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ABSTRACT. In estimation of nonparametric additive models, conventional methods, such as
backfitting and series approximation, cannot be applied when measurement errors are present
in covariates. We propose an estimator for such models by extending Horowitz and Mammen’s
(2004) two stage estimator for the errors-in-variables case. In the first stage, to adept to the ad-
ditive structure, we use a series method together with a ridge approach to deal with ill-posedness
brought by the mismeasurement. The uniform convergence rate for the first stage estimator is
derived. To establish the limiting distribution, we consider the second stage estimator obtained

by the one-step backfitting with a deconvolution kernel based on the first stage estimator.

1. INTRODUCTION

This paper studies estimation of the nonparametric additive regression model with a mismea-

sured covariate:

Y =p+g(X)+mi(Z1) + - +mp(Zp) + U, (1.1)

where Y is a response variable, p is an unknown intercept, X* is an error-free but unobservable
covariate, Z = (Z1,...,Zp) are observable covariates, U is an error term, and (g,mq,...,mp)
are unknown functions to be estimated. If X* is observable, it is a standard nonparametric
additive model with the identity link function, which has been well studied in the literature; see,
e.g., Stone (1985, 1986), Buja, Hastie and Tibshirani (1989), Linton and Nielsen (1995), Linton
and Hérdle (1996), Opsomer and Ruppert (1997), Fan, Hardle and Mammen (1998), Mammen,
Linton and Nielsen (1999), Opsomer (2000), and Horowitz and Mammen (2004). However,
when X* is mismeasured, these conventional methods are generally inconsistent to estimate the
unknown functions.

In this paper, we consider estimation of the nonparametric additive regression model in (|1.1))
when the measurement X on X™ involves a classical measurement error. More precisely, through-

out the paper, we assume that the measurement X is generated by
X =X"+e¢, (1.2)

where € is a measurement error and independent from X*. Furthermore, for the most part of the
paper, we focus on the case where X is scalar and the density of € is known to the researcher.
In the end of Section [2], we discuss generalizations to relax these assumptions.

We develop an estimator for the unknown functions g, mi,...,mp and intercept p by using
the observables (Y, X, Z) generated by and and study its asymptotic properties. In

particular, we extend the two-stage approach of Horowitz and Mammen (2004) to deal with



the measurement error based on the deconvolution technique. In the first stage, Horowitz and
Mammen (2004) estimated the unknown functions by a series approximation method. In the
presence of a measurement error, the coefficients in the series approximation are estimated by
the ridge-based regularized estimator as in Hall and Meister (2007). In the second stage, Horowitz
and Mammen (2004) implemented the one-step backfitting based on local linear regression to
achieve asymptotic normality of the estimator. In our case, this stage is implemented by the
nonparametric deconvolution kernel regression.

There is an extensive literature on nonparametric additive models when all covariates are
accurately measured; see the papers cited above. A recent paper by Han and Park (2018) is
an exception. In particular, they also focus on the classical measurement errors, and develop a
new estimator for additive models by extending the smoothed backfitting approach of Mammen,
Linton and Nielsen (1999). However, there are two major differences between our work and theirs.
First, our second stage estimator achieves asymptotic normality, which is useful for statistical
inference, while they only derive the convergence rate of their estimator. Moreover, our first
stage estimator converges in a faster rate than their estimator. Second, our two stage estimator
can handle both the cases of ordinary smooth errors and supersmooth errors, while their method
cannot be easily adapted to the case of supersmooth measurement errors. Therefore, this paper
contributes to the literature on analysis of nonparametric additive models by developing the first
estimator that achieves the asymptotic normality in an errors-in-variables case, and making the
first attempt to handle the supersmooth measurement errors in covariates.

We also contribute to the literature of nonparametric deconvolution methods for measurement
error models. In particular, we employ the ridge-based regularization method by Hall and Meister
(2007) to estimate moments involving error-free unobservable covariates. Also for the second
stage backfitting, we apply the nonparametric deconvolution kernel regression; see, e.g., Stefanski
and Carroll (1990), Carroll and Hall (1988), Fan (1991a, 1991b), Fan and Masry (1992), Fan and
Truong (1993), Delaigle, Hall and Meister (2008), and Hall and Lahiri (2008).

The rest of the paper is organized as follows. Section [2]introduces the basic setup and develops
our two-stage estimator. Section [3] presents our main results. In Section [3.1] we derive the
convergence rate of the first stage estimator. In Section [3.2] we establish the limiting distribution

of the second stage estimator. Section [ concludes. All proofs are in the Appendix.

2. SETUP AND ESTIMATOR

Before presenting our estimator, we first show that the functions g, m1, ..., mp and intercept
p in the model (1.1)) can be identified from distribution of the observables (Y, X, 7). In this

paper, we consider the following setup.

Assumption 1.
(1) € is independent of (Y, X*,Z).
(2) The distribution of (e, X*, Z) is absolutely continuous with respect to the Lebesgue mea-

sure.
(3) The density f. of € is known.



(4) The density fx+z of (X*,Z) is bounded away from zero on T x [—1,1]P, where T is
a known compact subset of the support of X*, and [—1,1] is the support of Zy for d =

1,...,D.
(5) E[U|X*, Z] =0.
(6) g,m1,...,mp are normalized as

[ stwyaw = [ 11 ma(w)dw = = [ 11 i (w)dw = 0. (2.1)

Assumption 1] (1) claims that the measurement error discussed in this paper is classical. As-
sumption [1| (2) is to guarantee the existence of densities on which the following discussions rely.
Assumption (1| (3) is commonly used in the literature of nonparametric estimation with a mea-
surement error (see, Meister, 2009, for a review), and it could be relaxed by using auxiliary
information such as repeated measurements. See further discussions at the end of this section.
Assumptions |1| (5) and (6) are normalizations for identification.

Assumption [1| (4) requires all covariates to be continuously distributed on their support. As
in Horowitz and Mammen (2004), we assume that the observable covariates Z are supported
on [—1,1]P. This is an innocuous assumption because we can always carry out some invertible
transformation to achieve it and work with the transformed variables. However, this argument
fails for the unobservable covariate X*. Indeed, such a transformation does not preserve the
additive structure in except when it is linear. Thus, even though the distribution of € is
known, it is difficult to recover the distribution of X* from the transformation of X through
deconvolution. Also, the support of € is typically unknown, and so is the support of X*. With
these considerations, we do not impose any condition on the support of X, X*, and e, but focus
on estimation of the function g over some known compact set Z of interest. It is assumed that
the density of X* is bounded away from zero on Z so that the conditional expectations (on the
event X* € 7) are well defined.

Under Assumption |1 all unknown objects in the model are identified. This result is

summarized in Theorem [ as follows.
Theorem 1. Under Assumption[], the functions g,m1,...,mp and intercept u are identified.

This theorem follows by an application of the marginal integration argument for the nonpara-
metric additive model combined with identification of the joint density of (Y, X*, Z) based on
the deconvolution technique. The proof is provided in Appendix [A]

We now introduce our estimation strategy. For expository purposes, we tentatively assume
that the error-free covariate X* is observed. To estimate u, mg over [—1,1], and g over the
subset Z under the normalization in , the first stage estimation of Horowitz and Mammen
(2004) is implemented by minimizing
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with respect to 6 = (p,609,...,0%,0%, ....0L ..., 0P ... 0P) where I{-} is the indicator func-
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tion, {pr}72, and {gx}32, are basis functions supported on Z and [—1, 1], respectively, and & is



a tuning parameter characterizing the accuracy of the series approximation. The trimming term
I{X j* € T} appears because we are interested in estimating g over Z.

If X* is mismeasured, this method is obviously infeasible because X™* is unobservable. Also
the least square estimation for the above criterion by replacing X; with observable X; would
yield inconsistent estimates in general. In fact, implementing the least square estimation for
by ignoring the measurement error cannot provide the coefficients to construct the estimator of
the unknown functions g, m1,...,mp, but a weighted version of them, where the weight is the
conditional density fx«|x, z-

To estimate 6 in , we consider the population counterpart of , that is

E[I{X* € I}Y? + 0'E[P,P.]0 — 2E[Y P.)6, (2.3)

where P, = (po(X*),p1(X*), ..., 0x(X*),q01(Z1), ... ,q0x(Z1), ..., q01(ZD), - .., q0x(Zp))" with
po(X*) =I{X* € T} and qox(Zq) = po(X*)qr(Zg) for k=1,...,kand d = 1,...,D. Thus, once
we have estimators for E[P.P!] and E[Y P!], denoted by E[P,P!] and E[Y P!] respectively, 6
can be estimated by

0 = (RE[P.P.)'RE[Y P!, (2.4)
where R{-} denotes the real part of a complex-valued matrix or vector, and the inverse here
may be the Moore-Penrose inverse. Based on this, the first stage estimators of g and my for

d=1,...,D are given by

Zpk )0R,  tha(za) = qil(za)0f. (2.5)
k=1

To implement the estimator in based on , we need to estimate the expectations E[P,, P/]
and E[Y P/]. Any moment that does not involve X* can be estimated by the conventional method
of moments. For the moments depending on X*, we need to employ a deconvolution technique.

We first consider estimation of E[Y py(X*)] that appears in E[Y P.]. To this end, we introduce
some notations. Let || fll2 = ([ |f(w)[*dw) 2 be the Lg—norm of a function f : R — C, Ly(R) =
{f : I fll2 < oo} be the Lo-space, and (f1, fa) = [ fi(w) f2(w)dw be the inner product in La(R),
where ¢ denotes the complex conjugate of ¢ € C. Also let i =+/—1 and ff(t) = [f(z el dg
be the Fourier transform of f. By Plancherel’s isometry (see Lemmal/l] (1) in Appendix [E), the

moment of interest is written as

. 1
EYp(X7)] = (mfxe,m) = 5= (Imfe]® oft)
1 P (=)
= — [ By |2 2dt
o | P g
where m(-) = E[Y|X™* = -], and the last equality follows by the law of iterated expectations and

independence of € and (Y, X*) (Assumption [1| (1)). A naive estimator of this moment could be
given by replacing E[Ye*X] by its sample analog n~! 2?21 Y;jel'Xi. However, it is well known
that this estimator is not well-behaved due to the fact that f&(t) — 0 as [t| — oco. Intuitively,
the estimation error of the sample analog can be severely amplified in tails, so that the above

integral may not be well-behaved. To deal with such situations, it is common to introduce



certain regularization scheme. Here we employ the ridge approach in Hall and Meister (2007)

and suggest to estimate E[Y pr(X™*)] by

R ft ft r
EY pr(X7)] = / ZY X 1 f&)(j;|(vﬂ)|§r@‘ dt, (2.6)

where 7 > 0 is a tuning parameter to control the smoothness of the integrand and n=¢ with
¢ > 0 is a ridge term to keep the denominator away from zero.

Similarly, the moments E[pg(X*)qoi(Z4)] and E[pr(X*)pi(X*)] appearing in E[P,P.] can be
estimated by

1
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By applying these estimators to each element in , we can obtain the first stage estimator
23).

In the literature of nonparametric deconvolution methods, the kernel approach is more fre-
quently utilized than the ridge one. However, the kernel-based method is not adaptive. This is
because, to obtain the optimal convergence rate, the smoothness of the target function have to
be known so that the kernel function can be chosen to adapt to it. Indeed, this disadvantage
of the kernel approach becomes more severe when there are multiple targets to be estimated at
the same time. In such a situation, even if the smoothness of all the targets are known, choos-
ing a kernel function to adapt for each component is a nontrivial task. It would be even more
challenging when the number of targets grows with the sample size, which is exactly the case
considered in this paper. Compared to the kernel-based method, the ridge approach can adapt
remarkably well to the targets with different smoothness via cross-validation methods, as shown
in Hall and Meister (2007).

