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Abstract

This paper develops extremum estimation and inference results for nonlinear models with
very general forms of potential identification failure when the source of this identification
failure is known. We examine models that may have a general deficient rank Jacobian in
certain parts of the parameter space. When identification fails in one of these models, it
becomes under-identified and the identification status of individual parameters is not gener-
ally straightforward to characterize. We provide a systematic reparameterization procedure
that leads to a reparameterized model with straightforward identification status. Using this
reparameterization, we determine the asymptotic behavior of standard extremum estimators
and Wald statistics under a comprehensive class of parameter sequences characterizing the
strength of identification of the model parameters, ranging from non-identification to strong
identification. Using the asymptotic results, we propose hypothesis testing methods that
make use of a standard Wald statistic and data-dependent critical values, leading to tests
with correct asymptotic size regardless of identification strength and good power properties.
Importantly, this allows one to directly conduct uniform inference on low-dimensional func-
tions of the model parameters, including one-dimensional subvectors. The paper illustrates
these results in three examples: a sample selection model, a triangular threshold crossing

model and a collective model for household expenditures.
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1 Introduction

Many models estimated by applied economists suffer the problem that, at some points in the
parameter space, the model parameters lose point identification. It is often the case that at
these points of identification failure, the identified set for each parameter is not characterized by
the entire parameter space it lies in but rather the identified set for the entire parameter vector
is characterized by a lower-dimensional manifold inside of the vector’s parameter space. Such
a non-identification scenario is sometimes referred to as “under-identification” or “partial iden-
tification”. The non-identification status of these models is not straightforwardly characterized
in the sense that one cannot say that some parameters are “completely” unidentified while the
others are identified. Instead, it can be characterized by a non-identification curve that describes
the lower-dimensional manifold defining the identified set. Moreover, in practice the model pa-
rameters may be weakly identified in the sense that they are near the under-identified /partially-
identified region of the parameter space relative to the number of observations and sampling
variability present in the data.

This paper develops estimation and inference results for nonlinear models with very general
forms of potential identification failure when the source of this identification failure is known.
We characterize identification failure in this paper as a lack of (global) first-order identification
in that the Jacobian matrix of the model restrictions has deficient column rank at some points
in the parameter space.! We examine models for which a vector of parameters governs the iden-
tification status of the model. The contributions of this paper are threefold. First, we provide a
systematic reparameterization procedure that nonlinearly transforms a model’s parameters into
a new set of parameters that have straightforward identification status when identification fails.
Second, using this reparameterization, we derive the limit theory for a class of standard ex-
tremum estimators (e.g., generalized method of moments, minimum distance and some forms of
maximum likelihood) and Wald statistics for these models under a comprehensive class of iden-
tification strengths including non-identification, weak identification and strong identification.
We find that the asymptotic distributions derived under certain sequences of data-generating

processes (DGPs) indexed by the sample size provide much better approximations to the finite

'See Rothenberg (1971) for a discussion of local vs. global identification and Sargan (1983) for a discussion of
first vs. higher-order (local) identification.



sample distributions of these objects than those derived under the standard limit theory that
assumes strong identification. Third, we use the limit theory derived under weak identification
DGP sequences to construct data-dependent critical values (CVs) for Wald statistics that yield
(uniformly) correct asymptotic size and good power properties. Importantly, our robust infer-
ence procedures allow one to directly conduct hypothesis tests for low-dimensional functions of
the model parameters, including one-dimensional subvectors, that are uniformly valid regardless
of identification strength.

A substantial portion of the recent econometrics literature has been devoted to studying
estimation in the presence of weak identification and developing inference tools that are robust
to the identification strength of the parameters in an underlying economic or statistical model.
Earlier papers in this line of research focus upon the linear instrumental variables (IV) model, the
behavior of standard estimators and inference procedures under weak identification of this model
(e.g., Staiger and Stock, 1997), and the development of new inference procedures robust to the
strength of identification in this model (e.g., Kleibergen, 2002 and Moreira, 2003). More recently,
focus has shifted to nonlinear models, such as those defined through moment restrictions. In
this more general setting, researchers have similarly characterized the behavior of standard
estimators and inference procedures under various forms of weak identification (e.g., Stock and
Wright, 2000) and developed robust inference procedures (e.g., Kleibergen, 2005). Most papers in
this literature, such as Stock and Wright (2000) and Kleibergen (2005), focus upon special cases
of identification failure and weak identification by explicitly specifying how the Jacobian matrix
of the underlying model could become (nearly) singular. For example, Kleibergen (2005) focuses
on a zero rank Jacobian as the point of identification failure in moment condition models. In
this case, the identified set becomes the entire parameter space at points of identification failure.
The recent works of Andrews and Cheng (2012a, 2013a, 2014a) implicitly focus on models for
which the Jacobian of the model restrictions has columns of zeros at points of identification
failure. For these types of models, some parameters become “completely” unidentified (those
corresponding to the zero columns) while others remain strongly identified. In this paper, we
do not restrict the form of singularity in the Jacobian at the point of identification failure. This
complicates the analysis but allows us to cover many more economic models used in practice
such as sample selection models, treatment effect models with endogenous treatment, nonlinear
regression models, nonlinear IV models, certain dynamic stochastic general equilibrium (DSGE)
models and structural vector autoregressions (VARs) identified by instruments or conditional
heteroskedasticity. Indeed, this feature of a singular Jacobian without zero columns at points of
identification failure is typical of many nonlinear models.

Only very recently have researchers begun to develop inference procedures that are robust



to completely general forms of (near) rank-deficiency in the Jacobian matrix. See Andrews
and Mikusheva (2016b) in the context of minimum distance (MD) estimation and Andrews and
Guggenberger (2014) and Andrews and Mikusheva (2016a) in the context of moment condi-
tion models. Andrews and Mikusheva (2016b) provide methods to directly perform uniformly
valid subvector inference while Andrews and Guggenberger (2014) and Andrews and Mikusheva
(2016a) do not.” Unlike these papers, but like Andrews and Cheng (2012a, 2013a, 2014a), we
focus explicitly on models for which the source of identification failure (a finite-dimensional pa-
rameter) is known to the researcher. This enables us to directly conduct subvector inference in
a large class of models that is not nested in the setup of Andrews and Mikusheva (2016b). Also
unlike these papers, but like Andrews and Cheng (2012a, 2013a, 2014a), we derive nonstandard
limit theory for standard estimators and test statistics. This nonstandard limit theory sheds
light on how (badly) the standard Gaussian and chi-squared distributional approximations can
fail in practice. For example, one interesting feature of the models we study here is that the
asymptotic size of standard Wald tests for the full parameter vector (and certain subvectors) is
equal to one no matter the nominal level of the test. This feature emerges from observing that
the Wald statistic diverges to infinity under certain DGP sequences admissible under the null
hypothesis.

Aside from those already mentioned, there are many papers in the literature that study
various types of under-identification in different contexts. For example, Sargan (1983) stud-
ies regression models that are nonlinear in parameters and first-order locally under-identified.
Phillips (1989) studies under-identified simultaneous equations models and spurious time series
regressions. Arellano et al. (2012) proposes a way to test for under-identification in a generalized
method of moments (GMM) context. Qu and Tkachenko (2012) study under-identification in
the context of DSGE models. Escanciano and Zhu (2013) study under-identification in a class of
semi-parametric models.> Dovonon and Renault (2013) uncover an interesting result that, when
testing for common sources of conditional heteroskedasticity in a vector of time series, there is a
loss of first-order identification under the null hypothesis while the model remains second-order
identified. Although all of these papers study under-identification of various forms, none of them
deal with the empirically relevant potential for near or local to under-identification, one of the

main focuses of the present paper.

2 Andrews and Mikusheva (2016a) provide a method of “concentrating out” strongly identified nuisance pa-
rameters for subvector inference when all potentially weakly identified parameters are included in the subvector.
One may also “indirectly” perform subvector inference using the methods of either Andrews and Guggenberger
(2014) or Andrews and Mikusheva (2016a) by using a projection or Bonferroni bound-based approach but these
methods are known to often suffer from severe power loss.

3Both Qu and Tkachenko (2012) and Escanciano and Zhu (2013) use the phrase “conditional identification”
to refer to “under-identification” as we use it here.



In order to derive our asymptotic results under a comprehensive class of identification
strengths, we begin by providing a general recipe for reparameterizing the extremum estimation
problem so that, after reparameterization, it falls under the framework of Andrews and Cheng
(2012a) (AC12 hereafter). More specifically, the reparameterization procedure involves solving a
system of differential equations so that a set of the derivatives of the function that generates the
reparameterization are in the null space of the Jacobian of the original model restrictions. This
reparameterization generates a Jacobian of transformed model restrictions with zero columns at
points of identification failure. This systematic approach to nonlinear reparameterization gen-
eralizes some antecedents in linear models for which the reparameterizations amount to linear
rotations (e.g., Phillips, 1989). We show that the reparameterized extremum objective function
satisfies a crucial assumption of AC12: at points of identification failure, it does not depend
upon the unidentified parameters.” This allows us to use the results of AC12 to find the limit
theory for the reparameterized parameter estimates.

We subsequently derive the limit theory for the original parameter estimates of economic
interest using the fact that they are equal to a bijective function of the reparameterized param-
eter estimates. To obtain a full asymptotic characterization of the original parameter estimator,
we rotate its subvectors in different directions of the parameter space. The subvector estimates
converge at different rates in different directions of the parameter space when identification is
not strong, with some directions leading to a standard parametric rate of convergence and oth-
ers leading to slower rates. Under weak identification, some directions of the weakly identified
part of the parameter are not consistently estimable, leading to inconsistency in the parameter
estimator that is reflected in finite sample simulation results and our derived asymptotic approx-
imations. The rotation technique we use in our asymptotic derivations has many antecedents
in the literature. For example, Sargan (1983) and Phillips (1989) use similar rotations to de-
rive limit theory for estimators under identification failure; Antoine and Renault (2009, 2012)
use similar rotations to derive limit theory for estimators under “nearly-weak” identification;’
Andrews and Cheng (2014a) (AC14 hereafter) use similar rotations to find the asymptotic dis-
tributions of Wald statistics under weak and nearly-strong identification; and recently Phillips
(2015) uses similar rotations to find limit theory for regression estimators in the presence of
near-multicollinearity in regressors. However, unlike their predecessors used for specific linear
models, our nonlinear reparameterizations are not generally equivalent to the rotations we use
to derive asymptotic theory.

