the t’th row of AT K, ,B.(B,} K, B:)™! is

b1 M1 fera ()
(14 Oplr)) Orlrs/h)]. (18)

[ZZ:I bsAs fs()
Combining (17) and (18), AT K, ,W, A is a (T — 1) x (T — 1)-matrix with (¢, #')-element given by
Nhbt+1>\t+1ft+;(x)bt’+lAt’+1ft’+l(x) (14+O0p (rn)). (19)

2 s=1 bsAs fi(2)

The (,t) element in the diagonal matrix A" K, ,A is Y /' K (%) = So.++1(z). Hence the

matrix A" K, ,(Iy — W,op)Ais a (T — 1) x (T — 1)-matrix with diagonal-elements

B ber1 A1 fr1 (@)
Nhbia At feqr () (1 ZsT:l bs)\sfs(iﬂ)> (1+Op(rn))

16



1/2A;1/2

and off-diagonal elements given by (19). Pre and postmultiplying by H, gives the desired

result. [ |
Lemma 2 Suppose that assumption A holds. Then the t’th element of H;l/QAf;l/QATvah(IN —

Wan) (g - B, g(x)]) is op(1) uniformly in r € X.
g'(z)

Proof of Lemma 2. Under our assumptions

g@ﬂ)zi@law
g'(@) 2 |ss(@)

St (9@ [ e | [ s )

BzTKx,h <g - Bz

where p5 = [ |2|*K(z)dz and

T ne T
() =) X —afK ( ’;% ) = NI*Y " \bt filx)ps (1+ O(ry)) -
t=1

g(x)] ) s
g ()

X (1+0p(ry))-

Combining (18) and (20) the tth element of the vector AT K, , W, 1, (g — B,

T
) ST NGRS (2)
AP ) X S
Ha™ " A i1 () ST Ashs fo()

Similarly, the ¢'th element of A" K, , (g - B,

g"(x)
2

a1 (2) + O(5311 (@) = N LT b2 o (0) (14 Op(rv)

g(x)

g'(x) > :

(14 Op(ry)).

Therefore, the tth element of the vector AT K, ,(In — W) <g - B,

S ey AsbE fi(x)
S Ashs fi(@)

/! T
Nh3u2g—<))\t+1bt+1ft+1($) [bt2+1 -

2

Premultiplying by the diagonal matrix H Y ZA;/ % we get the desired result. [ |
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A.2 Proof of Theorem 1

First, write

-1

AP0 - 0) = <H V2 RN / ATKyn(Iy — Wz,h)Aw(:c)d:cATl/QHTI/QH}/Q)

X HflA;lm/AT Kon(In —Wap) (g — B,

-1
+ (H;l/ZHT_l/zA;W / ATK, h(Iy — Wz,h)Aw(x)dm;l/QH;/QH;”)

x Hp Ay / ATK, Iy = Wy p)uw(z)dz.
From Lemma 1 and the hypothesis on w, we have
HyPALM? / ATK,(Iy — Wap) Aw(z)deAp P H, Y = / D(z)w(z)dz + oy(1),
whence
Hi' ALY / ATK, 5 (Iy — W) Aw(z)da Ay ? = B2 / D(z)w(x)dzBY? + 0,(1).

Moreover
9(z)

w(x)dx = op (1
g,(x)D (z) (1)

by lemma 2. The t'th element of A" K, ,(Iny — W, ;)u is (using (18))

nt41 J—
Z K < 1,t+1 T t+1) Ut+1( zt+1 €iti1 — ZZK < ) (XLS — .Yf)Us(Xi,s)Ei,sOP(TN/h)

s=1 i=1

b Mg frn (@ L
St s fi(@ ;; ( ) 0s(Xis)eis(1+Op(ry)).

H7'\AG? / ATK, 1 (Iy — Wa) <g B,

It follows that

_ /U(I) ; w(x)dz % (1+ Op(ry)) .




=1,...,

& frt o (

Z 1n Z i0)w(Xig)o(Xig)eir + 0p(1),

t=1

:c) w(z)dxr x oy(X;1)eir

by changing variables and dominated convergence. Using standard arguments the vector Z,, =
(Zn1s -, Zur) ", where

1 e
P = > a(Xiw(Xiou Xigey t=1,...T,

\/nt [ o%(@)e2(@)w2(x) fulx)dz =

is jointly asymptotically normal with mean zero and identity variance covariance matrix. It follows
that

~vTHIALY? / AT p(Iy — W p)w(@)de x u =il W27, + 0,(1) > N (0,i7 . ir)

where U., = diag{ [ 0?(z)c}(x)w?*(2) fi(x)dx}. Hence i V. ir equals

;/Ut et (2)w(2) ful@)d = /C WA (w)dey = /Q(x)MQ(x)dm

Therefore, by the Cramer-Wold device

HTIA;/Z/ATKI,;](IN — Wan)w(z)dr x u LN (0,/Q(x)w2(93)dx)

The result follows. [ ]

A.3 Proof of Theorem 2

- ST ()
t 1)‘tb t\L)
2’u2 Zt 1>\tbtft(x)g @)

Br(z) =
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We see that
VNR (§(2) = g(x) = h*Br(x))
_ VNh ( 10| (BT K, uB,) \B] K, j(Y — AB) — h2B(x)
—VNh [1 0] (B K, 1 B,) Bl K, y AN AY2 (0 — 9)

+ OP<1)

S—" %>\/

= VNR([1 0] (BIKopB) Bl Kop(Y = A0) — h28(2)
using the results of the previous section and (18). Note that
(1 0] (B KopBo) Bl Ko (Y — A6)

is the pooled local linear regression estimator of z based on the independent data Y% = g(X;,) +

01(Xi )€1 and the covariates X;,. We may rewrite this as

g(z)

o] T = o] [

+ [1 o] (Bl K, B.) Bl K, <g _B,

+ |:1 O:| (B;KxﬁBx)_lB;;rKl’,hu

The first term is g(x). To find the second term we note that by (15)

10 BT Rw ™ = |y (O g 0rte)].

Using this and (20) the second term becomes

N ST B ful(2) L
Nh21 bsAs fs(@ )
=h?Bp(z) + op(1/VNR).