To conduct statistical inference, we construct the second stage estimator for which we can
establish the asymptotic distribution. If X* is observable, we can implement the one-step back-
fitting as in Horowitz and Mammen (2004), where the second stage estimator of g is given by the
nonparametric kernel or local polynomial fitting from the residuals Y; — i — ZdD:1 mq(Zq,;) by the
first stage estimates on the covariate X7. When X* is mismeasured and unobservable, we modify
this second stage estimation by applying the deconvolution kernel regression. In particular, let

Kp(w) = S /e_itwat(tm dt,
2m fE®)

be the deconvolution kernel, where K is a kernel function and A is a bandwidth. The second

stage estimator of ¢ is defined as

i K@ — X)) [V — i — S0 ma(Zay)] ‘

g(:L‘*) = Z?:l Kh(x* _ Xj)




The second stage estimator of my, however, cannot be a direct practice of the deconvolution
kernel regression because the unobservable X* is now present in the dependent variable Y; —
fi —g(X7) — 25 2aMa(Za j) in a nonlinear way instead of being a covariate. One immediate
thought would be to first estimate g(z*) 4+ mgy(z4) by the deconvolution kernel regression of
Y; — o — Zg,#d Mg (Za j) on (X7, Z4;), then deduct g(z*). This, however, would make the
estimator of my dependent on the choice of z*, which would not be welcomed in practice.
Alternatively, we consider the standard kernel regression of Y; —fi— Zg 2d Mg (Zq ;) on Zg j, and
then deduct an estimator of E[g(X™*)|Z4] to estimate mg. The conditional moment E[g(X™*)|Z,]
can be estimated based on estimates of g, and the joint density of X* and Z;. For the joint
density of X* and Zg, we use the deconvolution density estimator. For the unknown function g,
it is natural to employ its first stage estimator g. However, since g(z*) is a valid estimator of
g(z*) only when z* € Z, the second stage estimation of my should be conditional on X* € Z. In
particular, we consider

ma(za) = E[Y — = g(X*) = ma(Zy)|Zg = 2, X* € I}
d'#d
JTElY = p—g(X*) = Xgsqma(Za)| 2% = za, X* = 2*] f2,,x+ (2a, ) dz*
fI de,X* (Zd, x*)da:*

which suggests the following second stage estimator of myg:

() i JrKu(a® = X)) [V — o= §(*) = Ygrsq ar (Zar )| da* Kp(2a — Za 5)

alzd) = ;
>ty JrKu(@* — Xj)da* Ky (24 — Za,j)

with Kp(w) = K(w/h) for a (conventional) kernel function K.

In the next section, we investigate the asymptotic properties of the first and second stage

)

estimators of g,m1,...,mp. Before proceeding further, we comment on a major limitation of
our estimator, Assumption (1| (3). This assumption says the measurement error density fe is
known to the researcher, which is unrealistic in econometric analysis. In general, with a single
noisy measurement of X*, f. cannot be identified. However, identification of f. can be restored
if we have two or more independent noisy measurements of X*. Under repeated measurements
of X* we can obtain an estimator of f. by applying existing methods, such as Li and Vuong
(1998), Delaigle, Hall and Meister (2008), and Comte and Kappus (2015). Then by replacing f.
with its estimator, we can adapt our two-stage estimation method for the case of unknown f..
Although formal analysis is beyond the scope of this paper, our asymptotic theory in the next
section will provide a building block to analyze such a plug-in estimator for the case of unknown
fe. In particular, we expect that as far as the estimator of f. converges at a sufficiently fast rate,
similar asymptotic results in the next section can be established.

We note that the proposed method can be generalized to the case of vector X, i.e.,
Y=p+gX))+ - +9.(X7)+mi(Z1)+ - +mp(Zp) + U,

where X7,..., X are not observable, and instead we observe noisy measurements X1, ..., Xr.

Suppose the measurement errors €y, ..., €y, are classical and mutually independent. In this case,



the first stage estimator can be constructed in a similar way as above. Also the second stage

estimator is obtained as

oy = S, T e = X0) [V = Syl o) = T2 atZay) s
gl xl N n * * )
ZjZl fIl_ Hll’/zl Kh(l'l, - Xl/’j)dxl_

Sy S iy Kaa = Xo ) [V5 = o= Sy 1)) = Y grsg o (Zar )] da* Kn(za — Za z)

ma(za) = L *
Z?:l Jr Iy K@ — Xy j)da* Ky (24 — Za;)

forl=1,...,Landd=1,...,D,whereZ;_ =1 X-- - XL xLyjy1 X+ xIp, T=Ty x--- XTIy,
dry_ = dxi...dx] (dzj, ,...dr], and dx* = dx7...dx]. We expect that analogous results as

in the next section can be established for this estimator as well.

3. ASYMPTOTIC PROPERTIES

3.1. First stage estimator. We now study the asymptotic properties of the first stage estimator
in . Let ||A| = [trace(ATA)]'/2 be the Frobenius norm of a complex matrix A, and Af be
A’s conjugate transpose. Let Apax(A) and Amin(A) denote the largest and smallest eigenvalues
of a Hermite matrix A respectively. Let Fp. = {f € La(R) : [ |f(#)[>(1 + |t|*)¥dt < ¢} denote
the Sobolev class of order a > 0 and ¢ > 0E| Let 04 be the Kronecker delta, which equals
to 0 if k # k', and equals to 1 if & = k’. Based on these notations, we impose the following

assumptions.

Assumption 2.

(1) Y5, X5, Z;)7y s iviid.

(2) E[Y?|X*, Z] < oo.

(3) fxs fxrZamzar [x¥124m20,2p=2p EIY X fx+, and E[Y|X* = -, Zq = 24 fx+|7,=2, be-
long to Foc,, foralld,d =1,...,D and zq, z¢» € [—1,1].

(4) {pr}i2, is a series of basis functions on I such that [;py(w)dw = 0 for all k, and
[ pr(w)pr (w)dw = 8 g for all k, k.

(5) {ar}2, is a series of basis functions on [—1,1] such that f_ll qr(w)dw = 0 for all k, and
f_ll Qe (W) g (w)dw = Oy g for all k, K.

(6) Amin(E[P<P}]) > A >0 for all x.

(7) sub(ee syezx(rajp | Pl 2)]| = O(5M2) as & — co.

(8) There exists 0y = (o, 09,605, ...,08) such that

sup |g(z*) — Pro(z*)00| = O(x72),  sup |ma(zq) — P, 4(za)05] = O(x72),
z*el 2q€[—1,1]

where Py o(x*) = (p1(z*), ..., pe(2*)) and Py q(2q) = (¢1(24), - - -, ax(24)) ford=1,...,D.

Even though it seems somewhat different, the Sobolev condition imposed here is essentially equivalent to the one
used in Meister (2009, eq. (2.30)), which imposes [ |f™(¢)|?[t|** < c. First, it is easy to see that [ |f™(¢)]*(1 +
[t*)> < cimplies [ |f™()|?t|** < c. For the other direction, we have [ |f™(t)[*(14]t|*)*dt < 2* f\tlsl |1 (1) [2dt+
2% [ () ?|t|**dt < ¢/, where the first inequality follows by 2%[¢|** > (1 + |t|*)* < |t| > 1, and the second
inequality follows by f € L2(R) and Meister (2009, eq. (2.30)).

i



(9) r>0,(>0, and Kk — 00 as n — co.

Assumption 2| (1) and (2) are standard for cross section data. Extensions to more general data
environments are beyond the scope of this paper. Assumption [2| (3) lists the Sobolev conditions
for several densities and regression functions, which restrict smoothness of the underlying objects
to control orders of the bias terms in the estimation. Assumption [2| (4) and (5) are conditions
on the basis functions {p;}?°, and {gr}}2,;. Similar conditions are adopted by Horowitz and
Mammen (2004) for the first stage estimator without measurement errors. Assumption [2] (6)-(8)
are commonly used for series-based estimation; see, e.g., Newey (1997, Assumptions 2 and 3).
Assumption [2| (9) contains mild requirements of the tuning constants: r and ¢ for the ridge
regularization, and k for the series approximation. See the remark at the end of this subsection
for further discussion.

It is known in the literature that the convergence rate of a deconvolution-based estimator
depends on the smoothness of the measurement error density f.. Intuitively, the deconvolution-
based estimators typically involve the characteristic function of € in the denominator. The
smoother f. is, the faster its characteristic function would decay to zero in tails, which would
slow down the convergence of the resulting estimator. Therefore, for the density of the mea-
surement error f., we consider the following two categories that are commonly employed in the
deconvolution literature.

fe is said to be ordinary smooth of order 3, if there exist some constants cos,1 > cos0 > 0 and
B > 0 such that

Cos0(L4 [t) ™7 < 1f5(1)| < cost (1 +|t)) P forall t € R.

fe is said to be supersmooth of order f3, if there exist some constants css1 > cs0 > 0, 8o > 0,
and 8 > 0 such that

css.0 xp(—PBolt]”) < [fE()] < ess1 exp(=Folt]”) for all ¢ € R.

In particular, the characteristic function of an ordinary smooth error distribution decays at a
polynomial rate, while the characteristic function of a supersmooth error distribution decays at
an exponential rate. Typical examples of ordinary smooth densities are the Laplace and gamma
densities, and typical examples of supersmooth densities are the normal and Cauchy densities.
To facilitate the discussion of the convergence rate of the first stage estimator, we impose the

following assumptions to specify the smoothness of the error distribution.
Assumption 3. f. is ordinary smooth of order B > 1/2.

Assumption 4. (1) fe is supersmooth of order 5 > 0.
(2) r:Oand0<§<%.

Assumption {4 (2) contains further conditions on smoothing parameters r and ¢. In the su-
persmooth case, by setting » = 0, we can maximize flexibility in the choice of (. Given r = 0,
Assumption {4| (2) guarantees that the variance of the first stage estimation error converges to

zero in a polynomial rate, and would be dominated by the bias of the first stage estimation error,



which converges to zero in a logarithmic rate in the supersmooth case. Under these assumptions,

the convergence rate of the first stage estimator in (2.5)) is obtained as follows.

Theorem 2. Suppose that Assumptions[1] and |9 hold true.

(1) Under Assumption[d, it holds

1 @

2 < _1 o
10 — 60| = Op (lin<+25 2 4 g2n B + K—z) 7
2 < _1 al .
sup [§(z") — g(z")| = Op (H%HGQ'B 2 +kn B+ /f%) )
z*el

. 3
sup |ma(zq) — ma(za)| = Op (mn
zqa€[—1,1]

ford=1,...,D.
(2) Under Assumptz’on ifr=0and0< (<1, itholds
18— 6oll = Oy (% logm) ™% +x72),

Y * -< -3
sup |§(2%) = g(*)| = Op (nllogn) "% +r73),
z*el

™[R
+
m\

Njw

~—

sup [iia(za) — ma(za)| = Oy (n(logn)~
zq€[—1,1]

ford=1,...,D.

It is worth noting that the number of regressors D does not appear in the convergence rate
obtained in Theorem 2] which is due to the additive structure of the regression function combined
with the series approximation. This immunity to curse of dimensionality of the additive model
has been well-documented for the error-free case, and we contribute to the literature by allowing
for the measurement error.