We also derive the asymptotic distributions of standard Wald statistics for general (possibly

nonlinear) hypotheses under a comprehensive class of identification strengths. The nonstan-

4This corresponds to Assumption A of AC12.
5Tn this paper, we follow AC12 and describe such parameter sequences as “nearly-strong”.



dard nature of these limit distributions implies that using standard quantiles from chi-squared
distributions as CVs leads to asymptotic size-distortions. Finally, we provide two data-driven
methods to construct CVs for standard Wald statistics that lead to tests with correct asymptotic
size, regardless of identification strength. The first is a direct analog of the Type 1 Robust CVs
of AC12. The second is a modified version of the adjusted-Bonferroni CVs of McCloskey (2012),
where the modifications are designed to ease the computation of the CVs in the current setting
of this paper. The former CV construction method is simpler to compute while the latter yields
better finite-sample size and power properties.

The paper is organized as follows. In the next section, we introduce the general class of
models subject to under-identification that we study and detail four examples of models in this
class. Section 3 introduces a new method of systematic nonlinear reparameterization that leads
to straightforward identification status under identification failure. This section includes a step-
by-step algorithm for obtaining the reparameterization. Section 4 provides the limit theory for
a general class of extremum estimators of the original model parameters under a comprehen-
sive class of identification strengths. The nonstandard limit distributions derived here provide
accurate approximations to the finite sample distributions of the parameter estimators, uncov-
ered via Monte Carlo simulation. Section 5 similarly provides the analogous limit theory for
standard Wald statistics. We describe how to perform uniformly robust inference in Section
6. Section 7 contains further details for a triangular threshold crossing model, including Monte
Carlo simulations demonstrating how well the nonstandard limit distributions derived in Sec-
tions 4-5 approximate their finite-sample counterparts. Proofs of the main results of the paper
are provided in Appendix A, verification of assumptions for the threshold crossing model are
contained in Appendix B, while figures are collected at the end of the document.

Notationally, we respectively let b;, b and dj, denote the j* entry, the j** subvector and the
dimension of a generic parameter vector b. All vectors in the paper are column vectors. However,
to simplify notation, we occasionally abuse it by writing (¢, d) instead of (¢, d')’, (¢/,d)" or (¢,d’)’
for vectors ¢ and d and for a function f(a) with a = (¢,d), we sometimes write f(c,d) rather
than f(a).

2 General Class of Models

Suppose that an economic model implies a relationship among the components of a finite-

dimensional parameter 0:
0=4g(0;7") = 3*(0) € R% (2.1)



when 6 = 6*. The “model restriction” function describing this relationship g may depend on the
true underlying value * = (6%, ¢*) of parameter 7 = (, ¢), i.e., the true underlying DGP, and
thus moment conditions may be involved in defining this relationship. The parameter ¢ captures
the part of the distribution of the observed data that is not determined by @, which is typically
infinite dimensional. A special case of (2.1) occurs when g relates a structural parameter 0 to a

reduced-form parameter £ and depends on 4* only through the true value &* of &:
0=g"(0) =¢ —g(6) eRY (2.2)

when 6 = 6*.

Often, econometric models imply a decomposition of §: § = (8, i), where the parameter
determines the “identification status” of fi. That is, when 3 # /3 for some 3, i is identified; when
B = 3, i is under-identified; and when £ is “close” to 3 relative to sampling variability, /i is local-
to-under-identified. For convenience and without loss of generality, we use the normalization

B = 0. In this paper, we characterize identification of i via the Jacobian of the model restrictions:

J(9) 5%}5? ).

(2.3)

The Jacobian J *(é) will have deficient rank across the subset of the parameter space for 8 for
which 8 = 0 but full rank over the remainder of the parameter space. Roughly speaking, we are
considering models that become first-order under-identified in certain regions of the parameter

space. Our main focus is on models for which the column rank of J*(#) lies strictly between 0
and d; when 38 = 0 and this rank-deficiency is not the consequence of zero columns in J* (5),
see Remark 3.1 below for a related discussion in terms of the information matrix. Although
our results cover cases for which .J*(6) has columns of zeros when § = 0, these cases are not of
primary interest for this paper since they are nested in the framework of AC12.

We detail four examples that have a deficient rank Jacobian (2.3) with nonzero columns
when 8 = 0. The first two and last examples fall into the framework of (2.1) and the third into

(2.2).

Remark 2.1. For some models, we can further decompose 0 into 0 = (8, 1) = (8, ¢, ), where
only the identification status of the subvector parameter © of i is affected by the value of [3.
More formally, when 8 = 0, rank (8@*(9)/87?’) < dz for all@ = (0,(,7) € © and ¥* € T, where
© and T denote the parameter spaces ofé and ¥. Modulo the reordering of the elements of i,

we can formalize the decomposition i = (é,ﬁ') as follows: 7 is the smallest subvector of fi such



that
dz — rank (93" (0)/05') = dz — rank(J" (0))

when B = 0. That is, the rank deficiency of the Jacobian with respect to the subvector T is equal
to the rank deficiency of the Jacobian with respect to the vector i when 5 = 0. This feature
holds for Examples 2.1-2.3 below, and will be illustrated as a special case throughout the paper.

Example 2.1 (Sample selection models using the control function approach).

Y;=X/& e, D=1+ Z1,8 > vl

(Eiv Vi)/ ~ F&‘V(€7 vV, 7?2)7

where X; = (1,X};) is k x 1 and Z; = (1, Z1;)" is | x 1. Note that Z; may include (components
of ) X;. We observe W; = (D;Y;, Di, X4, Z;) and F.,(-,-;72) is a parametric distribution of the
unobservable variables (¢,v) parameterized by the scalar 7. The mean and variance of each
unobservable is normalized to be zero and one, respectively. Constructing a moment condition

based on the control function approach (Heckman, 1979), we have, when 6= é*,
0 :g*(é) = Eﬁ*(p(Wi, HN),
where 0 = (8,C, 7', 72) and the moment function is

x

G(C + 2 8;72) ] [y — a7 —q(C+ ZQﬁ;irQ)}

Q¢+ B A H(=C = 48) [d— R(C+48) 2

QO(’U), 9) =

, (2.4)

with G(-;m2) being a known function. When F.,(e,v;72) is a bivariate standard normal dis-
tribution with correlation coefficient 72, we have F,(-) = ®(-) and G(-;72) = 72q(-) where
q(-) = ¢(-)/®(:) is the inverse Mill’s ratio based on the standard normal density and distri-
bution functions ¢(-) and ().

Example 2.2 (Models of potential outcomes with endogenous treatment).

Yy = X7t + e,
Yb’i = leﬁz + €0i,
Y; = D;Y1; + (1 — D;) Yo,

(145200, Vi)' ~ Fey e (1,0, v 73),

D; = 1[5‘*‘ 78 > vil,

where Foy co, (-, %) is a parametric distribution of the unobserved variables (e1,€0,v) pa-



rameterized by vector ©3. We observe W; = (Y;, D;, X;, Z;). The Roy model (Heckman and
Honore, 1990) is a special case of this model of regime switching. This model extends the model

i FExample 2.1, but is similar in the aspects that this paper focuses upon.

Example 2.3 (Threshold crossing models with a dummy endogenous variable).

Y; = 1[71 + maD; — &; > 0]

~ ) si,ViINFEV 61',1}1‘;7} .
D; =1[C+ BZ; — v; > (] ( ) ( 3)

where Z; € {0,1}. We observe W; = (Y;, D;, Z;). The model can be generalized by including
common exogenous covariates X; in both equations and allowing the instrument Z; to take more
than two wvalues. We focus on this stylized version of the model in this paper for simplicity
only. With F.,(e,v;73) = ®(e,v;73), a bivariate standard normal distribution with correlation
coefficient T3, the model becomes the usual bivariate probit model. A more general model with
F. (e,v;73) = C(F:(¢), F,(v);73), for C(-,-;73) in a class of single parameter copulas, is con-
sidered in Han and Vytlacil (2016), whose generality we follow here. Let 7o = 711 + 7y and,
for simplicity, let F,, and F. be uniform distributions.® The results of Han and Vytlacil (2016)
provide that when 6 = 6%, & — §(f) = 0, where & = (p11,0,P11,1, 10,05 P10,1, P01,0; Po1,1) with
Pyd,z = Prs[Y =y, D =d|Z = 2| and

[ pue®) | [ CRGm) ]
p11,1(0) C(72,¢ + B; 73)
5(0) = 1310’0@ _| - C~(71~7C;7T32 2.5)
P10,1(0) 1 — O(71,( + B 73)
Poo(0) ¢ — C(72, (5 73)
| Po1a(0) | | ¢+ B —C(72,(+ Bi73) |
For later use, we also define the (redundant) probabilities:
Pooo(0) =1 — pr10(0) — proo(0) — poro(9), (2.6)

500.1(0) =1 —p11.1(8) — pr0.1(8) — Po1.1(6).

Example 2.4 (Engel curve models for household share). Tommasi and Wolf (2016) discuss
Engel curve estimation for the private assignable good in the Dunbar et al. (2013) collective
model for household expenditure shares when using the PIGLOG utility function. See equation
(5) of Tommasi and Wolf (2016) for these Engel curves. These authors estimate the model

5This normalization is not necessary and is only introduced here for simplicity; see Han and Vytlacil (2016)
for the formulation of the identification problem without it.



parameters by a particular nonlinear least squares criterion. We instead consider the general
GMM estimation problem in this context for which 0 = §*(0) = Es« (Wi, 0) when 0 = 6*, where

6= (8,71, 72, 73) and the moment function is

( wy,p > B < 7~T1~(7~T2:F7~F3 +510g(7~T1?{h)) )] ’ 2.7)
wa p, (1 —71) (72 + Blog((1 — 71)yn))

where A(-) is some (dg x 2)-dimensional function. For example,

o(w,0) = A(yn)

1 0
yn O
Alyn) = 0 1
0 yn

There are many other examples of models that fit our framework including but not limited
to nonlinear IV models, nonlinear regression models, certain DSGE models and structural VARs
identified by conditional heteroskedasticity or instruments.