(1+Op(r)) + h2(1+ Op(rv)) + Op (ﬁﬂ%)

The final term is

1 X
ot s fi(@) ZZK<

x) 01(X;)ei(1+ Op(ry)) + Op(ry /VNR)
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which using standard arguments is easily shown to be asymptotically normal with mean 0 and

variance

1 A )
MO (S, Ao ))

A.4 Proof of Theorem 3

First note that in the asymptotic set-up of Theorem 3

where
B logn, log N
TN—Silllf}%Ths+ ~ —O(h—l— Nh >
We have
T -1
Z(et —0,)% = ( / (Y (Iy — Wz,h)KmAw(x)dx) ( / ATKypn(Iy — Wz,h)Aw(x)dx)
t=2
1
X (/ ATKx7h(IN — W%h)Aw(l‘)dl‘) (/ ATKx7h(IN — vah)Y*w(x)dx)
< Ciz ( / V)T (Iy — Wx,h)vahAw(:n)dx> ( / ATE, (I — vah)Y*w(I)d:c)
N
where

(y = inf ZT/ ATKLh(IN — Wen)Aw(x)dz z

zi2lz=1
is the smallest eigenvalue of [ ATK, ,(In — Wyp)Aw(z)dz. This may be bounded from below by
[ ¢y (@)w(x)dr with

CN(:E) = inf ZTATKx,h(IN - Wx,h)Az

z:21z=1

the smallest eigenvalue of

Avamm—wmmzw%@u»—@mg@nF”)““1 F”)] (21)

s1(z)  so(x)

21



where s(2)" = (s02(2), s03(2), ..., s07(7)) and s;(2)" = (s12(x), 513(2),...,s17(z)). Hence, we

need to bound
S 2Es0,(@) - sofw) — (S 20e(e)
so(z) — s1(x)?/s2()
+ Z 2804 ( Sl(m)Q (22)

(z)s0(x) — s1(2)?

261(0) L () Sy 2us1(2) — (S0a 2510(0)) sofa)

So(z)so(x) — s1(x)?

TATK Iy — Wep)Az =

_|_

away from 0. The first term of (22) may be re-written as

r P 2Es0ele)) Sy s0s(@) — (S, zes0n()/ STy s0.(2))
(Z SW”) o) — 1@/ sal)

T

801 $ 2

+ Zzs
So(z) — s1(x)?/sa(x = AN

Of these two terms, the first one is non-negative and the second may be bounded from below by

fo.(2) n soule) = MDA )
o) = sa () sali) S8 ) T S g b P O

The second term of (22) is non-negative (and of smaller order than the first) whereas the third term

is of order

(NR2/T - Op(ry))> NR/T - (14 Op(ry))
N2t /T2 - (1+ Op(rn))

= Op(Nhry/T)

It now follows that

by Al f1(x) ) i oV ) p
Zt BN () ¢ n?-l}Tbt)\tft(«T) (z)dz (14 Op(ry)) + Op(r%)

which is bounded away from 0 by assumptions A3, A6, B1 and B2. Thus we need to show that

T2
—_— >
Nh (v 2

( / () (I WLh)Kx,hAw(:c)d:c) ( A ATE (I~ Wz,h)Y*w(x)dx) (23)
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is op(1). Using (14) it suffices to bound

(]\fh /AT en(IN — Wan) (g - B, 5}(?)]) w(x)dx)
(24)

T
(Nh /ATKx,h<IN - Wz,h) (g - Ba:

<J\:[Fh /ATK:L« n(In — Wx,h)uw<£€)d£€)T (]\j;h /ATKz,h(IN — Wz,h)uw(x)dx) (25)

Applying lemma 2 we see that the ’th element of first term of (??) (the “bias term”) is Op (ny41h? 17n)
so that (24) is

Op <T2Zt 2](\?;:2 TN) ) =0Op <T2h2 Z (%)27”]2\/> = OP(ThQTJQv) = op(1)

t=2

and

For the vector containing the second term (?7?) (the “variance term”) we write
Yoo(Xin)K (Xh;;x) “ €1
/ATKz,h(IN — Wh o )uw(z)dau = /C*(x) : w(x)dx
iz or(Xir)K <Xihq;_z) 6T

X (14 Op(rn))

where C* = [0|I7-1] — EUT*Z; -, with v* = (v) L,
s=1"Ys

the remainder term we get

o+ and v = Xibsfs(z) for s = 1,...,T. Ignoring

.....

) . EZﬂtcu(x)alx

LY eXa)K (B
w(x)dx —/ 7
Zs 1,0:

S or(Xor) K (S5272) -

and since all terms have expectation 0, it suffices to show that

and

T &
Nz Z Var
s=2

S e ()]

t=1 =
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go to 0. Here (?7) may be bounded as follows:

Xz‘ — X
N2h2 Z Var Z o (X / (tT) w(z)dx - eM]
t
T2
Nh2/z dI_O(Nh?)

<const

using assumption B3, whereas (26) may be bounded as follows:

—x
Var o (X e,t/ ( bt )w(m)dm]
N2h2 Z tz; zz; Zs 1 5 ht
SconstNh2 /;at (x)th(:v)d:c =0 <Nh2)
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