The last terms in the convergence rates above characterize magnitudes of series approximation
errors, which are identical to those of the error-free case; see Horowitz and Mammen (2004,
Theorem 1). For g and 7y in the ordinary smooth case, the first two terms K%TLC—F%_% and
nn_% in the convergence rates characterize magnitudes of the estimation bias and variance,
respectively. For the supersmooth case, the term r(log n)_% characterizes magnitudes of the
estimation bias, while the variance of the estimation error is dominated under Assumption [4]
(2). If the smoothness parameters o and [ are known, we can choose x and ¢ to achieve the
optimal convergence rates. In particular, when f. is ordinary smooth, by setting x = nﬁgﬁ%
and ( = ﬁ[éﬂ%, the optimal convergence rate of § and g is obtained as niﬁ%.

We now compare our convergence rates with the ones in Han and Park (2018) for the smoothed
backfitting estimator. When o = 2 (i.e., g is twice continuously differentiable) and g > 1/2, Han
and Park (2018) showed that their backfitting estimator of g achieves the uniform convergence
rate n_ﬁ, which is slower than the convergence rate n_ﬁ of our first stage estimator g.

When fe is supersmooth, by setting x = (log n)g%, the optimal convergence rate of § and My
is obtained as (log n)fg%. In the error-free case, by Horowitz and Mammen (2004, Theorem 1),

the optimal convergence rate to estimate g and my is nf%, which is obtained by setting kK = ns.



When fe is ordinary smooth of order § > 1/2 and a = 2E| the optimal convergence rate of our
g and My is slower than n=i , then is slower than n_%, which is the optimal convergence rate
obtained in Horowitz and Mammen (2004). In the case of supersmooth fe, § and my converge
in a logarithmic rate, which is certainly slower than the polynomial rate obtained in Horowitz
and Mammen (2004). However, these slower convergence rates are quite reasonable because a
contaminated sample should be more difficult to work with.

To implement the first stage estimator, we need to choose three tuning parameters, s, r,
and (. For the series length k, to the best of our knowledge, there is no theoretical study on
the optimal choice even for the error-free additive model. As suggested in Horowitz and Lee
(2005), one practical way is to construct a BIC-type criterion function for x, and choose k to
minimize it. In our setup, the BIC-type criterion is obtained by the sample counterpart of the
least square objective function with a penalty term for x. For the tuning parameters r
and ( in the ridge-type regularization, we can follow the suggestions in Hall and Meister (2007).
The choice of r, which controls the shape of the smoothing regime, is less important. For
example, Hall and Meister (2007) set r = 2 for the ordinary smooth case and r = 0 for the
supersmooth case in their numerical study. On the other hand, ¢ plays the role of the ridge
smoothing parameter, and its choice is crucial. For example, the moment estimator in is
interpreted as the one for E[Yp,(X*)] = [ m(z)fx+(x)pk(x)dx. Thus, we can adapt the cross-
vahdatlon method in Hall and Melster (2007, pp. 1539—40), which minimizes an estimate of
[ |Im(z fX* — m(z) fx+(x)|?dz with respect to ¢, to the criterion weighted by pg ().

3.2. Second stage estimator. In this subsection, we derive the asymptotic distributions of the

second stage estimators § and my. To this end, we impose further assumptions.

Assumption 5.

(1) fx= is continuously differentiable, || fx||co < 00, and g is twice continuously differentiable.
(2) sup, EHUP*"!X = ] < 00 for some constant n > 0.

3) [wK(w)dw =0, [w?K(w)dw < oo, ||K||s < 00, and | K™ ||o < co.

(4)

4) h— 0 asn — oco.

Assumption [5| collects regularity conditions used to derive the asymptotic distributions of
g and m. Assumption [5| (1) contains the smoothness conditions about the density fx+ and
regression function g, which are used to control the estimation bias. Assumption [5[(2) is used to
apply Lyapunov’s central limit theorem. Assumption [5| (3) is on the kernel function K, which
is commonly employed for the bias control in nonparametric estimation. Assumption [5| (4) is
standard for series-based estimators (as used in the first stage estimation) and kernel-based
estimators (as used in the second stage estimation).

For the ordinary smooth case, we impose the following assumptions.
Assumption 6.

2Here we set a = 2 because Horowitz and Mammen (2004) assumed that m; is twice continuously differentiable
in their Assumption A2. See also Meister (2009, pp.186-187).
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(1) ||fEftIHOo < oo, |s|?1f(s)] — ¢, and |s|5+1\f§t/(s)] — Bce for some constant cc > 0 as
|s| — oo.
2) f\8|ﬁ{|Kft( )|+ K™ (s )|}d8 < oo, [[s[*|K%(s)[*ds < oo.

¢
(3) &3> T5 1 50 and kn~ T 50 asn— oo,

Assumption |§| (1) is commonly used in deconvolution problems with an ordinary smooth
error. It goes further than Assumption , as Assumption |§| (1) characterizes the exact limit,
rather than the upper and lower bounds, of the error characteristic function and its derivative
in tails. Assumption [6] (2) requires smoothness of the kernel function K. Assumption [6] (3) is to
eliminate estimation errors from the first stage. According to Theorem [2] it guarantees that the
first stage estimator is uniformly consistent when the measurement error is ordinary smooth of

order 5. To derive the asymptotic distribution of g, we add the following assumptions.

Assumption 7.

(1) For each x* € Z, EHg (X*)+U —g(x ‘ )X = x] as a function of x is continuous for
almost all x.

(2) nh?*1 = 00 as n — co.

Assumption [7| (1) is a technical assumption. Given Assumption |5} it would be satisfied if all
densities are continuous. Assumption [7] (2) imposes an upper bound on the speed of bandwidth
h decaying to zero, which controls the estimation variance brought by the measurement error,
and thus is characterized by the smoothness order of the measurement error distribution.

For the supersmooth case, we impose the following assumptions.

Assumption 8.
(1) K™ is supported on [—1,1].
(2) k(log n)_% — 0 as n — oo.

Assumption [8| (1) directly assumes the kernel function K is infinite order smooth, rather
than adapting smoothness of the kernel function to that of the measurement error density as
in the ordinary smooth case. Assumption [§| (2), parallel to Assumption |§| (3), is to eliminate
estimation errors from the first stage. According to Theorem [2] it guarantees that the first stage
estimator is uniformly consistent when the measurement error density is supersmooth. To derive

the asymptotic distribution of g, we add the following assumptions.

Assumption 9.

(1) nhe 20" 5 50 as n — .
(2) E|G1,n,1\2h6_250h7ﬁ — 00 as n — 0o, where G115 defined as in Appendiz @

Assumption |8 (1) requires the bandwidth A to decay at most in a logarithmic rate, which is
due to the fact that the error characteristic function in the denominator decays at an exponential
rate. Assumption (2) is a technical assumption used to verify Lyapunov’s condition in the proof
of Theorem [3| Primitive conditions as in Fan and Masry (1992, Condition 3.1) could be derived.
To keep the exposition simple, following Delaigle, Fan and Carroll (2009), we stick to the current

form of Lyapunov’s condition.
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Under these assumptions, the asymptotic distribution of the second stage estimator g is ob-
tained as follows. Let Bias{g(z*)} = g(z*) — E[g(z")].
Theorem 3. Suppose that Assumptions[1], [3, and[J hold true.
(1) Under Assumptions[3, [0, and |7, it holds
dat) = 9o~ Bias{aa) 4 o
Var[g(a*)]
(2) Under Assumptions[{) [8, and[9 it holds
§(o") — g(a*) ~ Bias(g(")} a
Var[g(a*)]

N(0,1).

The asymptotic normality of g is provided in a normalized form. It is interesting to note that
the measurement error barely has any effect on the bias term Bias{g(z*)}. Indeed, it can be
shown that the dominant term of Bias{g(z*)} is the same as that of Horowitz and Mammen’s
(2004) second stage estimator of g, which is of order h2. On the other hand, the measurement
error affects on the manner of divergence of Var[g(z*)] to infinity. In particular, when f is
ordinary smooth, as shown in Appendix |Cl Var[j(z*)] explodes in the rate of h~(28+1). In the
case of supersmooth f., deriving the exact exploding rate of Var[g(x*)] is difficult in general.
Thus, the lower bound on the exploding rate of Var[g(z*)] is obtained under Assumption [J
rather than the exact rate, as shown in Appendix [C]

Since X* is not directly observable, it is difficult to adapt the penalized least square method
in Horowitz and Mammen (2004) to select the bandwidth parameter h to implement the second
stage estimator. Even for the conventional nonparametric deconvolution regression, it is not clear
how to implement the standard data-driven selection for A, such as cross validation (see, pp. 123-
5 of Meister, 2009). One practical way to select h is to apply the SIMEX-based cross validation
method in Delaigle and Hall (2008) by setting the dependent variable as Y; — /i — ZdD:1 ma(Zq;)
for the second stage estimation. However, the theoretical analysis is beyond the scope of this
paper.

We now consider the asymptotic distribution of mg4. For the ordinary smooth case, we impose

the following assumptions.

Assumption 10.
(1) Z =suppg = [by, ba].
(2) fe is ordinary smooth of order 3 > 2.
(3) For each (z*,2*) € Ix[-1,1] andd=1,...,D, EHg(X*)—i—md(Zd)—i—U—md(zd)ﬁX =
x, Zq = z| as a function of (x,z) is continuous for almost all (z, z).
(4) sup, ‘gft (—32) %‘ — 0 as n — oo.

(5) nh?? — oo asn — co.

Assumption (1) assumes that Z equals to supp X* and it is a closed interval with known
boundary points by < bg. It is stronger than Assumption 1| (4), where we assume that Z is
a compact subset of supp X* of our interest. However, this assumption is difficult to avoid in

the current derivation of the asymptotic normality of mg because we have an extra layer of
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integration of x* over Z in the definition of my, and need to be specific for the smoothness of
the integration. In Assumption (2), we require § > 2, which is a technical assumption to
guarantee [ |K'(s)||s|?2ds < co. Assumption 10| (3) plays a similar role as Assumption [7| (1).
Again, given Assumption [5] it would be satisfied if all densities are continuous. Assumption
(4) is an additional smoothness condition on g to make the estimation noise of g negligible
in the estimation of mg. In particular, it requires that ¢ should decay to zero fast enough.
Assumption (10| (5) imposes an upper bound on the decay rate of h to zero. This is different from
Assumption [7] (2) due to the extra layer of integration with respect to z* in the definition of mg.

To derive the asymptotic distribution of m, for the supersmooth case, we impose the following

assumptions.

Assumption 11.

(1) Z =suppg = [b1, bs].

(2) nh3e=20n"" 5 50 as n — oc.

(3) E|G‘ll,n’1\2h3e_2f30h76 — 00 as n — oo, where GY, | is defined as in Appendz':v@ for
d=1,....D.

Assumption (2) plays a similar role as Assumption |§| (1). This assumption requires the
bandwidth h to decay at an even slower rate due to the extra integration in the definition of my.
Assumption (3) is a technical assumption used to verify Lyapunov’s condition in the proof
of Theorem {4} which is imposed to keep the presentation simple. Similar to Assumption |§| (2),
primitive conditions, like Fan and Masry (1992, Condition 3.1), could be derived.

The asymptotic distribution of the second stage estimator mg for my is obtained as follows.
Let Bias{mg(zq)} = ma(zq) — E[mq(zq)]

Theorem 4. Suppose that Assumptions (1], [2, and[3 hold true.