Examples 2.1 and 2.2 are contained in a class of moment condition models that uses a
control function approach to account for endogeneity. This class of models fits our framework
so that when 8 = 0, the control function loses its exogenous variability and the model presents
multicollinearity in the Jacobian matrix. In Example 2.1, with ¢(-) being the inverse Mill’s ratio,

the Jacobian matrix (2.3) satisfies

—72Di Xiqui -DiX;X] —Dig;X;
J(0) = Ey- | D;Yiqui — Di X7 qui — 27°Diqiqri —DigiX, —Dig? |,
Li(B,¢)Z; Ok O1x1

where ¢; = q({~ + Z1;8), qui = dq(x)/da:|x:<~+2£iﬂ,

Li(8,0) = {q1:(D; — ;) — qz‘dzil}_(lq)—i);bz‘) + qi¢i(D; — (I)i), (2.8)

®; = ®(C + Z,,8) and ¢; = ¢(C + Z1,8). Note that d < rank(J*(9)) < dz when 8 = 0, since ¢;
becomes a constant and X; = (1, X7,)’.

In general, a rank-deficient Jacobian with non-zero columns when 5 = 0 poses several chal-
lenges rendering existing asymptotic theory in the literature that considers a Jacobian with zero

columns when identification fails inapplicable here: (i) since none of the columns of J*(#) are

equal to zero, it is often unclear which components of the 7 parameter are (un-)identified; (ii)



key assumptions in the literature, such as Assumption A in AC12, do not hold; (iii) typically,

g*(0) or J*(0) is highly nonlinear in 8. In what follows, we develop a framework to tackle these

challenges and to obtain local asymptotic theory and uniform inference procedures.

3 Systematic Reparameterization

In this section, we define the criterion functions used for estimation and the sample model re-
striction functions that enter them and formally impose assumptions on these two objects. We
then introduce a systematic method for reparameterizing general under-identified models. After
reparameterization, the identification status of the model parameters becomes straightforward
with individual parameters being either well identified or completely unidentified when identi-
fication fails. We later use this reparameterization procedure as a step toward obtaining limit
theory for estimators and tests of the original parameters of interest under a comprehensive class
of identification strengths. However, this reparameterization procedure carries some interest in
its own right because it (i) characterizes the submanifold of the original parameter space that
is (un)identified and (ii) has the potential for application to finding the limit theory for general
globally under-identified models (in contrast to those that lose identification at points in the
parameter space for which g = 0). X

We define the extremum estimator 8, as the minimizer of the criterion function @, () over

the optimization parameter space O:
én € O and Qn(én) = inf Qn(0) + o(n™1).
6co

In the following assumptions we presume that Qn(é) is a function of § only through the sample
counterpart g, () of §*(0). In the case of MD and some particular maximum likelihood (ML)
models, §,(0) = &, — §(A), where &, is a sample analog of £*, in analogy to (2.2). For GMM,
gn(0) = n~t 0 0(Wi, 6).

Assumption CF. Q, () can be written as

for some random function W, (-) that is differentiable.

Assumption CF is naturally satisfied when we construct GMM/MD or ML criterion func-
tions, given (2.1) or (2.2). Note that models that generate minimum distance structures and the

types of likelihoods that fall under our framework typically involve §*(0) = &* — g(0) by (2.2).

10



2
For a GMM/MD criterion function, W, (g,(6)) = Hann )H where W,, is a (possibly random)

n

distribution of the data depends on 6* only through &* = 9(9*) (Rothenberg, 1971). That is,

there exists a function fT(w;-) such that

weight matrix.” For a ML criterion function, \I/n(gn(é)) =150 Inff <VVZ7 En — gn(0 )) if the

fw;8) = fHw; & = g°(6)) = f1(w;8(9)),
where f(-;0) is the density of Wj.

Assumption Regl. §, : © — R% is continuously differentiable in 0.
Assumption ID. When 8 =0, rank (8§n(§)/8ﬂ’> =r <dy for all 6=(0,p) €O.

To simplify the asymptotic theory derived in Section 4, we impose the following assumption
that ensures the reparameterization function A(-) in Procedure 3.1 below is nonrandom and does
not depend on the true DGP.

Assumption Jac. When 8 = 0, the null space of J*(é) is equal to the null space of 8@1(@)/6/1’
for all n > 1 and does not depend upon ¢*.

This assumption guarantees that the reparameterization we later obtain is deterministic and
does not depend upon the true DGP. Example 2.1-2.4 satisfy this assumption. However, the
asymptotic theory derived in Section 4 can be extended to some cases for which our reparam-
eterization is random and/or DGP-dependent, but we have not found an application for which

such an extension would be useful.

Remark 3.1. Given the existence of f1(w;-) in the ML framework, the setting of this paper can

be characterized in terms of the information matrixz. Let I(é) be the dj x dj information matriz

I(0)=E {alogfmo?f} .
00 oo
Then, the general form of singularity of the full vector Jacobian (0 < rank(9§()/80") < dg) can
be characterized as the general form of singularity of the information matriz (0 < rcmk(Z(é)) <
ds), since
Dlog f(w: ) _ dlog J1(w:5(0) 3(6)
o0’ og’ o0

and I1(g) = E (dlog f1/0g) (dlog f1/0g') has full rank.

"Note that Assumption CF does not cover GMM with a continuously updating weight matrix Wn(é)

11



We now propose a systematic reparameterization as a key step toward deriving the limit
theory under various strengths of identification. Let d, denote the rank reduction in the sample
Jacobian 9, (0)/df under identification failure, i.e., dr = dz — r (this will later denote the

dimension of a new parameter 7). Let the parameter space for fi be denoted as
M={peR% :0=(B,) for some 0 € O}.

The reparameterization procedure in its most general form proceeds in two steps:

Procedure 3.1. For a given §,(0) that satisfies Assumptions Regl and ID, let 0 = (B, )
denote a new vector of parameters for which d,, = dg. Find a reparameterization function h(-)

as follows:

1. Find a deterministic full rank dz x dz matriz M that performs elementary column opera-
tions such that when =0,

93,.(9)
i

M) = | G71) : Oy (3.1)

for all i € M, where Gy,(fi) is some dz x v matriz.®
2. Find a differentiable one-to-one function h : M — M such that

Oh(p)
o'

= M(h(p))
for all p € M, where

M= {ueR% :0=(B,h(pn)) for some § € O}.

Proposition 3.1 below provides sufficient conditions for the existence of a h(-) function re-
sulting from Procedure 3.1. With the reparameterization function h(-), we transform f to p

such that fi = h(p). That is, we have the reparameterization

0= (8,01) = (B,h(w) < 0= (B,n). (3:2)

Let 7 denote the subvector composed of the final d, entries of the new parameter u so that we
may write p = ({, 7). We illustrate this reparameterization approach in the following continua-

tion of Example 2.1. The approach is further illustrated in Examples 2.3-2.4 below.

8The existence of such a matrix M is guaranteed by Assumption Jac.
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Examples 2.1 and 2.2, continued. Since Examples 2.1 and 2.2 are similar in the aspects we
focus on, we only analyze Example 2.1 in further detail. In this example, we are considering
a GMM estimator so that §,(0) = n= ' 32" @(W;,0), where the moment function o(w,8) is
given by (2.4). In the case for which F.,(e,v;7?) is a bivariate standard normal distribution,

the sample Jacobian for this model with respect to i is

i) 1< 72D; Xiq'(C) DiXiX!  Diq(0)X;
S = | DX+ 2720 - Y)Di () Dia(OX] Dia(()?
=1 ~Li(0,0)Z; Orxk Orx1

when 8 = 0, where Li(ﬁ,é) is defined in (2.8). Note that r = dj — 1 since the final column is
a scalar multiple of the (I + 1) so that dx = 1. For Step 1 of Procedure 3.1, we set M(ji) =

(0, =q(C), 01x(k—1), 1)'- For Step 2, we find the general solution in h(-) to the following system

of ODEs:
Oh(p)
om

= (07 _Q(hl (,LL)), 01><(k71)7 1)I
This yields
h() = (' (Q), —a(c () +¢*(0), *(¢) s m+¢4(())',

where ¢'(¢),c*(¢) and ¢*(¢) are arbitrary one-dimensional constants of integration that may

depend on ¢ and c3(¢) is an arbitrary (k — 1)-dimensional constant of integration that may

depend on C. Upon setting c*(¢) = 1, 2(¢) = (2, ¢3(€) = (G, ..., Cey1)’ and () = 0, we have

1 0 O1% (k1) 0

Oh(p) | —d'(C)m 1 O1xk-1) —q(C1)
o’ Ok—1)x1 O—1)x1 L1 0
0 0 O1%(k—1) 1

being full rank. Thus, we have found a one-to-one reparameterization function h(-) such that
:&' = (577~r) = (,LL) - (Cb CQ - q(Cl)Wa C37 SRR Ck+177r)7 or equz’valently, Cl = 57 CQ = 7?% + q<§)7~T2,
(C3a"'7<k‘+1): 1)' 2

(73y...,71) and ™ = 72

Define the sample model restriction and the criterion functions of the new parameter 6 as

n(0) = gn (B, h(p))

and

Qn(0) = Qu(B, h(1)).
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The new Jacobian 97, (0)/91’ = (03,(0)/0’)(Oh(1)/d4') has the same reduced rank r < d,, =
d; as the original Jacobian 0§, (0)/dfi' since Oh(u)/dp = M(h(x)) has full rank. But now, by
the construction of the reparameterization function h(-) according to Procedure 3.1, the rank
reduction arises purely from the final d, columns of 9g,(0)/0u being equal to zero. Using this
result, the reparameterized criterion function @, (0) satisfies a property that is instrumental to

deriving the limit theory detailed below.

Theorem 3.1. Under Assumptions CF, Regl and ID, Q,(6) does not depend upon m when
B =0 forall® = (0,(,n) € ©.

In conjunction with other assumptions, the result of this theorem allows us to apply the
asymptotic results in Theorems 3.1 and 3.2 of AC12 to the reparameterized criterion function

Qn(0), the new parameter 6 and estimator 0,,, defined by
n én = inf n 0 -1 )
Qn(0n) = inf Qn(6) +o(n™")

where O is the optimization parameter space in the reparameterized estimation problem and is

defined in terms of the original optimization parameter space O as follows:

© = {(B.u) €R% : (8,h(n)) € O}.
We now provide an algorithm for practical implementation of Procedure 3.1.

Algorithm 3.1. For a given §n(§) that satisfies Assumptions Regl and ID, let 0 = (5,u) =
(B,¢, ) denote a new vector of parameters for which d, = dg. Find a reparameterization

function h(-) as follows:

1. Find a deterministic non-zero dg x 1 vector m®) such that when B = 0,

9gn(0) ()
o

() = 01 (3.3)

for all i € M.

2. Let M) = (C(l),w(l)) denote a new dy x 1 vector of parameters, where 7 ds a dy x 1
subvector. Find the general solution in hY : MW — M to the following system of first
order ordinary differential equations (ODEs):

ohM (M)

— W), @)
iy = 0() (3.4)
1
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for all p™ e MM = {uM e RY% : § = (8, RV (uM)) for some 6 € O}.

3. From the general solution for h\Y) in Step 2, find a particular solution for hY such that
the matriz Oh™M (uM) /opY" has full rank for all p™ e MM 9

4. If dp =1 (i.e., 7r§1) = 7), stop and set h = KV and p = p. Otherwise, set 611 =
(8, 1M), g (OD) = §u (8, RO (M), ©M = {(8, M) € R% : (8,80 (D)) € O} and

i =2 (moving to the second iteration of the algorithm) and continue to the next step.

5. Find a non-zero dy x 1 vector m such that when 8 = 0,

dgn V(09D )

A=) (7Y) = 050 (3:5)

for all p=1 e MU-1),

6. Let pV = (C(i),w(i)) denote a new dg X 1 vector of parameters, where 70 s a dy x 1
subvector. Find the general solution in hD : MW — M=) 1o the following system of
first order ODEs:

Oh® (1, () NN
# = m@ (h® (D)), (3.6)
o

for all u® € MO = {u® ¢ R : 90— = (8, b (uD)) for some 80— € @D},
7. From the general solution for h\D in Step 6, find a particular solution for h\D such that
for all u® € MO (1) the matriz OhD (D) /0u®" has full rank and (2)
Oda—dn)x(i-1)
= CO ()

O(dr—it1)x(i—1)

Ah®) (M(i))

6(7r§i), - 771@1)

where CO(uM) is an arbitrary (i — 1) x (i — 1) matriz.

8. Ifi = dy, stop and set h =hM o ... 0 hl4) and p = p(%). Otherwise, set 0@ = (B, u®),
g (09) = gi™V (B RO (u)), D = {(8,uD) € RY : (8, (uD)) € O} and
1 =1+ 1 and return to Step 5.

9When evaluated at ji = h™® (u(?), the vector mfl)(;]) is a column in the matrix dh™ (™) /0’| denoted as
M later. The analogous statement applies to m® in Steps 5-6. In the special case for which dr = 1, m(l)(ﬂ)
evaluated at 2 = (V) is equal to the final column of dh™ (™M) /o).
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As is the case for Procedure 3.1, the function h(-) is a reparameterization function that maps
the new parameter u to the original parameter [ in accordance with (3.2), i.e., it = h(u). We

formally establish the connection between Algorithm 3.1 and Procedure 3.1.

Theorem 3.2. Define M = M) where M) is defined in Step 6 of Algorithm 3.1. The
reparameterization function h : M — M constructed according to Algorithm 3.1 constitutes a

solution to Procedure 3.1.

Remark 3.2. Defining the matriz function M@ (@ (uD)) = 9hD (D) /ou fori=1,... ds
consistently with the notation used in Algorithm 3.1 so that each m® (R (u™)) is the (d; +
W) column of MWD (KD (1)), we note that the matriz performing elementary operations in

Procedure 3.1 can be expressed as
M(h(p)) = MOV o o B (1)) x ... x M) (Rl (1)),

We also note that in terms of the recursive parameter spaces of Algorithm 3.1, © = @Ux),

When implementing Steps 3 and 7 of Algorithm 3.1, knowledge of the well-identified pa-
rameter ¢ in i = (¢, 7) is useful in making A (D) /8¢ relatively simple; see Remark 3.5
and the examples below. We note that the reparameterizations resulting from Procedure 3.1
or Algorithm 3.1 are not necessarily unique though such non-uniqueness poses no problems for
our analysis. Sufficient conditions for the existence of such a reparameterization are provided

as follows.

Proposition 3.1. Under Assumptions Regl and ID, there exists a reparametrization function
h(-) on M that is an output of Algorithm 3.1 if mW(.) is Lipschitz continuous on compact
MY with MO = M, for every i =1, ...,d.

Remark 3.3. The nonlinear reparameterization approach we pursue here results in a new pa-
rameter with straightforward identification status when identification fails: ¢ is well-identified
and w is completely unidentified. When (3 is close to zero, m will be weakly identified while (3, )
remain strongly identified. Our analysis can be seen as a generalization of linear rotation-based
reparameterization approaches that have been successfully used to transform linear models in
the presence of identification failure so that the new parameters have the same straightforward
identification status. See for example, Phillips (1989) in the context of linear IV models and

Phillips (2015) in the context of the linear regression model with potential multicollinearity.

Remark 3.4. We note that our systematic reparameterization approach may also be useful

in contexts for which a particular model is globally under-identified across its entire parameter
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space (not just in the region for which a parameter [ is equal to zero). The reparameterization
procedure may be useful for analyzing the identification properties of such models as well as
determining the limiting behavior of parameter estimates and test statistics. For globally under-
identified models with a constant (deficient) rank Jacobian, the subsequent results of sections
4—6 could be modified so that no parameter B appears in the analysis and the relevant limiting
distributions would correspond to those derived under weak identification with the localization
parameter b simply set equal to zero. For example, such an approach may be useful for under-
identified DSGE models used in macroeconomics (see e.g., Komunjer and Ng, 2011 and Qu and

Tkachenko, 2012). Further analysis of this approach is well beyond the scope of the present
paper.

Remark 3.5. As can be seen from the continuation of Fxamples 2.1 and 2.3, when we know
the component C of ji is well-identified for all values of 8, we can form h(-) so that the first
d<~ elements of h(u) are equal to the first d<~ elements of the new well-identified parameter ( =
(¢h, ¢?), viz., = (hi(p)y ..., hdé(,u)) = (1. In this special case, the reparameterization (3.2) can

be written as

6=(8,(,7) = (8,¢, (7)) = 0= (B,¢,m),
where p = ({,m) and ¢ is the new always well-identified parameter.

We close this section by illustrating the reparameterization algorithm with two other exam-

ples discussed earlier.

Examples 2.3, continued. Given the specification of a single parameter copula C(-,-;73),
this model can be estimated by minimizing the negative (conditional) likelihood function so that
§n(§) =&, — Q(é), where &, is equal to a vector of the empirical probabilities corresponding to

the pyq,.’s and a(0) is defined in (2.5)."° The sample Jacobian for this model with respect to fi

10Maximizing the conditional likelihood is equivalent to maximizing the full likelihood for this problem.
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Co (a2, (; 73) 0 Ci(72,C;7)  C(fa, G 7a)
Co(f2, C; 73) 0 Ci(fy,(573)  Ca(Fa, (5 7)
D7 () :_8§;(§) . —Cy(71,(75) 1= Ch(F1, (5 73) 0 —C3(1, C; 73)
on. o oG 1-CiFnGR) 0 —CalinGi)
1 — Cy(72, C; 7is) 0 —Cy (72, G 73)  —Ci(72, (i 73)

| 1= Ca(f2, (573) 0 —Ci(72,(573)  —C(7a, (3 73) |

when B = 0, where Ci(-,;73), Ca(-,-;73) and Cs(-,+;73) denote the derivatives of C(-,-;73)
with respect to the first argument, the second argument and ts. This matriz contains only three
linearly independent row so that r = dy — 1. In the following analysis, since dr = 1, we simplify
notation by letting hY) = h, m) = m and pV = = (¢, 7). For Step 1 of Algorithm 3.1, we
set m(fi) = (0,Cs(71,C;73)/(1 — C1(71, C; 73)), —Cs (e, C; 73) /C1 (7o, (3 73), 1), For Step 2, a
set of general solutions to the system of ODFEs

0
Cs(ha(p),h1 (p)sha (1))
Oh(p) 1—2‘1(22;1(#)511}?#) z;zﬁu)) (3.7)
on _ Cs(ha(p),h1(p)sha(p))
C1(ha(p),h1(p);ha(p))
1
is implied by
hi(p) = c1(Q)
ha(p) — C(ha(p), h1(p); ha(p)) = c2(€) (3-8)
C(h3(p), hi(p); ha(p)) = ¢3(¢)
ha(p) = 7+ ca(C),

where ¢;(¢) is an arbitrary one-dimensional function of ¢ for i = 1,2,3,4. For Step 3, upon
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setting c1(C) = C1, c2(¢) = (2, e3(¢) = (3 and c4(¢) = 0, we have

1 0 0 0
Ca(ha(p),C13m) 1 Cs(ha(p),Ci5m)

Oh(p) = 1—(231(22(10721;%) 1-C1(h2(p),C15m) 0 1—2‘1(22(@}(1;#) (3.9)
ou _ Ca(hs(p),C15m) 0 1 _ C3(hs(p),C15m) )
C1(hs(p),C13m) C1(hs(p),C13m) C1(hs(p),C13m)

0 0 0 1

being full rank. Thus, we have found a reparameterization function h(-) satisfying the conditions
of Algorithm 3.1 though its explicit form will depend upon the functional form of the copula C(-).
For example, if we use the Ali-Mikhail-Haq copula, defined for uy,us € [0,1] and w € [-1,1) by

ui1uU2

) — 1
Cluruim) = 3 = A =) (3.10)
we obtain the following closed-form solution for h(-):
G
=b(p)+/b(p)?—4a(p)c(p)
h() = 0 , (3.11)

G(—m+7¢1)
¢1—C3m+C1G3m

s

where a(p) = (1 — ¢1), b(p) = (1 — Q)1 — 7 — 7¢2) and c(p) = G[r(1 — ) — 1.1 For any
choice of copula, we can also express the new parameters as a function of the original ones as

follows:
p=(C1,G,CG,m) =h (7)) = ((,71 — C(71,( 73), O(F2, ( 73), 73). (3.12)

Examples 2.4, continued. In this example, we again consider GMM estimation so that
gn(0) = n! Yoy ©(W;,0), where the moment function o(w,0) is giwen by (2.7). The sam-

ple Jacobian with respect to [i is

8§n(9~) 1 < To + T3 M il
o/ Z ( hyz) o 1—7, 0

i=1

when = 0. Since again r = dy — 1 so that dr = 1, simplifying notation as in the previous

examples, for Step 1 of Algorithm 3.1, we set m(fi) = (—71(1 — 1), —T172, T2 + 73(1 — 71))’.