(1) Under Assumption[f and[10, it holds

ﬁld(zd) — md(zd) — Bias{md(zd)}
Var[ma(za)]

(2) Under Assumption ], [§, and[11] it holds

Ma(2a) — ma(za) — Bias{ma(z4)}
Varimg(zq))

4 N(0,1).

4 N(0,1).

Similar to g, the asymptotic normality of mg is also provided in a normalized form. Again,
it can be shown that the dominant term of Bias{mg(z4)} is the same as that of the error-free
second stage estimator of mg as in Horowitz and Mammen (2004), which has the order of h?, and
the measurement error slows down the divergence rate of Var[mg(z4)] to infinity. In particular,
when f¢ is ordinary smooth, as shown in Appendix @ Var[mg(zq)] diverges at the rate of h=25,
which is slower than that of § due to the extra layer of integration with respect to x*. In the
case of supersmooth f., again, the lower bound on the divergence rate of Var[mg(z4)] is obtained

under Assumption [T1] rather than the exact rate, as shown in Appendix [D}
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4. CONCLUSION

In this paper, we consider the nonparametric additive model in the presence of a mismeasured
covariate and develop a novel estimation strategy. The estimation procedure is separated into two
stages. In the first stage, to adept to the additive structure, we employ a series approximation
method combined with a ridge regularization approach to deal with ill-posedness brought by the
measurement error. We derive the convergence rate for the first stage estimator. To establish the
limiting distribution, we consider the second stage estimator obtained by the one-step backfitting
with a deconvolution kernel based on the first stage estimator. The asymptotic normality of the
regression functions is derived in a normalized form.

Further research is needed to explore optimal convergence rates, adaptive estimation, and
extensions to models with non-identity link functions and situations where the measurement
error distribution is unknown but auxiliary information such as repeated measurements are

available.
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APPENDIX A. PROOF OF THEOREM [II

Let z = (z1,...,2D), 24 = (21,--+, 2d—1, Zd+1,-- -, 2D), A(Z) be the length of the set Z, and
f%X,Z(y, 5 2)t) = [ fvx.z(y,z,2)e®dz. By Assumption (1| and Lemma (2), the joint density
fy,x+ z is identified as

ft
1 ok JY. X Zz\Ys 5 2 13
/e—ltl’ pinlet) (y )( ) :!t,

fY,X*,Z(y7$*aZ) = 5 fft(t)

27
and the conditional mean E[Y|X™, Z] is also identified. Thus, by Assumption |l g,m1,...,mp

and p are identified as

pno= 2DA(I)1/ E[Y|X* = z*, Z = z]dz*dz,
(x*,2)€ETx[—1,1]P

g(SC*) = 2_D/[ ll]DE[Y|X*:1U*,Z:Z]dZ—,U,,

ma(za) = Tﬂ%”KIM”EMWWZwﬂszw%Mmf%

APPENDIX B. PROOF OF THEOREM

First, we show the convergence rate of |0 — 6*||2. Let M, = RE[P.P.], Cx. = RE[YP!],
M, = E[P.P'], C, = E[P.Y], 0" = M_'C,, and r, = E[Y|X*, Z] — P.. Observe that

16 = 0% = 1M Ch = M Cul® = | M (C = Co) + M (M — Mie)0* ||
< 20NN (Cr = Co)lP + 2010 (M — Me)o |2
< 2hmax(M){IC = Cull® + [V — M |17},

where the first inequality follows by Jensen’s inequality, and the second inequality follows by
Amax(A) = sups=1 0" A6 and Apax(A’A) < | Al

Note |[M, — M,||? < |E[P.P.] — M| and ||Cx — C,||? < |[E[P.Y] — Cx||>. So the orders
of | M, — My||? and ||C, — Cx||?> are obtained by Lemma {4, We also note that Amax(M2) =
A2 (Mn), and Apin(A4) = inf)|5=1 8’ A§. Thus, the upper bound of )\maX(MH_Z) follows by

min

inf 6'M,.6 > inf &' (M, — Ms)6 4+ Amin(M,),
I8 =1 ll3]]=1

(int, &' = M,05)" < 14T, — M. S0,
and Amin (M) > A > 0. Moreover, we note C, = E[P,E[Y|X*, Z]] and

160%]]2 = CLM2Ch < Amax(MHC.M1C < ALE[E]Y|X*, Z]%] < oo,
where the first inequality follows by the property of the maximum eigenvalue, and the second

inequality follows by the matrix Cauchy-Schwarz inequality in Tripathi (1999, Theorem 1), and

the last inequality is due to the fact that g, mi,--- ,mp are all bounded and are supported on
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7 and [—1, 1] respectively. Combining these results, we have

2+5— 2ac

O, (K*n Yy kn T8 ) , under Assumption [3]

16 — 6% = _2a :
O, (k(logn)™ 5 ) , under Assumption [4]

Since 6* = 0y + M_ 1 E[P.rg], we have
6% — 60l* = E[Puri] M E[Park] < Amax(M ) E[Piri] My B[Pery] < AT E[rg] = O(x7),

where the last equality follows by Assumption (8). Therefore, the convergence rate of ||6 — 6|
follows by the triangle inequality.

Next, we prove the convergence rates of § and 4. Let 0 = ({1, Q. ... ,éD), where 8° is the
vector of estimated coefficients corresponding to P o, and 6% is the vector of estimated coefficients
corresponding to P g ford = 1,..., D. Note sup,«cz | Pi,0(2)|| < supze yezx[-1,112 [[Ps(z™, 2],
sup.,,e—1,1) [ Pra(2a) | < sup(ee syezxi—1,10 1Pz, 2)[, 16° = 681l < 110 — o], and [[67 — 6] <
|0 — 6pl|| for d =1,..., D. Then the convergence rate of § is given by

sup [g(*) = g(z*)] < sup |Peo(2*)'(0° — 6)] + sup [rwo(a”)]
z*el z*el z*el
< sup || Peg(a)] - [10° = 6]l + O(x %)
z*el

< _1 _ag
O, ket kT + /ﬂl_%> , under Assumption
O, (k(log n)_% + H_%) , under Assumption [4] 7

where the last inequality is obtained by using the Cauchy-Schwartz inequality and Assumption
(8), and the last equality follows by Assumption [2[ (7) and Theorem [2| Similarly, the uniform

convergence rate of mgq for d =1,..., D follows by

sup |ma(za) —ma(za)] < sup  [Pea(za)' (07— 0)| + sup |7 my(2a)|

zq€[—1,1] zg€[—1,1] zg€[—1,1]
< sup ||Pea(za) - 107 = 65] + O(x7?)
Zde[—l,l]

Oy KT f s 4 /Q_%) , under Assumption [3]
a O, (k(log n)_% + K 5) , under Assumption [4] 7

where the last inequality is obtained by Cauchy-Schwartz inequality and Assumption [2] (8), and
the last equality follows by Assumption [2f (7) and Theorem |

APPENDIX C. PROOF OF THEOREM [3]

To simplify the presentation, we suppress dependence on x*, where ¢ is evaluated, in the following
discussion. Let A, = %2?21 Kp(z* — X;) and a = fx-(2*) [ K(w)dw. Decompose g — g =
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1 n
7 2j=1 Gnj, where G j = G j + Gapgj + Gan,j + Gap,j and

D
o1 it —x) K (th) 7o A .
Grng = oo | € T Y- ;md(zd,n o(a")]dr,
D
1 —it(r*—X~)Kft(th) .
Gopnj = QM/G ! 0 {NJFZmd (Zaj) — Zm Zd]]
€ d=1 d=1
a—A, a— A,
G3,n,j TGl,n,jv G4,n,j = TGQ,TL7j'

The proof is divided into three steps. First, we consider the case when f. is ordinary smooth.

Step 1: Show
2 j-1G1ng — nE[G1n]

4 N(0,1). (C.1)
nVar|Gin1]
By Lyapunov’s central limit theorem, it is sufficient for (C.1]) to show
. E|Gy [>T B
A e~ O (C.2)

/2 [E|Gl,m1 12}

for some constant n > 0. Let pgoyy(z) = E[|g(X*) + U — g(z*)|*™"|X = z]fx(z). By the law

of iterated expectation, we can write E]Gl,n71|2+’7 as

1 o Kt
E|G1pa|**7 :/ /e_lt(z —a) K (th)
z ¢

2ma fE(t)
If n > 0, we have

2+n
g2ty (x)da. (C:3)

E|Gipn
h*(5+1)77 ’Kft(th)’ n h25+1 - Kft (th) 2
5T A+l - —it(z*—z)
e ([ ) < e [ g ] et
= O(h~ D2+ ©4)

where the equality follows by Lemmas [f and [7} On the other hand, if n = 0, we have

p—(26+1) [ p26+1 N <. 1273 9
E|Ginil* = //e—lt(x —a) K (th)
T t

a? 72 0]
h7(25+1) ,Ug 2

_ D [P o) s 1+ 0,1}, (C.5)

2ma?c?

Mg,2+n(x)d$>

where the second equality follows by Lemma Thus, (C.4) and (C.5)) together imply that (C.1))
holds true if nh — oo as n — oo.

Step 2: Show
" Goni—nE[Ga,
Z]—l 27 5] [ 27 71] g O
nVar(Gin]

(C.6)

For the numerator, we note

Z G27n7j — nE[vanJ] = Op (\ / TLE’GQJ—LJ‘Q) s <C7)

J=1

17



and

2 o 2 e KT (th) [
E|Gopal® = / ]u+2md Zi1) - Ma(Zaa)| | X =2 / e M =St fx(x)da
t fet(t)
d=1 d=1
D 2
< (Iu pl+> sup |ria(za) - md(zd)|>
d—1 2a€[—1,1]
h26+1 e KT (th) P
27 —(26+1 —it(z*—x
- 0, <n3n2“%’1h*(25“) n W2y 05— (26+1) I 573h7(26+1)> 7 (C.8)
where the last equality follows by Theorem 2] and Lemma [7] For the denominator,
1 - I I
BlGina] = o [ e KN (th){ B[ g(X7)] - E[e"™ ]g(«") }dt
T
= E[Kn(e" = X")g(X")] — E[Kn(2" — X7)g(2")
= /Khﬁf — w)g(w) fx-(w)dw — g(x /thﬁ —w) fx+(w)dw

where the last equality follows by the second order differentiability of fx«, the third order
differentiability of g, the symmetry of K, [ K (w)w?dw < oo, and the fact

/ Ko (& — w)g(w) fx- (w)dw — g(z") / K (a* — w) fx- (w)duw
= e (2N (@) / K (w)w?dwh? + o(h2).