1As may be gleaned from this formula, the expression for ha(y) comes from solving a quadratic equation.
This solution has two solutions, one of which is always negative and one of which is always positive. Given that
h2(p) = 71 must be positive, ha(p) is equal to the positive solution.
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For Step 2, we need to find the general solution in h(-) to the following system of ODEs:

Oh(p)

5 = (Ch) (=), =i (u)ha(p), ha(p) + ha(p) (1 = h(w)))"

Given its triangular structure, this system can be solved successively using standard single-
equation ODE methods, starting with the Ohy(p)/0m equation, then the Oha(p)/0m equation,
followed by the Ohs(u)/Om equation. The general solution takes the form

[1+c1(¢)em] ™!
h(p) = c2(Q)[e™ + c1(¢)] ;
c3(Q)[1 + e1(Q)e™] — ca(Q)[e™™ + e1(Q)]

where ¢;(¢) is an arbitrary function of ¢ fori = 1,2,3. For Step 8, setting c¢1(¢) = 1, c2(¢) = €&
and c3(¢) = (2 induces a simple triangular structure on the components of h(u) as functions of
i, i.e., so that h1(p) is a function of m only and ho(p) is a function of m and (1 only. Such a

triangular structure makes it easier to solve for u in terms of fi. In this case, we have

0 0 —e"(1+em)2
= | (e +1) 0 —ehm
—eS1(e™™ 4+ 1) 14e™  (Ge™ e

being full rank. Thus, we have found a reparameterization function h(-) satisfying the conditions
of Algorithm 3.1 such that fi = h(p) = (1/(1 +e™),eSt(e™™ +1),G(1 +€™) —eSt(e™™ + 1)), or
equivalently, o = (C1, G2, ™) = (log(72(1 — 1)), T1(72 + 73), log((1 — 1) /1))

4 Limit Theory for Extremum Estimators

We proceed to derive the limit theory for the extremum estimator 51@ under a comprehensive
class of identification strengths by applying results from AC12 to the estimator of the parameters
in the reparameterized model 6,, and then detern}ining the asymptotic behavior of the original
parameter estimator of interest via the relation 6, = (B, h(fin)). We formally characterize a
local-to-deficient rank Jacobian by modeling the § parameter as local-to-zero. This allows us
to fully characterize different strengths of identification, namely, strong, semi-strong, and weak
(which includes non-identification). Our ultimate goal from deriving asymptotic theory under
parameters with different strengths of identification is to conduct uniformly valid inference that

is robust to identification strength.
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The true parameter space I for 7 takes the form

L

={7=(0,9):0 €0, ¢ecd* )},

where ©* is a compact subset of R% and ®*(f) c ®* for all § € ©* for some compact metric
space ®* with a metric that induces weak convergence of the bivariate distributions of the data
(Wi, Wiym) for all i,m > 1. Define h(0) = (8, h(u)). The next lemma formally establishes the

properties of the reparameterization function h(-).
Assumption H. (i) h: © — © is proper; (ii) © is simply connected.
Sufficient conditions for Assumption H(i) are (i) © is bounded and (ii) 4 is continuous.'?

Lemma 4.1. Under Assumptions Regl, ID and H, (i) the function h : © — © is a homeomor-

phism and hence bijective; (ii) h(0) is continuously differentiable on ©.

Lemma 4.1(i) implies the bijectivity of i : ©* — ©* as well, since we assume that the true
parameter space is contained in the optimizing parameter space.'> Due to this result, we can
equivalently derive limit theory derived under sequences of parameters in T or in the following

transformed parameter space:

I'={y=(0,0):0€c0"¢cd ()}

where ©* = h=1(0*) and ®*() = &*(h()) C ®* for all § € O*.

Define sets of sequences of parameters {~,} as follows:

Fv)={{mel:n>1}:9, >y €T},
['(70,0,0) = {{’Yn} €T(y0): Bo=0and n'/?B, > be ]Rgé’},

(0, 00,wp) = {{’yn} e (y): nl/? |Bn|] — oo and — wp € ]Rdﬁ}

Hﬁnll
where v9 = (0p, ¢0) and v, = (0, ¢dn), and R = R U {£oo}. When [|b]| < oo, {1} €
I'(70,0,b) are weak or non-identification sequences, otherwise, when [|b|| = oo, they characterize
semi-strong identification. Sequences {7, } € I'(70, 00, wp) characterize semi-strong identification

when (3, — 0, otherwise, when lim,,_,, 8, # 0, they are strong identification sequences.

12 A function is proper if its pre-image of a compact set is compact. If h is continuous so is b, and the pre-image
of a closed set under h is closed. Also, if © is bounded, the pre-image of a bounded set under h is bounded.
Therefore, under these sufficient conditions, h is proper.

13See Assumption Bl in AC12, which is imposed in Theorem 4.1, Corollary 4.1 and Proposition 5.1 below.
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) We characterize the limit theory for subvectors of the original parameter estimator of interest
9~n, which we show is equal to E(én) by using Lemma 4.1. Toward this end, we use ﬁfl to denote
a generic d,-dimensional subvector of fi, and h*(-) to denote the corresponding elements of h(-)
in the relation fi, = h(fi,). Let he(w) = Oh®(p)/0p' and partition hf(p) conformably with
po=(C,m): b (u) = [hg(p) = B3 (). Suppose rank(hi(n)) = d for all p € Mc = {u: (B,p) €
O, |18l < €} for some € > 0. For p € M, let A(n) = [A1(p) = A2(p)’) be an orthogonal
ds x dg matrix such that Aj(u) is a (ds — d°) X dy matrix whose rows span the null space
of hi(p) and Ag(p) is a dt x ds matrix whose rows span the column space of hi (). The
matrix A;(u) essentially rotates h®(p) “off” the m direction of its parameter space while the
matrix A3(u) rotates h®(u) “in” the direction of w. The estimate /i = h®(ji,) has very different
limiting behavior after being rotated by either of these two matrices, with one “direction”
converging at the \/n-rate and the other being inconsistent. Similar asymptotic behavior can be
found in related contexts where parameters of interest are functions of quantities with different
convergence rates. Indeed, the rotation approach used in the limit theory here has antecedents in
many distinct but related contexts including Sargan (1983), Phillips (1989), Sims et al. (1990),
Antoine and Renault (2009, 2012), AC14 and Phillips (2015).

The following assumptions impose regularity conditions on the subvector function h*(-).

Assumption Reg2. rank(hs(u)) = d: for some constant d* < dy for all p € M, for some
e > 0.

Define ~ ~
i (11) = VAL () {R3 (G 1) = B Gy )}, i df < ds
o 0, if dt = dj.

Assumption Reg3. Under {7,} € I'(70,0,b), 7n(jiin) — 0 for all b € R%.

Analogous assumptions can be found in, e.g., Assumptions R1 and R2 of AC14. With an
explicit h(-) found e.g., by Algorithm 3.1, Assumption Reg2 is straightforward to verify. As-
sumption Reg3 is a high-level assumption that may be verified via any of the sufficient conditions

given in Assumption Reg3* below.

Assumption Reg3*. (i) d* = d,.
(i) ds = 1.
(iii) The column space of hi(u) is the same for all p € M. for some € > 0.
() h*(p) = H°p, where H® is a ds x d,, matriz with full row rank.
(v) No more than d, entries of h®(u) depend upon 7 and each m-dependent entry depends

on a single different element of .
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Applying results of Lemmas 5.1 and 5.2 of AC14 shows that any of the conditions of As-
sumption Reg3*(i)-(iv) is sufficient for Assumption Reg3 to hold. The condition in Assumption
Reg3*(v) is sufficient for the condition in Assumption Reg3*(iii) to hold, as formalized in the
following lemma. This condition is relevant when the reparameterization function h(-) is non-
linear and one wishes to obtain the joint limiting behavior of a larger subvector of f, such that
ds > max{d*,1}. As may be gleaned from the sufficient conditions of Assumption Reg3*, the
feasibility of rotating a subvector ﬁ;"; to obtain a y/n-convergent direction in the parameter space
requires restrictions on the number of entires of /i’ = h*(ji,,) that are nonlinear functions of #,,.
These types of restrictions will be important for conducting Wald statistic-based inference in the
next section and are explored in more detail in the context of Example 2.3 after the following

lemma.
Lemma 4.2. Assumption Reg3*(v) implies Assumption Reg3*(iii).

Examples 2.3, continued. We first note that by expression (3.11), Assumption Reg3*(v) holds
for any two-dimensional subvector h®(p) = (hi(p), hj(p)) for any j = 2,3 or 4. Thus, we may
rotate any corresponding ﬁfl = (ﬁml,ﬁn,j) to find a \/n-convergent direction of the parameter
space and apply the limit theory of the following theorem, even for those fi;’s that are nonlinear
functions of 7 (i.e., for j =2 or 8). On the other hand, none of the conditions of Assumption
Reg3* hold for any ﬁfL containing more than one /in,j for 3 =2,3 or 4 and it is not possible to
find a \/n-convergent rotation. For illustration, consider the simplest of these cases for which

(15, = (fin3, fina)- In this case under {y,} € T(y0,0,b),

A(ia) = S (1 Cg(h?’(ﬁ‘”)’él’";ﬁ")) ,

7 C (h3(ﬂn)7 ﬁl,n; ﬁ'n)
where S(fin) = {1+ C3(h3(fin), Cin; 7n)2/C1(h3(fin), Cin; n) 2} V2 s0 that
..N(A

in(fin) = VS (jn) [ZD(Z§ ] (= ),

where

i () = G (Cin — D2 (Cin — Can) (Fn — ) + Op(n™Y2) = Op(n 2|8 7Y,
2 (fin) = {Cn — Gnfn + QG + Op(n™ )} (Cin — G + CLnCaam) = Op(1),

and S(fin) = Op(1), which we obtain by using the results from Lemma A.1 in Appendiz A.

(The derivations behind the above expressions can be found in Appendix B.) Thus, we have that
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17 ()|l = 1|0p (Y2 Bl ~)V/(fn — m)ll = 105 (02| Ball =)l = 00, according to Lemma
A.l.

Define

8|, if 5 is a vector.

o(B) = { B, if B is scalar,

We are now ready to state the main result of this section.

Theorem 4.1. (i) Suppose Assumptions CF, Regl, ID, Jac, Reg2, Reg3 and H, and Assump-
tions B1-B3 and C1-C6 of AC12, applied to the transformed objects of this paper including 0
and Qn(0), hold. Under parameter sequences {yn} € I'(70,0,b) with ||b]| < oo,

Vi(Bn — ) e T (751)
V() (i = i) | =2 | AaGomp)hE o ms )75, (m5y) |
A () (117, — i) Az(os Ws,b)[hs(@» 778,17) — )

where

i = 7 (20,b) = axgmin — 5 (Go() + Ko(m)b)' Hy ' (m)(Go(m) + Ko(m)b),

T0(m) = 7(m570,b) = —Hg ' (m)(Go(m) + Ko(m)b) — (b, Oa,x1)

with g, being a random vector that minimizes a non-central chi-squared process and {T0,p(m) :
m € II} being a Gaussian process for which Tgb(ﬂ') and TOC,b(ﬂ') denote the first dg and final
d; — dr entries. The underlying Gaussian process Go(-) = G(-;70) 4s defined in Assumption C3
of AC12 and the underlying functions Ho(m) = H(m;~) and Ko(m) = K(m;v) are defined in
Assumptions C4(i) and C5(ii) of AC12, respectively.

(ii) Suppose Assumptions CF, Regl, ID, Jac, Reg2, Reg3 and H, and Assumptions B1-B3,
C1-C5, C7-C8 and D1-D3 of AC12, applied to the 0 and Q,(0) of this paper, hold. Under

parameter sequences {yn} € I'(y0, 00, wo),

~

 Bu—bBn %
Vil A -m) || Aok (no)Z |
u(Bn) Aa(fun) (125, — F55) Az (o) (10) Z

if Bo =0 and

n Bn - Bn d ZB
\F< 'Ii” — fin ) - ( hC(MO)ZC + L(Bo)ith(NO)Zw )

if Bo # 0, where (Zg, Z¢, Zr) = Zg ~ N(0,J 1 (%)V (v0)J 1 (1)). The underlying matrices
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J(v0) and V(o) are defined in Assumptions D2 and D3 of AC12.

Theorem 4.1 describes the joint limiting behavior of B, and ﬁfl under a comprehensive
class of identification strengths. By rotating the subvector ﬁfL in the appropriate direction
of the parameter space via Aj(fi,), we obtain y/n-consistency under weak and semi-strong
identification. If the full vector function h(-) satisfies Assumptions Reg2 and Reg3, then the
results of Theorem 4.1 apply to the full parameter vector fi,. Though nonlinearity of the
reparameterization function often makes it impossible to obtain a y/n-consistent rotation of the
full vector ﬁn under weak and semi-strong identification, it is still possible to characterize its
joint limiting behavior at slower convergence rates without rotation, as in the following corollary.

In order to express this corollary, it is necessary to separate the components of i = h((, )
according to whether they depend upon 7 or not. Without loss of generality, suppose that the
first d;1 components of h(¢, ) do not actually depend upon 7 (e.g., in cases described by Remark
3.5), while the final d; — dj1 of h((, ) do. Denote the corresponding entries of ji = h((, ) as
it = h'(¢) and i1? = h%((, ), respectively.

Corollary 4.1. Suppose all of the assumptions of Theorem /4.1 hold except for Assumption
Reg3. Under parameter sequences {v,} € I'(70,0,b),

(1)

Vil =) \ 7o (T5s)

\/ﬁ(ﬂv}b — fiy) — h%(CO)Téb(WS,b)
/]‘721 h2(c07 7TE’](,I))
if ||b]] < oo and
(i)
Bn - /Bn Zﬂ
v | o R -l S| iz |

v(Bn) (2 — i2) h2(110) Zr

if [|bl] = oo

Apart from the simpler cases for which dj2 = d that are already covered by the analysis of
AC12, it is interesting to note that the limiting random vectors under both cases of Corollary
4.1 are singular in some sense. For case (ii), the singularity is straightforward: the Gaussian
limit has a singular covariance matrix. For case (i), the singularity comes from the fact that
dim(ﬂg’b) = dy < dp2 = dj — dy so that the dimension of the parameter estimator ﬁ,% exceeds

the dimension of the “randomness” in its limit.
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5 Wald Statistics

We are interested in testing general nonlinear hypotheses of the form
Hy:7(f) =v € R¥

using the Wald statistic. To reduce notation and make assumptions more transparent, it is
useful to view Hy in its equivalent form as a hypothesis on the reparameterized parameters 6,
viz.,

Ho : r(0) = 7#(h(h)) = v € R¥,

With this notation in mind, a standard Wald statistic for Hy based upon én = E(én) can be

written as'?

~ ~ ~

Wa(v) = n(r(0n) = v)' (re(0,) B~ (B,) 20 B~ (Ba)ro(00)") " (r(0n) — v),

where r9(0) = 9r(0) /00" = [rz(0) : 7¢(0) : 7:(0)] € R%*%, 3, estimates the covariance matrix
of (2,2, Z3)" and

I, 0 0
BB)=| 0 Iq 0
0 0 B,

Under the assumptions of Theorem 4.1 and R1-R2 and V1-V2 of AC14, the limiting behavior
of Wy (v) under {v,} € I'(70,b) or {vn} € I'(70,00,wp) can be obtained as a simple application
of the results of Theorem 5.1 of that paper. However, the fact that én is generally a nonlinear
function of 6, creates certain peculiarities specific to the current context of potential under-
identification that are worth exploring in more detail. In particular, Assumptions R1 and R2 of
AC14 rule out a handful of very standard null hypotheses that the Wald statistic can be used
for in the presence of (near-)under-identification. Hence, we repeat these assumptions here and

discuss them in the present context.

Assumption R1. (i) r(0) is continuously differentiable on ©.
(i) T9(0) is full row rank d, for all 6 € O.
(7ii) rank(r(0)) = d% for some constant di < min{d,,d.} for alld € ©. ={0 € O : ||f| <

€} for some e > 0.

Assumption R1(i) holds in the present context if the restriction on the original parameters

M The Wald statistic W, (v) is identical to the usual Wald statistic written as a function of én that uses an esti-

mator of the asymptotic covariance matrix for 0,, that takes the natural form f_Lg(én)Bil(Bn)inBil(Bn)]_lg (én)’.
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7(A) is continuously differentiable on © because h(f) is continuously differentiable on © by
Lemma 4.1(ii). Since hg(#) is full rank by Lemma 4.1(i), Assumption R1(ii) holds if 97(6)/86'
is full row rank for all § € ©. Finally, Assumption R1(iii) requires the product of d7(h(8))/i’
and h,(0) to have constant rank for all § € ©., which should occur when they each separately
have constant rank in the absence of some perverse interaction between them.

Let A(0) = [A1(0)" : A2(6)'] be an orthogonal d, X d,, matrix such that A () is a (d, —d%) xd,
matrix whose rows span the null space of r(6)" and As(0) is a d% x d, matrix whose rows span

the column space of r(6). Let

(9) — n1/2A1 (9) {T(ﬁna Cnv 77) - T(,Bn, Cny 7Tn)} 9 lf d;kr < dr
"o, if d* = d,.

Assumption R2. Under {v,} € T'(70,0,b), 7,(0,) == 0 for all b € R%.

In leading cases of interest, subvector null hypotheses, i.e., Hy : 65 = v for some subvector
65 of 0~, Assumption R2 is equivalent to Assumption Reg3 introduced in the previous section.'?
Recalling that Assumption Reg3 is used to show a y/n-convergent rotation of 0:;1 can be con-
structed, we note that the ezistence of such a v/n-convergent rotation is crucial to obtaining the
convergence of a subvector Wald statistic under weak and semi-strong identification sequences.
In the potential presence of the more complicated forms of identification failure we are interested
in here, standard Wald statistics for testing seemingly straightforward (linear) hypotheses can

easily diverge under the null hypothesis and weak or semi-strong identification sequences.

Remark 5.1. In cases for which ||n,(0,)|| diverges, Theorem 5.2 of AC14 tells us that Wy (v)
also diverges. This is particularly important in the context of the nonlinear reparameterizations
of this paper. For example, it implies that if the reparameterization function h(-) is nonlinear,
a standard subvector Wald statistic can easily diverge when the subvector under test is “large
enough”, containing more than d. entries of [i that are nonlinear functions of w. See the
continuation of Example 2.3 in the previous section for an example. This result is very important
in practice. It implies that subvector Wald tests making use of Xir CVs exhibit size distortion
of the most extreme kind: their asymptotic size is equal to one if the subvector is large enough
(including the full vector 0).

Any one of the following sufficient conditions implies the high-level Assumption R2, as veri-
fied in Lemma 5.1 of AC14.

15This statement holds because if any elements of f(é) are equal to elements of 3, the corresponding elements
of 7(Bn,Cn, ™) — 7(Bn, Cn, Tn) are simply equal to zero.
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Assumption R2*. (i) df =d,.
(i1) d, = 1.
(iii) The column space of r(0) is the same for all 0 € O, for some € > 0.

In our context, Assumption R2*(i) requires the number of restrictions under test not exceed
dr and that all restrictions must involve elements of & that are nontrivial functions of 7. In the
case of subvector hypotheses, Assumption R2*(i)-(iii) is identical to Assumption Reg3*(i)-(iii)

and Assumptions Reg3*(iv) and (v) each implies Assumption R2*(iii).!°

Assumption Ry,. r(0) = RO, where R is a d, X dg matriz with full row rank.