Then (C.9) and (C.5)) imply that Var[G1 ,.1] is strictly dominated by E|G1 ,.1|? for large n. Now

by (C.5), we have

1

— = O(n®FY), 1
Var[Glnﬂ O( ) (C O)

<1 ac
Thus, (C.6) holds true if /42n<+2/3 2 +Kkn B 4+ K 3 5 0asn— oo
Step 3: Show

=1 Ghng — nE[Ghnal 5
nVar(Gin]
for k = 3,4. For this, it is sufficient to show A, —a = 0,(1). To see this, note

0, (C.11)

A, = E[Ay] + 0, (n—1/2 [E|K (2" — X)) 1/2). (C.12)
For the first term in (C.12), we have
_ 1 Kft(th) —it(z*—X) _ 1 —itz* g1t ft
= E[Kp(z" — X)) :/K(u)fx*(x* —uh)du = a+ O(h), (C.13)

where the second equality follows by Assumption [1{ (1), the third equality follows by Plancherel’s
isometry (Lemma (1)), and the fourth equality follows by the change of variables, and the last
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equality follows by the differentiability of fx«. For the second term in (C.12), by Lemma |7 we
have E|Kp,(z* — X)|> = O(h~(3+1) and thus

Ap —a = O(h) + Oy(n~ V2= BF1/2)y, (C.14)

which implies that (C.11)) follows by (C.1) and (C.6) if A — 0 and nh?*+! — cc.
Combining ((C.1J), , and (C.11)), we have

§(a*) - g(a*) ~ Bias{g(a")} o N(0,1)
Var|Gin1) o

where Bias{g(z*)} = E[Gp1]. To conclude for the ordinary smooth case, note Var[g(z*)] =
%Var [ Ei:l G k,n,l] . By Cauchy-Schwartz inequality, the covariance terms are dominated by the
variance terms, then for Var[g(z*)]/Var[G1n1] 2 1, it is sufficient to show Var[Gyn1]/Var(Gin1] 2

0 for k = 2,3,4, which immediately follows by (C.8]), (C.10]), and (C.12]).

The proof for the supersmooth case is similar to that of the ordinary smooth case. So we only

state the differences here. First, we update the upper bound results. In Step 1 of the ordinary
smooth case, to verify the Lyapunov condition (C.2), by (C.3)), parallel to (C.4)), for n > 0, we
e KT (tR) [P
/e_lt(x ) dt| dx
¢

have
Dy ain@) ([ KGR\
el ([ Hmata) [ )

- 0 (h—(1+n)eﬂo(2+n)h’5) , (C.15)

E|Gy a7

IN

where the last equality follows by Lemma [8 and sup, fig,245(x) < co. For the latter, we note

lgllse < ¢g for some ¢4 > 0 and
|9(X*) + U — g(a*) " < {|g(X*)[ + U]+ [g(2*)[}*T7 < {2¢4 + U} < 1 + e U,

for constants ¢; = 2177(2¢,)*™ and ¢y = 21, Hence, sup, fig.94n(z) < 0o follows by || fx e <
oo and sup, E[|U|?>T"|X = z] < co. By a similar argument as in (C.15), we have

f 2 f
/ /eit(:):*x) K t(th) dt /eit(x*x)K t(th) dt
z|Jt t

dz < -
— 0 (h’le2ﬁ°h_ﬂ> , (C.16)
where the equality follows by || fx||cc < 00 and Lemma |8 Therefore, for the parallel result to
(C.8), by Theorem 2] and (C.16]),

2
dzx

E|Gona 2= Op <Fé(1og n)_%h_lewohiﬂ + m_%h_lezﬁohiﬁ) , (C.17)
For the parallel result to (C.12)), using (C.16)), we have
An—a=0(h)+0, (n—lﬂh—l/?eﬁoh*ﬁ) , (C.18)

which implies that (C.11)) still hold if A — 0 and nhe 200" — oo,
To verify Lyapunov’s condition ((C.2)) and to check the first stage estimation error is negligible
as in (C.6)), besides (C.15)), we also need the parallel result to (C.5). However, it is very difficult

to derive the parallel result to Lemma [7] in general for the case of supersmooth f.. In the
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deconvolution literature, the lower bound of E |G17n71|2 is commonly used to verify in the
case of supersmooth f.. Primitive conditions, like Fan and Masry (1992, Condition 3.1), can be
imposed to this end. In this paper, to avoid the unnecessary complication, we directly assume
the lower bound of E|G1,1]? in Assumption (8 (3). Hence, under Assumption 8] (3), both
and hold true, and the conclusion follows.

APPENDIX D. PROOF OF THEOREM []

Similar to the proof of Theorem [3 we suppress dependence on z4 in the following discussion,
at which mg is evaluated. Let A9 = %Z?Zl wrer Kn(x™ — Xj)da* Kp(zq — Zqgj) and a =
fw ez [x2,(2%, 24) dac (fK )2 First, similar to the proof of Theorem , we have mg(zq) —
ma(zq) = Eijl n.j» Where Gd —G‘fnj +G2n] +G3nj —|—G4nj and

G, = / K (2 — X)) Kz — Za) [V — = 3 ma(Za ;) — ma(za)]
d'#d
/ Ki (" — X;)g(a")da* Ky (24 — Zay),
d N A
Goyn; = ad/ Ku (2" — X;)dz* Kp(zq — Za,j) [M+g;dmd/ Za _M_d%;dmd’(zd/,j)}
1 A
4 Kh(:z:* — X]){g(a:*) — g(aj*)}dl’*Kh(Zd — Zd,j)7
a x*ET
d_ ad d
a® — A —A?
Gg’n’j = Ad = Cllﬂ%j’ gznvj Ad G2 N j ’
n

and the rest of the proof follows by three steps. First, we consider the ordinary smooth case.

Step 1: Show
2+n

Rk =9

d
. E‘Gl,n,l
lim
n—oo

(D.1)
w2 BIGY, 2

for some constant n > 0. For the numerator, by Jensen’s inequality,

2(1+77) 247

E|G1n 1 < m ‘/ Kh ¥ — )da? Kh(zd - Zd){md(Zd) +g(X*) +U — md(Zd)}

2(1+n 241
(ad)zn '/ Kn(z* = X)g(z%)de" Kn (24 — Za)

For the first term, we have

2+
E / IKh(ﬂf* — X)dx"Kp(2a — Za){ma(Za) + 9(X7) + U — ma(2q) }

o IR )N
- O(“( o)

where the first equality follows by the law of iterated expectation, [[mg|lec < 00, [|g]loc < 00,
SUPy, v EU*™|X =u, Zg = v] < oo, and

E / Kh(x* — X)dx*Kh(Zd — Zd)
z*€l

2
) = O(h~(r+2)8=2m)

E [[ma(Za) + 9(X") + U = ma(za) P 1X = u, Za = v]
< 4 @Amal 27+ g+ BIUPIX = w, Zo =),
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and the second equality follows by Lemmas [5] and [0
By a very similar argument, we have

2+n

E = O(h~(r+2)B=2m),

/ K (2" — X)g(a*)de* Kp(zq — Za)
x*el

which implies E|Gil7n71|2+77 = O(h~(12)8=21) " Also, by Lemma |§|7 there exists a constant ¢ > 0
such that E|G‘117n’1|2 > ch™28 for all n large enough. Thus, (' holds true if nh* — oo as

n — oQ.

Step 2: Show
E|G§l n,l |2 0 D.2
PR bt S — 0. .
Var(G%,n,l) ( )
For the numerator, we have
2
2 * * A~ S
E|GS,..* < perts / Kn(2* = X)do* Kp(2q — Za) [+ Y ma(Za) — i — Y e (Za)]
*el d'#d d'#d
9 2
tomP| [ Kale® = X)) — o)oK a = 20 (D.3)
r*e

For the first term, we have

E / Kn(2* — X)dao* Kp(2a — Za) [+ Y ma(Za) — i — Y e (Za)]
zr€l d'#d d'#d
2

= / FE M+Zmd/(Zd/)—ﬂ—Zmd/(Zd/) X:u,Zd:'U
;v d'#d d'#d
2

X fx,z,(u,v)dudv

/ Kp(z* —u)dx* Kp(zg — v)
r*el

2

i—pl+ > sup  |i(za) — ma(za)| | BT {hzﬁE
d/;édzdle[—l,l}

IN

/ Kh(.%'* — X)d:):*Kh(zd - Zd)
z*el

| }
= Op (h_% P T ) S S h—%,{%) ;
where the first equality follows by the law of iterated expectation and the last equality follows

by Theorem [2 and Lemma [9] By a similar argument, we have

2
E

/ B = X)(a() — (e} i~ Zo)

= O (hfw’ﬁgnc%f% + k0T 4 h*%*%> :
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S 1 _og
which implies E|G§l,n71|2 =0, (h_QBIi%n<+ 872 + h2Ppn” B + h_Qﬁli*%). For the denomina-

tor, by Lemma @ we have E|G‘fn’1|2 > ch~28. Also, we note
1 —itx* * * *
BG ) = [ o [ RN ) (Bl{mal(Za) + 90X} Kz - 201XV} (Btda
x*el

_ / ma(za) +9(=") / e KT (th) { B[K (20 — Za)| X] fx- }* ()dtda”
z*el 2

= [ Blma(Z) + 6(X) K" = XKz — Za)lda’

- [l + ol D"~ XK (za = Zalda® = O0). (D)

where the first equality follows by Assumption (1| (1), the second equality follows by the convolu-
tion theorem (Lemmall](2)), and the last equality follows by the twice continuous differentiability
of g, mg, and fx~ z,, the symmetry of K, [ K(w)w?dw < oo, and the following fact

[ Bl = ) K = wa)g(wn) + mauwn) e 2w, wn)dw
~{ala") + matza)} [ Kn(a® = wn)Kn(ea — wa) e 2,1, we)d

= [ K K)o = wih) + malza = wah)] f 0" — wihszq = wah)d
~g(a") + maCea)} [ K () @) e zy(5" — wih, 70— wah)du

= fX*Zd(x*,zd){g”(:z:*)+mg(zd)}/K(fw)w2dw/K(w)dwh2+0(h2).

Since Var|Gi 1] is dominated by E\G17n71|2, we obtain
1

Varlor 1 O(h?*). (D.5)

< 1 _a¢
Thus, (D.2]) holds true if kantt2E 2 +rn B + K72 = 0asn — oo

Step 3: Show
Ad —q? =0,(1). (D.6)
To see this, we note
971/2
AL =EA + 0, [n V2 |E / Kp(2* — X)dz* Kp,(2q — Za)
z*el

For the first term E[AY], we have
1 -
E[AT] = / — / e KN (th) { B[Kp (20 — Za)| X*] fx Y (t)dtda®
x*el 27 t
= / E[Kh(a:* —X*)Kh(zd— Zd)]dx*
z*el

= / K(u)K(v) fx+ z,(x* — uh, zg — vh)dudvdz* = a® + O(h?),
z*el Ju,v
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where the first equality follows by the law of iterated expectation, the second equality follows by
the Plancherel’s isometry (Lemma (1| (1)), the third equality follows by the change of variables,
and the last equality follows by the standard bias reduction argument with the twice continuously
differentiability of fx+ z,, the symmetry of K, [ K (w)w?dw < oo, and the compactness of Z. For

the second order term, by Lemma |§|, we have E | [ . . Kp(a* — X)da* Ky (24 — Z4) }2 = O(h=29),

*cT
and it follows
Aj —a = O(h) + Op(n™12077),
which implies holds true if h — 0 and nh*® — 0o as n — co.
Combining (D.I), (D.2)), and (D.6)), by a similar argument as in the proof of Theorem [3| we

have
ﬁld(zd) — md(zd) — Bias{md(zd)}

Var[ma(za)]

4 N(0,1),

where Bias{mg(zq)} = E[Gi,l]-
The proof for the supersmooth case follows a similar route as the ordinary smooth case. So
we only state the difference as follows. First, by Lemmas [§ and [I0] for > 0, we have
2+n
E / K (2" — X)da" Kp (24 — Za){ma(Za) + 9(X*) + U — ma(zq) }
*cT

- o/ e

By a very similar argument, we have

/ Kh(l'* - X)dm*Kh(zd — Zd)
T*€l

2
) -0 <h—(2n+3)e(n+2)6oh’3) '