In the present context, Assumption Ry, essentially requires both the reparameterization
function A(-) and the restrictions under test to be linear, viz., h(f) = HO and 7(6) = Rf so
that 7(6) = RHH. The reparameterization function k() is not generally linear. However, it is
sometimes possible to obtain linear reparameterizations in special cases for which the underlying
model is linear. See Remark 3.3. In linear models for which h(0) = H6, the Wald statistic for
linear restrictions does not diverge under weak or semi-strong identification. The potential for
Wald statistic divergence for linear (including subvector) restrictions under weak or semi-strong
identification, as discussed in Remark 5.1, is truly a consequence of the nonlinearity of the
models we study in this paper.

Under a sequence {v,}, we consider the sequence of null hypotheses Hy : 7#(f) = v,,, where
Vp = f(én). In combination with our reparameterization results, direct application of Theorem
5.1 of AC14 yields the following results.

Proposition 5.1. (i) Suppose Assumptions CF, ID, Regl, Jac, H, R1 and R2, and Assumptions
B1-B3, C1-C6 and V1 of AC12, applied to the 6 and Qn(0) of this paper, hold. Under {v,} €
I'(70,0,b) with ||b]| < oo,

Wi (vn) LN )‘(WS,bS Y0, b),

where {\(m;70,b) : m € II} is a stochastic process defined in expression (5.20) of AC14.
(ii) Suppose Assumptions CF, ID, Regl, Jac, H, R1 and R2, and Assumptions B1-B3, C1-
C5, C7-C8, D1-D3 and V2 of AC12, applied to the 6 and Q,(0) of this paper, hold. Under

{’Yn} € F(/y()a OO,LL)O),
d
Wn(”n) — X?l

7

Remark 5.2. For some hypotheses, one may use the Wald statistic and robust CVs described

in the following section to conduct tests that uniformly control asymptotic size in the potential

16These statements hold because § is not a function of 7.
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presence of gemeral identification failure. To better fit this result into the current literature
on hypothesis testing that is robust to general forms of identification failure, we remark here
on three leading categories of hypotheses that are of typical interest in applied work: (i) one-
dimensional hypotheses, (ii) subvector hypotheses and (iii) full vector hypotheses. Qur results
are the first we are aware of that allow one to directly conduct one-dimensional hypothesis tests
for general moment condition or likelihood models that fall into the framework of this paper.
The methods of Andrews and Mikusheva (2016b) can only be used for these cases when the
estimation problem can be formulated in a MD framework. To use the methods of Andrews and
Guggenberger (2014) and Andrews and Mikusheva (2016a), one must rely on a power-reducing
projection or Bonferroni bound-based approach. For subvector hypotheses, our results allow one
to directly conduct hypothesis tests for a class of subvectors that are typically not “too large”
(see Example 2.3 in Section 4 and Remark 5.1). On the other hand, one may “concentrate out”
well-identified parameters to directly conduct hypothesis tests for a different class of subvectors in
moment condition models using the methods of Andrews and Guggenberger (2014) and Andrews
and Mikusheva (2016a).'" There is an interesting complementarity here between our results
and those of Andrews and Guggenberger (2014) and Andrews and Mikusheva (2016a): to use the
approach of these latter papers, the subvector must contain all parameters subject to identification
failure so that, in some sense, the subvectors cannot be “too small”. Finally, we note that except
for models that already fall under the framework of AC12, the results of our paper do not allow
one to directly conduct full vector hypotheses (due to the divergence of nn(én)) whereas the
methods of Andrews and Guggenberger (2014) and Andrews and Mikusheva (2016a) do. We
should also note that the frameworks of our paper and Andrews and Guggenberger (2014) or
Andrews and Mikusheva (2016a) are non-nested.

6 Robust Wald Inference

The limit distribution of )\(71871); 70, b) given in Proposition 5.1(i) provides a good approximation
to the finite-sample distribution of W,,(v). This limit distribution depends upon the unknown
nuisance parameters b and vg. Letting ¢1_4(b,70) denote the 1 — a quantile of this distribution,
a standard approach to CV construction for a test of size a would be to evaluate c¢;_,(-) at a
consistent estimate of (b,7p). However, the nuisance parameter b and some elements in -y are
not consistently estimable under {~v,} € T'(70,0,b) with ||b]| < oo, lending such an approach
to size distortions. This feature of the problem leads us to consider more sophisticated CV

construction methods that lead to correct asymptotic size for the test. We will restrict our focus

17 Andrews and Mikusheva (2016a) cannot handle moment conditions for which the asymptotic variance matrix
of the moments is singular. This occurs for the ML estimators of this paper.
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to testing problems for which the distribution function of A( ,;v0,b) in Proposition 5.1(i) only
depends upon vy through the parameters (p and my and an additional consistently-estimable
finite-dimensional parameter dy. This is the case in all of the examples we have encountered.

Without loss of generality, we will assume § is a component of ¢ so we can write ¢ = (J, ).'®

Assumption FD. The distribution function of X(7j,;70,b) depends upon o only through (o,
mo, and some 8y € R% such that under {v,} € T'(70,0,b) or {yn} € T'(y0,00,wp) there is an
estimator &, with Sn L5 5.

We will “plug-in” consistent estimators for {y and dy, én and 5n, when constructing the CVs.
The first construction is more computationally straightforward while the second leads to tests

with better finite-sample properties.

6.1 Identification Category Selection CVs

The first type of CV we consider is the direct analog of AC12’s (plug-in and null-imposed) Type
I Robust ACV. Define ¢, = (nﬁgigg’nﬁn/dg)l/Q, where iﬁﬁ,n is equal to the upper left dg x dg
block of ¥, and suppose {k,} is a sequence of constants such that k, — oo and k,/ nt/2 =0
(Assumption K of AC12). Then the ICS CV for a test of size « is defined as follows:

05 ng(l —a) b ift, > K,
Cl—an = LE .
I am if t, < Ky
where X?l;(l — a)7!is the (1 — a) quantile of a Xi-distributed random variable and cff, | =

SUDye /(o) ¢1-o(f) with L, = {{=(by)eLl:y= (,B,én,ﬂ',gn, )}, L) ={l=(b,y) € L:
r(0p) = v}, and L = {{ = (b,y) € R% x T : for some {n} € I'(70),n'/?B, — b}. That is, we
both impose Hy and “plug-in” consistent estimators fn and &, of (o and dp in the construction
of the CV. This leads to tests with smaller CVs and hence better power (see, e.g., AC12 for
a discussion).'” Under the assumptions of Proposition 5.1, Assumption FD and the following

assumption, we can establish the correct asymptotic size of tests using the Wald statistic and
ICS CVs.

Assumption DF1. The distribution function of X(7( ,;70,b) is continuous at Xi(l —a)7! and
SUPgeronL(v) Cl—all), where Lo ={l = (b,7) € L:v = (B,Co, . d0,¥)}

181t is possible to relax this restriction and modify the CVs accordingly. However, we have not found an example
where this is necessary.

19As in AC12, one may also choose not to impose Hy in the C'V construction since it is misspecified under the
alternative. Then, simply replace LnN L(v) with L, in the expression for ¢I'f,. Also, any consistent estimators
of the components of 79 may be analogously “plugged-in”.
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Proposition 6.1. Under the assumptions of Proposition 5.1, Assumption K of AC12 and As-

sumptions FD and DF1, imsup,,_, SUp,cr.p(g)=p Py (Wn(v) > c{?in) =a.

6.2 Adjusted-Bonferroni CVs

The second type of CV we consider is a modification of the adjusted-Bonferroni CV of McCloskey
(2012). The basic idea here is to use the data to narrow down the set of localization param-
eters b and parameters 7 from the entire space P(én, Sn) = {(b,7) € Ri@*d’f :

I' with {, = én and 8y = d,, ™ = 7o and for some {1} € F(fyo),nl/Q[i’n — b}, as in the con-

for some vy €

struction of least-favorable CVs, to a data-dependent set. Then one subsequently maximizes
¢1-a(b,y) over b and 7 in this restricted set. Intuitively, this allows the CV to randomly adapt
to the data to determine how “guarded” we should be against potential weak identification and
which part of the parameter space II is relevant to the finite-sample testing problem.

Let b, = n!/ QBn. Using the results of Theorem 4.1, we can determine the joint asymptotic
distribution of (by,,#,) under sequences {v,} € I'(70,0,b) with [|b]] < oo, and consequently
construct an asymptotically valid confidence set for (b, 7). In the context of this paper, the
adjusted-Bonferroni CV of McCloskey (2012) uses such a confidence set for (b, my) as the data-
dependent set to maximize c¢1_q(b,7y) over. Though this may be feasible in principle, the for-
mation of such a confidence set would be quite computationally burdensome in our context
since the quantiles of the limit random vector (7'(’)5: b(ﬂab), 7r67b) depend upon the underlying pa-

rameters (b, mo) themselves.?’ As a modification, here we instead propose the use of the set
IgL(b'f“ﬁ-n) = {(b7 71') € P(Cnaén) : [(bn_b),a (ﬁ-n_ﬂ-)/]igl[(bn_b),? (ﬁ-n_ﬂ-)l], < Xg[ﬁ-d,r(l_a)_l}v

where X ) )
S Y88 n 2| Bl T S g
V2B T Bl T

n =

with 2ﬁ7r,n denoting the upper right dg x d, block of f]n and f]mm denoting the lower right
dy x dy block of 3,. This set is akin to an a-level Wald confidence set for (b, m). Though
this confidence set does not have asymptotically correct coverage under {~,} € I'(y0,0,b) with
||b]] < oo sequences, it attains nearly correct coverage as ||b|| — oco. Similarly to the ICS CV in
the previous subsection, one may both impose Hy and “plug-in” the values of én and 4,, since
they are consistent estimators.

Let £8(b,v0) = {{ = (b,7) € Ly : (b,7) € I8(b+ 7Y, (m5,), m5,)} and L& = {€ = (b,7) € Ly, :

(b,7) € I%(by, #,)}. For a size-o test, the construction of the CV proceeds in two steps:

20 A similar complication arises in e.g., the formation of an asymptotically valid confidence set for the localization
parameter in a local-to-unit root autoregressive model.
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1. Compute the smallest value ¢ = g(én, Ons in) such that

P (/\(Wé,b;%, b) > sup ci—a(f) + §> <a
2eLa (byyo)NL(v)

for all (b,70) € L, N L(v).