2+n

E Kp(z* — X)g(z*)dz* Kp(zq — Zg) =0 (h—(2ﬂ+3)e(n+2)ﬁoh*’3> _

z*el
Thus, by Assumption (D.1)) and (D.5)) hold true.
Also, by Lemma [I0, we have

AL —a? = O(R) + Oy(n 2031207,

which implies A? — a? = 0,(1) if h — 0 and nh3e=2%0h™" _y 55 and the conclusion follows. M

APPENDIX E. LEMMAS

For ¢ > 0,let G ¢ = {t € R:|f(t)| < n=¢} be the region over which the ridge regularization
is implemented, and G¢ ¢ = R\G¢ . First, we introduce Lemmas to prepare for the proof
of Lemma [4 which is used in the proof of Theorem

Lemma 1. For f1, fo, f € L1(R) N La(R) and ¢ € R, we have
(1) {f1, fo) = &= (f1%, fi9),
(2) ([ filw —w') fo(w)dw) (£) = FR(E) fE(E),
(3) (ff2)" (1) = & [ fI(t — s) fL(s)ds,
(4) Fi(t —5) = {fw)e 5w} (),
(5) fi(ct) = [f(-/e) /] " (D).
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Proof: Lemma [I| (1) is known as Plancherel’s isometry and its proof can be found in Meister
(2009, Theorem A.4). One of its useful special case is when fi; = fo = f, which gives Parseval’s
identity, || f]|3 = %Hf 3. Lemma (2) is known as the convolution theorem and its proof can
be found in Meister (2009, Theorem A.5). Lemma (1| (3) can be understood as the convolution
theorem with respect to the inverse Fourier transform, which will be used in the following dis-
cussion, and its proof is attached as follows. Lemma [1| (4) immediately follows by the definition
of the Fourier transform. Lemma [l (5) is known as the linear stretching property of the Fourier
transform, and its proof is in Meister (2009, Lemma A.1 (e)).
We now prove Lemma [1| (3). Let §(w) be the Dirac delta function. Then, we have

3 [ A=k @—/]71 fSWg/h e duds
=/ﬁ or [ s} ()

/w s
==/ﬁ ltA (0~ w) o)’ = [ fiw)falw)e ™ dw,

where the third equality follows by d(w) = % [€e™dt and the last equality follows by the
property of the Dirac delta function, that is [ §(w’ — w) f(w')dw’ = f(w). [ |

Lemma 2. Suppose Assumptions[1] and[q hold true.
(1) If fe is ordinary smooth of order > 0, then

_2a¢ _2a¢
[oiera=0 (). s [ i, 0k = 0 (a7,
G ZdG[—l,l] Ge,n,(

RS
ft, 2 -2
A A il U}
(2) If fe is supersmooth of order B > 0, then
| 1P =0 (togn) %) sup [ |y, (0P = O ((ogn) )
G , Gone X*|Zg=2q ;

zq€[—1,1]

2

sw [ ey P =0 ((0gm)F).
Zd,Zdle[—l,l] Gem,{

Proof of Lemma [2] (1): If f. is ordinary smooth of order 3, coso(1+ [t|) ™ < |f2(2)| for t € R,

and it follows (1 + |t|)™% < cgs{on_C for t € Gepn . Note that Jensen’s inequality (1 + [t]) <

2(1 2a¢

V2(1 + [t*)/? implies (14 %)= < 2°(1 + |t|)~*, and it follows (1 + t)™% < 2% n" # .
Also note that me’g AL @OP(L+2)%dt < [ @))2(1+12)%dt < csob by fx+ € Fac,,- Then,

we have

[P = [ @Pa+RRa )
G G

€,n,C €n,¢
- 2 ft )2 2 -2
< 2 pn u*@uu¢wﬁ=o@xﬁ. (E.1)

Gene
By a similar argument, using fx«|z,=z; € Fa,ceon a0 fx*|2,=24,2, =2 € Faceon LOT ANY 24, 20 €

[—1,1], we obtain the second and third statements.
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Proof of Lemma (2): If f. is supersmooth of order 3, css o exp(—fBo|t|®) < n=¢ for t € G’6 .o
and it implies that there exists some constant C' > 0 such that (1 +¢?)™® < C(logn)~ 5 for
t € Gen ¢, which follows by

Css,0 exp(—Bolt]B) <n ¢ = |t\ﬁ > 50_1 [log(css,o) + Clog(n)}

@

_2
= 1+ \t\Q > 145, p [log(css70) + Clog(n)]

SN

)~

= (1+[t)™™ < (1+ 8, ” [log(csso) + Clog(n)]

Then, similar to the previous ordinary smooth case, we have

[P = [ AOPas R )
G

€,n,¢ €,n,¢

< c<1ogn)—2§”/ P+ )%t =0 ((logn) 7). (B2)

€n,¢
By a similar argument, using fx«|z,=-, € Foceop 4 [x5|2y=24.2,=2, € Fa,ce Separately for

any zq, z¢ € [—1, 1], we have the second and third statements. |

Lemma 3. Suppose Assumptions[1] and[g hold true.
(1) If fc is ordinary smooth of order  with 5> 1/2(r 4+ 1), then

‘ ‘27“‘1‘2 d B O <(2%+1>
/{|fft ()] v n-C)2r+a t= n :

(2) If fe is supersmooth of order B > 0, then

| fIE(8)[2rt2 _ 2 (r+2)
/{|fft |vn<}2r+4dt 0 (nr).

Proof of Lemma [3] (1): By the definition of G ¢, we have

|5 ()Pt +2) fi (1 [2r+2 1
dt = n%(r TrAdt —dt. E.
[ it /M‘f ') +/ngg|fe&(t)|2 (E:3)

If fo is ordinary smooth of order 8, coso(1 + ]t])*ﬁ < ]fft(t)] < cos,l(l + \t\)*ﬁ for t € R.

For t € Gepe, we have coso(1 + [t]) ™% < [fR(t)| < n~¢, which implies (1 + [¢])7° < ¢, On —<.
Thus, there exists some constant 0 < 7 < 28(r + 1) — 1 such that (1 + [¢|)~280+D+1Hn <
_2B(T+1B)*1*77 (2ﬁ(r+1) 1—n) 11—

Cos.0 n- for t € G, ¢ if B> 1/2(r+1). Also note chanC(l +[t])~ " "dt — 0

as n — oo because 1+ |t| > cfs’onﬁ for t € Geync and [(1+|t|)7177dt < oo for any 1 > 0. Thus,
we have the following result:

/ FEOPT < / (L4 [¢)~280 D+ ) =1y
G

€n,¢ €n,¢

—2BUHDlon c@p(ran)—1-)
< Cos1C 7 n B / (1+|t))~*"at
G

0s,0
&n,¢

_C@B(r+1)—1-n)
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For t € G¢, ., |f2(#)|72 < n*. If f. is ordinary smooth of order 8 > 0, cos1(1 + [t|)"
1

5 <
|ft(t)| >n=C fort € G¢,, ¢» which implies [t] < 05571716. Then, it follows

L ety ¢(26+1)
/c |2 ()| 2dt < nQC/C dt <2cfn 7 =0 <n E > (E.5)

€,n,¢ €n,¢

Combining (E.3] -, and . the conclusion follows.

Proof of Lemmal (2): Fort € G¢,, |5 (t)| > n=¢, which implies |f(2)]727~* < nX+2),

Then, we have

| \ZT > 2( +2)/ £t (4 (202
dt < T TTAdL. E.

If f. is supersmooth of order B > 0, we have

+o0o
/ )Pt < 2621 / exp (— (2r + 2)5olt|”) dt, (E.7)
0

where the inequality follows by the smoothness of f. and the symmetry of the integration. Note
2 exp(—(2r+2)Bo|t|?) — 0 ast — co. Due to the strict monotonicity of > and exp((2r+2)50[t|?),
there exists a constant § such that exp((2r + 2)5o[t|®) > t2 for any ¢ > §. Then, we have

—+oco —+oco
/ exp (— (2r +2)Bolt|?)dt = / / exp (— (2r + 2)Bolt|”) dt
0
< 5+/ t72dt =6+ 67 < o0. (E.8)
o

Combining (E.6), (E.7), and (E.8), the conclusion follows. [ |
Let Zys, = {(p, Q) : E[p(X™*)Q] is an element of M, } be the index set characterizing the com-

ponents of M, where p is a product of {pg, p1, ..., px} and @Q is a product of {1, ¢1(Z1),...,q:(Zp)}.

Lemma 4. Suppose Assumptions[1] and[q hold true.
(1) Under Assumption |3, it holds

2al

~ ¢ _ _2a¢ ~ S _ _20¢
|E[P.P.]— M,J* = O, (Fﬂn%*B Ybkn s ) . |B[PY]-Ci? =0, <n 30 ) .
(2) Under Assumptwnl wzth r=0and0<( <y T+2), it holds
\B[P.P.] — M,J? = O, (H(logn)—%“) L BIBY] = Cof? = 0, ((log n)—%‘”) .
Proof of Lemma |4} Since the proof is similar, we focus on the proof for |E[P.P.] — My/|?. Let
By = E{E[p(X*)Q]} — E[p(X*)Q] be the bias of the proposed estimator of the element of M,

characterized by p and Q. Let V.o = E[p(X*)Q] — E{E[p(X*)Q]}, and V,, ¢ ; be its component
associated with the j-th observation, i.e., V, o = %Z?Zl Vp0,j- First, note that

1 n
g > > E [(Bp,Q + V5.2.3)(Bpg + Vp,0.47)

J:3'=1 (p,Q)ELn,,

E|E[P.Pl] — M,J?

1
> |Bp,Qy2+E > EV,oilP=B+V,
(P,.Q)ETn,, (p,Q)ELn,,

where the second equality follows by Assumption [2| (1)
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For the bias term B, Lemma|l| (1) and the law of iterated expectation imply

Ep(X")Q] = (E[QIX"]fx-.p) = / ElQetX" | (~t)dt,

and
BERXQ) - Z Qe | f f; fftg'{'&v( 71"”4;32 )it
- 21w Hlae ”X*]{’\Eﬁ?)rjsf—té}_f??dt'
So, the bias term B can be written as
= S [or [ (et ucepes =1 Hlee b o LR

where By, ..., By are summations of the terms whose (p, @) has the form (po, 1), (px, 1), (prpi, 1),
(Po, ax(Za)), (P> @1(Za)), (po; ax(Za)q(Za)), and (po, qx(Za)qi(Za)) separately for k,l =1,...,x
and d,d' =1,...,D with d # d'.

Since the proof is similar for By, Be, and B3, we focus on the proof of Bs. Note
2

ft r42
Be = 2 % ({\fft|({€)y(3l~bc}r+z—1> PR (O (pip) (—t)dt
. fft |T+2 )
E ; ‘W//({Ifft (6)] V)72 1) ()P (=t — )}’ (s)dsdt
ft r+42

HE (st e

K
< S k0P = 0o,
7

€n,¢

2

2

IA
—_
SE
S
S~
——
i

2al

where % =n~ 7 under Assumption [3|and (log n)f%a under Assumption the second equality
follows by Lemma (1] (2), the third equality follows by the change of variables (u,v) = (t + s, s),
the last equality follows by Lemma [2, and the last inequality follows by Lemma (1| (1), the
orthonormality of {p;};_;, and the fact

K 2

> (e vy =) ok ),

= ar’) [(hr(w)e™™™, pr(w)), | < 472 || (w)e ™|

| (e =) 40

2

IN

— o / R (6) P,

€n,¢

2
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where hy denotes the Fourier inverse of (M% - 1) L. (t), the first equality follows by
Lemma [1f (1) and (4), the first inequality follows by the orthonormality of {py}y_;, the second
inequality follows by |e7*%| = 1 and Lemma (1), and the last equality follows by the definition
of G ¢ By similar arguments, we have By, By = O(05).

Since the proof is similar for By and Bs, we focus on the proof of Bs. Note

ft r+2
B = 2% S| [ (T ) Elazen i

d=1k,l=1
() N 2
<<{'f“|f r(v)ll e 1> Ela(Za)e"™ J,p%<t>>t

2
dt
d=1 enc

ft 2 B
max sup / 8, (O]2dt = 0(eP),
™ de{lv"'vD}ZdE[—l,l] Gen,( |Zd = "

2

ft

| Zymzg (O [ 24(Za) 1 (2d)d2a

IA
S
Mo

IA
Sy
Mb
\ m\
3
,:—’H

{ / \ffazdZd<t>2|fzd<zd>12dzd} at

<

where the first inequality follows by
2 K

=47’ |(hoyp.a, pi)| < 4n?
k=1

K

FAO s .
2 <({\f§t(t)\ Vn= T 1) Ela(Za)e"™ ], (“>t

where hg ¢ denotes the Fourier inverse of (M% — 1) Elq(Z;)e**"], and

Elq(Zq)e ltX* / / 1(za) fx+ Zd(:l? zq)dz*dzg

= AL et >daz}fzd<zd>qz<zd Jiza = [ e Ol )

the second inequality follows by the orthonormality of {¢;}* , the third inequality follows by that
fz, is supported on [—1,1] and maxge(1,.. py SUp,,e(—1,1] |f2,(2a)| < cz1, and the last equality

follows by Lemma [2| Similarly, we have By = O(o2).
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For Bg, we have

D
Bs = Y.

K 2

: @) ’
/ <{|f€ft(t)| V n*C}T+2 - 1> E[Qk:(Zd)ql(Zd) X* ] ( )dt

i 2T
AT) 2
= 27 ;/fnﬁk;l X*\Zd =24 )de(zd)Qk(Zd)7QZ(Zd)>Zd dt
D
= Q(f dl/ Z{/’fft*lZd 24 de(Zd)Qk(Zd)| dzd} dt
<

A(Z)ey D ft 2 2
27T/G de{nlflax SUp [ fx+) 7,22, (t)] ;/Mk’('zd)’ dzq p dt

enc D} zqe[-1,1]

2A(T)c? Dk / o 9
= 7% max sup fxe1z,—., @)7dt = O /igfa
o By S | x z4mzg (D) (ko)

€n,¢

where the first inequality follows by the Cauchy-Schwarz inequality and

Elgr(Za)ai(Z4)e™ ] / / k(2d)q1(2a) fxr 2, (2%, za)dr*dzg

= /Zd {/m B e gy (27) A }fzd(zcz dZd—/ No| 2=y (D) F 24 (20) @1 (2a) @1 (2a) d2a,

the second inequality follows by the orthonormality of {¢;},, the third inequality follows by
MaXge(1,... p}y SUP,e[-1,1] | fz,(24)] < ¢z, the second equality follows by the unity of gx, and the
last equality follows by Lemma 2| By a similar argument, we have By = O(o5).

Combining these results, we obtain

2a¢
(0] /@'n_7> , under Assumption
B = O(ko?) = 2 ) :
O (k(logn)™ 7 ) , under Assumption
We now consider the variance term V. Similarly as the bias term, we decompose

2

1 OO P (1)
vV < = - itX € =V . V-
= on ‘ J o | =V
(p, Q)GIMK
where Vi, ..., V7 are summations of non-central second moments terms with (p, @) in the forms

of (po,1), (Px>1), (Pp1>1), (Po,ak(Za)), (P, a(Za)), (Po,ax(Za)a(Za)), and (po, qx(Za)q(Za))
separately for k,l=1,...,kand d,d' =1,...,D with d # d'.
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Since the proof is similar for Vi, Va, and V3, we focus on the proof of V3. Note

LK L ax PO o)t (1) |
V3 = ;kl:l %/etX {’feft(t)’\/n_g}r'm dt
1 . fft ’fft( )|r 2
B 47r2n k=1 27T // tX{\fft ®)|vn- C}THpk( t— s)py'(s)dsdt
ft ftr,, r 2
- Y | Bl [ [ et L it ()
Uu—v)x f + ft - " 2
§1m //{ < )ﬁ%&—gﬁgﬂﬁbﬁ(»u} Wilﬁ )|Pdv

fft ‘2r+2
A2 n/{’fft )| Vn- g}2r+4dt O(HQn)

where oV = n2<+5_1 under Assumption [3[ and nZ(+2~1 under Assumption the second
equality follows by Lemma (1| (2), the third equality follows by the change of variables (u,v) =
(t+ s, s), the last equality follows by Lemma [3| and the last inequality follows by Lemma (1] (1),
the unity of {p;};,, and the following fact

<el<u e L (Cu+ 0)|fe (u = o)l ft(u)>

{7E (=) vnyrez B

K 2

D

k=1

= 4 [(hze(w)e ™, pr(w)), | < 47°(lhg o (w)e 13,

ite (OIS
{78 () vn=C}r+2
support of X, the first equality follows by Lemma [1] (1) and (4), the inequality follows by the

where h3 ;, denotes the Fourier inversion of e with respect to t for every x in the

orthonormality of {py}7_,, the second equality follows by |e=®%| = 1, || = 1, and Lemma
(1). By a similar argument, we have V3,V = O(o), ).

Since the proof is similar for other terms, we focus on the proof of V5, which is

D E ex SECOL @t |
o= QZZE‘%/%(% D v dt’

d=1k,l=1
o MO
= m;;/ /‘QZ Zd‘ Z‘< it {|fft |\/n C}T-i—?’ k()> de (zd,x)dacdzd
1D fft 2r42
=20 | G et = 0t

By applying similar arguments, we obtain V; = O(kg) ) and Vg, V7 = O(k20Y).
Combining these results,
S _
O (m2n2c+ﬁ 1) . under Assumption

V =0(xe,) =
O (k*n2+2=1) | under Assumption [
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2a

Under Assumption 4} x can only diverge in a logarithm rate so that x(logn) # converges to

2a
zero. Therefore, for 0 < ¢ < and n large enough, we have x?n?+2~1 <« g(logn)™ 7,

r+2)
and the conclusion follows. [ |

Lemma 5. Under Assumptions@ and@ there exists 1 € L1(R) such that

(KT (s)]

p_1=> \°J1
sup h < ¥(s),
no | fE&(s/h)]
which implies that there exists a constant ¢ > 0 such that hPH! / ‘\fft gl‘)‘dt <ec.
Proof of Lemma Since limyy o0 [t]7|f5(t)] = ce, there exists a constant cp such that

% £ (t)| > c./2 for all t > cp. Then for constants ¢, co > 0 such that ¢; > h% and ¢y > cph

for all n, we have

5 K () JmaX|g<epn KT () K (s)] 5]
TG S " g [FEG] USS o g sy US> e
f B8
< erey (U er) | K™ oot {Js] < o + ZEC ST iy (£.9)

€

where integrability of 1(s) follows by || K™ ||, < 0o, the ordinary smoothness of f., and [ |K™(s)||s|’ds <
oo. The second statement immediately follows by the change of variables t = s/h. |

The following lemma is an extension of Fan (1991a, Lemma 2.1) to the multivariate case.
Lemma 6. Suppose K, : R — C is a sequence of functions satisfying
Ko(z) = K(z) and sup| Ky ()] < K*(),
n

where K* satisfies [|K*(z)|dz < co. If f is bounded and c is a continuity point of f, then for

any sequence h — 0 as n — oo,

/h K, (he—2x)f (x)d:vzf(c)/K(:v)d:ero(l).

Proof of Lemma [6t Note that

'/h_dKn(h_l(c—x)) z)dx — f /K )dx

' [ Eal) e~ 2h) = f(@))dz| + 170

)

[Kn(z) - K(z)] dz

where the inequality follows by the change of variables z = S*. The second term converges

to zero, which follows by K, — K, sup, |K,| < K*, [|K*(z)|dz < oo, and the dominated

convergence theorem. For the first term,

\ [ Ea@) st - ) - (@

< sup |f(c—2)— |/1K* Yz + (1 loe + 1 (e >|>/ K (2)|dz,

l=ll<é l=>6/h

where 6 — 0 and §/h — oo as n — oco. The first term on the right-hand side converges to zero
because f is continuous at ¢ and [ |K*(z)|dz < oo, and the second term also converges to zero
because f is bounded and [ |K*(z)|dz < co. |
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Lemma 7. Suppose f is continuous at x*, fo is ordinary smooth of order (3, erft/”oo < 00,
[sI7] £ (s)| = ce, and |s|PFfE (5)] = Bee, [ K™ loo < 00, [|[ K [loo < 00, [ |s]?[K(s)|ds < oo,
andf|s|5|Kft/(s)|ds < 00. Then

1 KM (th) e
li h2'8+1 / - / —it(x —x)dt
nl_{I;o x 47T2 t feft(t) ‘

2

f()dz = J;Sfc?) [ 1P 5 )P

Proof of Lemma [7} First, observe that

im ﬁ Kft(s) e—iszds_ lim 1/ Kft(s)‘s‘ﬂ e—isxds

n—oo 2 | fi(s/h) oo 2m J ([s|/R)PfE(s/)

1 . Kft(s)‘s‘ﬁ —isx 1 ft B —isx
= 277/{111520 (|s|/h)5f6ft(s/h)]l{‘8‘ >th}}e ds = 27rcE/K (s)|s|"e " ds,

where the second and last equalities follow by Lemma [5| and the dominant convergence theorem.

Then it follows
2

h?0 Kft(s) i ft, i 2
—isx B _—isx
o /feft(s/h)e ds| — e /K (s)|s|”e " ds (E.10)
Moreover, using integration by parts, we have
KTt ) 1 Kft/ ) 1 Kt ft/ h )
/ (s) e s = — (5) e ds + — Me“sxd& (E.11)
f&(s/h) iw ) f&(s/h) izh f5(s/h)

Since |s|?|ff(s)| — ¢ and |s|7T1| ' (s)| — Bee as s — oo, there exists a constant ¢z > 0 such
that |s|%]ff(s)| > ¢./2 and |s|PT1| ' (s)| < 5Bce/4 for any s satisfying |s| > cp. Then, we have

1 [ K%(s) _, 1 [ K" (s)|
— e ¥ds| < — | ————-ds
m/feft(s/h) 2| J | f5(s/n)|
h [ 2epmasiee [KV () ) | 0P K (s)]sl?
] ming| <, [ fE(s)] | Jissepn (I8I/R)P|fE(s/ D)
Ny -1 Byt (2 8V 1s1Bds — O(h—Blpl~1
< pmercl(t+er) KV oo+ o () [ 1KV (llsPds = 00 el ), (B12)
and
ft ft’ -1 ft ft’
LR ) i IS ),
izh 5% (s/h) || | f&(s/h)]
1 2cp max|y|<c,p [K(s)| maxiy<.,. | f5 ()] h \Kft(é‘)l!8\571(\8\/@’8“\fgft/(S/h)\ds
|z| ming|<.,. [f&(s)[? 2| Jjs|>crh (Is[/h)2P| fE(s/h)[?
, -8
< pereUt e IRl et o () [IRMGISP s =00 Pl ). @y

Thus, Lemma |5} (E.11]), , and (E.13)) imply that there are a pair of constants c¢1,co > 0

such that )

Kft
(5) < min{ey, ealz| 2} (E.14)

f&(s/h)

e—lSl’dS

sup h??
n
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Therefore, the conclusion follows by

2

1 KU (th) _jyiar
lim h26+1/47r2 / ( >e_1t(”” “2dt| f(x)dax
t

n—00 fE(®)

, h2o-1 K%s) _ue-o |
GO NR [ Rttt dz = 1 PlsPPds,  (E15)
c2 227 Jo 2

where the first equality follows by the change of variables s = th, the second equality follows

_ 2
by Lemma |§| with K, (z) = 25 | f f[fffts/h _mds‘ and K*(x) = min{ey, c2|x| =2}, and the third
equality follows by Lemma (1). [ |

Lemma 8. Suppose Assumptions[f] and[§ hold true. There exists a constant ¢ > 0 such that

_ Kt (th - e KT (tR) 2
he Pl B/’ft()’dt <eg, he~200h B/ /e‘lt(x —2) ft( )dt dr < ec.
|f€ (t)| x |Jt fe (t>

Proof of Lemma [8: The first statement follows by

|K"( th | K™ (s —1 ft, [ Bo(ls|/h)® —1_Boh—F
/ fft ’fft /h —= ssOh 1s|<1 ’K (3)‘6 ollsl/h) ds = O(h e )7

where the first equality follows by the change of variables s = th, the inequality follows by the
supersmoothness of f. and the fact that K™ is supported on [—1, 1], and the last equality uses
[ K™ [loo < 00

The second statement follows by

£ 2
/ /eit(x*a:)Kt(th) dt
x |J1

ft 2 ft 2
K et [ 1K)
(0

AR TODE
< 27TC;SZOh_1/ ’Kft(s)‘2€250(|5|/h) ds:O(h—leQ/ioh*B),
’ |s|<1

dr = 2w — s

where the first equality follows by Lemma [1] (1), the second equality follows by the change of
variables s = th, the inequality follows by the supersmoothness of f. and the fact that K is
supported on [—1,1], and the last equality uses || K|, < oco. [ ]

Lemma 9. Under Assumptions[3 [(] and[10, there exist constants ca > ¢1 > 0 such that

2

e <hPE < ¢y,

/ ]Kh(:c* — X)dw*Kh(Zd — Zd)
z*€l

2

o <hPE / Kn(z* = X)do* Kn(za — Zo)[Y — pp = > ma(Za) — ma(za)]| < ca,
d'#d
for all n large enough. Moreover, if suppg = Z = [b1, ba] and sup, ‘gft(—%)%‘ — 0 as n — oo,
then )

lim h?°FE =0,

n—oo

/ K(e = X)gla)de K (e~ Zo)
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lim h*°E

n—oo

{ faz*EI Kp(x* — X)g(z*)dx* f$*EI Kp(x* — X)dz* } o,
X|Kn(2a = Za)P[Y = 11 = Y grzgmar(Zar) — ma(za)]

Proof of Lemma [9} By Z = [b1, bs], decompose

2
hPE / Ky (2* — X)dz* Ky (24 — Z4)
x*el
K26 . [e—ithy _ o—itb2] gftiep, 2
I [ i } G a0 S o = Ty gy
u,v [Jt €
where
2
K28  Te—ithr _ o—ith2 ] gt (4p
e /| | Meltu [ it ] fft((t))dtKh(zd_”) fx,z,(u, v)dudv,
u,v t|< €
2
K28  Te—ithr _ o—ith2 ] gt (4p
= | /|t>M - [ i ] gy e Kza = 0)| Tz, ),
it e—itbl_efitbQ Kft(th)
h28 ft Met [ i } o dt
I3 = 27r2/ R < it [ e—itb1 _—itba ]}(f(tt(zgh) ‘Kh(zd - U)|2 nyZd (U, U)dudv,
Y X e=m € it 0]

and M is a constant such that |f(2)[|t|® > ¢c/2 and | £ ()||t|PT" < 5Bc./4 for any t satisfying
|t| > M. For Ji, note that
&)l

JRE
< /
Ar> \ Ji<m
—itby _ ,—itby

where the second equality follows by ’ —
of fe, and hE|Kp(24 — Z4)|? = fz,(za) [ K*(v)dv + o(h). Also, for Js,

2 K (1)) K (th) ,
< — ——  dtF|K -7
sl < ) dt/m TR Bz = Za)

2
™ Jlt|<M

(s O i .
- ¢ (hﬁ i |f£t<s/h>|rs/hrﬂds> = 0w,

where the second equality follows by the choice of M and [ |K'(s)||s|?~1ds < oo.

e*itbl _ e*itbg

(K" (th)|

2
it dt) E|Kp(2a — Za)|* = O(R*71),

< |ba—b1], | K™||eo < 00, ordinary smoothness

e—itb1 _ e—itbg

it

So, Jo is the dominating term and decomposed as Jo = Jo 1 + Jo 2 + Jo 3, where

2
hQ’B is(u—by) Kft(S)
Jo1 = —5 / e ————dsKp(zqg —v)| fx,z,(u,v)dudv,
' 42 u,v |J[s|>Mh feft(s/h)s ( ) d( )
2
h%8 / / is(u=by)  KT(s)
Jop = —5 e —————dsKy(zq —v)| fx,z,(u,v)dudv,
22 42 u,w |J|s|>Mh feft(s/h‘)s ( ) d( )
is(u—by) Kft(s)
hQ/B fs MRE " ft(s/h)s
Jog = w2/ R 5= fo(uby € %f/jél) | K (za — v) 2 fx.z,(u, v)dudv.

XJsl>mn€ " FEGs/R)s
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For Js1 and Js 2, we show

(b
g DA e prsezas [ w2
(b
Jrn — fXZéimg’Zd /|Kft )[?|s|28- st/KQ (E.16)
h2b —isu Kt (s

we have

In particular, letting K, (u,v) = f| ST ey ))sdsK(v)

472

Jm—/h?K( “Zd_” Fx.z, (1w, v)dudo,

by — _
Jap = /h_QKn< 2h u’ Zdh ! Ix,z,(u,v)dudv.

Note K, (u,v) — K(u V) = 4 L =z le e KTt (5)s9 - ds K (v )|2 and
[ K(u,v)dudv = 2m2 [1K®(s)? ]3]26 2ds [ K?(v)dv by Plancherel’s isometry. Then by Lemma
@ if there exists K* such that sup,, |K,| < |K*\ and [ K*(u,v)dudv < oo, (E.16) would follow.

To see this, using the integration by parts, we have

[ ) )
|s|>Mh

i hﬁ —isu Kft(s) /
+ — e FTYIUTEW ds,
—_Mh W Jis|>Mh fe (S/h)S

‘—>01fﬁ>1 and

Fi(s/h)s ™ Tiufi(s/h)s

hﬁe—thqut(Mh)
i fi(M)M

B e—isu Kft(s) / s = e—isu Kft (8)8671 s e—isu Kft(8)8572 S
" /Mth <f$t<s/h>s> I /swh F (s 1) (5] +/|5|2Mh T (s ) (/)P

o i ) s/
sl [15(s/ ) (s/1)7]

hBelAlhqut( Mh
iufit(—M))M

where ) ‘ — 0 and ‘

with

—isu Kft/(s)sﬁ ! d
/MZMK FE(s/h)(s/h)?

)
—isu Kft(s) p-2 d
/MZMK FE(s/h)(s/h)P

K ()]s < 2 [ o
/s|>Mh Ifft(s/h)||s/h|/3 | s)|Is[”~ds,

KNI L2 [
= /s|>Mh |fft(s/h)||s/h|ﬂ /| s s,

and

/ s K () L (/B (s 1)
151> Mh [f2t(s/h)(s/R)P]°

S,

/ |KT(s)]]s]P 1 £ (S/h)IIS/hlﬁ+1 s
5> Mh (15 (s/h)|[s/n|?])*

2 [1Kv st as.
Ce

By [ |K™ (s)||s|°'ds < oo and [ 1K™ (s)||s|~2ds < oo, there exists a constant ¢y > 0 such that
calK(v v)[?
u

IN

. Also, we note

[K™(s)]|s |B_1 (o)1
= /|>Mh \fft(S/h)Hs/hW /‘ s)||s]"tds < oo.

Supn |Kn(ua U)| <

Ciow KT(s)
1su d
/|S|>Mh‘3 i (s/h)s "

NE
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2
Then we can choose K*(u,v) = min (cﬂK(v)P,cZUZ#), and it is easy to verify that K*
satisfies the required conditions and ([E.16)) is obtained.

For the cross-product term Js 3, by Cauchy-Schwarz inequality, we have

b (b
Joa| < 24/ TorTon — V fx,2,(01, 2a) fx,2,(b2, z4) /‘Kft )[2]s[25- 2ds/K2

72
Thus, by Ja1 + Jop — |[Jo3] < Jo < i {fx,z, (b1, 20) + fx,z,(b2,24)} >
2\/fx,zd(b1, 2d)fx,z,(b2, z4), there exist constants co > ¢; > 0 such that ¢; < Jy < cp asn — oo,
and the first statement follows by J; = o(1) and J3 = o(1).
By replacing fx, z, with E[|g(X*) + ma(Za) + U — ma(z4)|*| X, Zal fx,z,, a similar argument

yields the second statement.

The proofs of the rest two statements are similar, so we focus on the third statement. If
supp g = [b1, b2], we have

2
WP E ‘/Kh(x* — X)g(2*)dz* Ky, (2q — Zq)

h?0 itu ft K" (th)

- it gft (¢ dtKp (2 —

=/ ) [ e (0 g o v
h?h / / iu i, K (th)

= — egt(—t dtKp(zqg — v
4m? u,v |J [t >M ( ) feft(t) ( )

where the last equality follows by a similar argument as in the proof of the first statement. Also,

2
fx,z,(u,v)dudv

2
fx,z,(u,v)dudv + o(1),

B

i K(th
/u e feff(tfdm(zd )

oy ISz
/|s|>Mh‘ H(=s/h)s/) ‘|fft /hms/hw‘“{( B )

2su ft(—s/h)s/h2| || K
¢ Tl IS, o,

Ce

IN

and the conclusion follows because sup, |¢'(—s/h)s/h?| can be arbitrarily small for all n large

enough. The last statement can be shown in the same manner. |

Lemma 10. Under Assumptions EL @ @ and there exist constants ¢, > 0 such that

2
hse_zﬁoh# <c

Y

E / Kh(x* — X)dac*Kh(zd — Zd)
z*€l

2
Ble—260h P o / Kp(z* — X)g(a*)de*Kp(zq — Za)| <¢
x*el

)

for all n large enough.
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Proof of Lemma Let Z = [by, ba]. For the first statement, we have

2

}3—260h" / Kp(2* — X)da* Kp (24 — Zq)
T*ET

h3e —2B8gh=8 i eithy _ o—itha ] gt (4p,
= 47r/ et [ " :| ( ))dtKh(Zd—U)

1o
(bQ - bl —Boh B ’Kft th 9
< e TR B (b)), hE|Kh(zd — Z)P,

where the inequality follows by Lemma 8| The conclusion follows by Lemma |8 and hE|Kp(zq —

2
Ix z,(u,v)dudv

Za)|* = fz,(za) [ K*(v)dv + o(h). The second statement is shown in the same manner by using
9%l < o0 |
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