2. Construct the quantity c’f‘fam = SUDyc far (o) c1—a(0) +<(Cn, bn, in) This is the adjusted-
Bonferroni CV.

The computations in Step 1 can be achieved by simulating from the joint distribution of
A5 5370, b), T()ﬁ,b(ﬂs,b) and 75, over a grid of (b,79) values in L, N L(v) or by using more
computationally efficient global optimization methods such as response surface analysis (see
e.g., Jones et al., 1998 and Jones, 2001). See Algorithm Bonf-Adj in McCloskey (2012) for
additional details on the computation of this CV. Under the assumptions of Proposition 5.1,
Assumption FD and the following assumption, we can establish the correct asymptotic size of
tests using the Wald statistic and adjusted-Bonferroni CVs.

Let £&(b,70) = {£ = (b,7) € L, : (b,7) € I¢(b+ Tgb(ﬂab),ﬂab)}, where L, = {¢ = (b,7) €
L:v=(8,C,m, d,p)} and

(b +70y(m54), ) = {(b, 1) € P(Co, &) :

[(rap (T 6)s (o = 7155 (b + 7y (76 ), T ) (T (75 s (5 — )1 < Xy, (1 — @)}

with ,
i(b7 '70) = 5 Eﬂ,@,ﬂ (HS,b) Hb + T([Jg,b(ﬂg,b) Hflzﬂw,o (98,17)
16+ To,b(ﬂs,b) Hilzﬁmo(%,b)/ 6+ To,b(ﬁg,b) HiQEWmO (98,1;)

and 25570(08’17) denoting the upper left dg x dg block of 20(93,5)7 Egmo(eg,b) denoting the upper
right dg x d block of ¥ (Gab), and Xrr 0 (037b) denoting the lower right d, x d, block of 20(98717).
(The function ¥(+) is defined in Assumptions V1 of AC12 and AC14.)

Assumption DF2. There exists some (b*,~;) € L such that

(1) PNT31-596:D%) > SUgecyor e 1-a(0) + 5(G5. 65, 50, 59))) = o,
(M’) P()‘(ﬂ-g,b*; ’7(3‘(7 b*) = Supﬂeﬁg(b*,wg)ﬂﬁ(v) Cl*a(g) + §(<(>)k7 587 E(b*v 78))) =0.

Proposition 6.2. Under the assumptions of Proposition 5.1 and Assumptions FD and DF2,

im sup,, -, o SUPyerir(9)=v P, (Wy(v) > c‘f_Bam) =q.
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7 Threshold-Crossing Model Example

To illustrate our approach, we examine the threshold crossing model of a triangular system
(Example 2.3) in this section. Weak identification and robust inference has been extensively
studied in the literature (e.g., Staiger and Stock, 1997; Kleibergen, 2002; Moreira, 2003) for
linear models of a triangular system (i.e, linear IV models), but not in this nonlinear setting. The
latter, however, is empirically relevant when the dependent variable and endogenous regressor
are both binary (e.g., Evans and Schwab, 1995; Goldman et al., 2001; Altonji et al., 2005; Rhine
et al., 2006) and instruments are potentially weak.

The random sample is given by the vector W; = (Y;, D;, Z;) fori = 1,...,n. We also suppose
the instrument Z; € {0,1} is independent of (g;, ;) with ¢o = ¢.0 = Py (Z; = z). The ML
estimator 6,, minimizes the following criterion function in 6= (8, CN , 71, T, ™) over the parameter
space © = {0 = (3,(, 71, T2, m) € [—0.98 —€,0.98 + ¢] x [0.01 —¢,0.99 + €] x [0.01 —€,0.99 + €] x
[0.01 —€,0.99 + €] x [-0.99 —€,0.99 + €] : 0.01 —e < 5+ ¢ <0.99 + e}:

Qn(0) = % Zﬁ(Wi, 0)
=1

for € = 0.005, where p(w,f) = — > yd=01 Lydz(w) 10g Pya.-(A) is the logarithm of density func-
tion! with 1,4,(w) = 1{w = (y,d, 2)}, and the set of p,q.(0)’s are defined in (2.5)-(2.6).

7.1 Asymptotic Distributional Approximations for the Estimators

In this subsection, we describe the quantities composing the asymptotic distributions of the
estimators in the threshold-crossing model example under {v,} € I'(79,0,b) with ||b]| < oo
found in Theorem 4.1 and Corollary 4.1. The derivations used to obtain these quantities are
given in Appendix B.

After the transformation, the transformed fitted probabilities pyq,.(0) = pyq,-(h(0)) can be

expressed as

p11,0(0) = G,

p11,1(0) = C(h3(¢1,¢3,m), 1 + B;m)

p10,0(0) = (2, (7.1)
P10,1(0) = ha(C1, G2, ) — C(ho(Cr, G2, ), G + 55 )

2!The log density would originally be p(w, 0,¢) = > 1ya-(w) {log;ﬁyd,z(é) + log ¢. ¢, but the term log ¢.
y,d,z=0,1
is dropped since it does not affect the optimization problem.
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po1,0(0) = 1 — (3,
po1,1(0) = 1 + B — p11,1(6),

and

100,0(0) =1 —p11,0(0) — p10,0(0) — po1,0(f) =1 — 1 — (o, (7.2)
P00,1(0) =1 —=p11,1(0) — p10,1(0) —Po1,1(0) =1 — 1 — B — p10,1(0).

The first deterministic function appearing in the results of Theorem 4.1 and Corollary 4.1 is

¢z,0

H(r: —
(m:70) Pyd,-(00)

y,d,2=0,1

Dypyd,- (Yo, ™) Dypya,- (Yo, ),

where ¢ = (5,(), v¥o = (0, o) and Dypyq, (o, T) = Opyd,- (Yo, 7) /0. The second one is

@bz,O 8pyd,z(00)
Pyd,= (90) 8B0

K(m;y0) = —
y,d,z=0,1

D?,Dpyd,z (1/}0, 7T) .

Finally, G(+;70) is a mean zero Gaussian process indexed by 7 € II = [—0.99, 0.99] with bounded

continuous sample paths and covariance kernel for 71, m € 1I equal to

Q(m1, ma570) = Sy VT (o, m1), (Yo, 2);70) S},

where Sy, = [I4 w1 0d le] is a selector matrix that selects the subvector ¢ from 6 and

DepTd z(gl) D9psz(92)/
VIO 00) = By || 2 Tyas(Wi)= =G | D Tuas(Wi)— o0 5=
y,d,2=0,1 Pyd,z\U1 y,d,2=0,1 DPyd,z\V2
—E Lya(Wi) —>2—=| E 10 (W) —udz 72
" y,d;m ’ Pyi=(01) b y,d;O,l ! Pya,=(02)
Pyd,=(60)$=,0 + t ,
- Dep z(el)p z(92)
y,d,zzzo,l Pyd,z(01)Pyd,=(02) yd, yd,
(%)% =(60)9-
— Pya(B0)0=0 LL(61) MDWIAZ(%)’
y,d,2—0,1 pyd,z(el) ’ ydam0.1 pyd,z(92) )

with Dyp!, .(0) = B~1(8)dpya,(0)/00.

We conclude this subsection with a brief simulation study illustrating how well the weak
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identification asymptotic distributions for the parameter estimators approximate their finite
sample counterparts. Here we specialize the results to the model that uses the Ali-Mikhail-Haq
copula defined in (3.10). Figures 1-4 provide the simulated finite-sample density functions of
the estimators of the threshold-crossing model parameters in red and their asymptotic approx-
imations in blue. For the finite-sample distributions, we examine the true parameter values
B € {0,0.1,0.2,0.4}, ¢ = 0.2 and 7@ = (0.6,0.4,0.4). Under {y,} € T'(70,0,b) the asymptotic
distributional approximations use the corresponding parameter values with b = \/n3, {y = ¢
and g = 7. Since én = (Bn,ﬁn) = (Bn,h(fn,frn)), we use the distributions of the elements
of B+ Tgb(ﬂab)/\/ﬁ and h(¢o + T&b(ﬂ'ab)/\/ﬁ, Ty,) as our asymptotic approximations to the
finite sample distributions of the elements of 3, and fi,. This approximation is asymptotically
equivalent to using the limiting objects in Corollary 4.1(i) but performs better in finite samples
by capturing the additional “randomness” arising from the \/n-consistently estimable parame-
ter fn in the distribution of fi,. Figures 1-4 show that (i) the distributions of the parameter
estimators can be highly non-Gaussian under weak/non-identification; (ii) as 8 grows larger,
the distributions become approximately Gaussian; and (iii) the new asymptotic distributional

approximations perform well overall, especially in contrast with usual Gaussian approximations.

7.2 Asymptotic Distributional Approximations for Wald Statistics

Similarly to the previous subsection, we now describe the additional quantities needed to obtain
the asymptotic distributions of the Wald statistics in the threshold-crossing model example.
The derivations can similarly be found in Appendix B.

Recalling the function \ is defined in expression (5.20) of AC14, the only new object appear-
ing in )\(776‘7,); Y0, ) in Proposition 5.1 that is not a function of the specific restrictions under test
r(-) or objects described in the previous subsection is the deterministic function X(m;~g). For

the threshold-crossing model, this function is given by X(7;v0) = V~!(v0, 7;70), where

¢z,0

V(¢077T;70) = Z Pud (90)
yd,z

y,d,2=0,1

Depj/d,z(w()a W)Dﬁpzd’z(wo, 7T)/.

Similarly to the previous subsection, we provide a brief simulation study to illustrate how well
the random variable )\(7r6‘7b; 0, b) from Proposition 5.1, arising as the limit of the Wald statistic
under weak identification, approximates its finite-sample counterparts. Figures 5-8 provide the
simulated finite sample density functions of W,,(v) for one-dimensional null hypotheses on the
separate elements of the parameter vector 6. This type of null hypothesis is a special case of those
satisfying Assumptions R1-R2 in Section 5. We emphasize the one-dimensional subvector testing

case here, since it is often of primary interest in applied work and, to the best of our knowledge,
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no other studies in the literature have developed weak identification asymptotic results for test
statistics of this form. As in the previous subsection, the finite-sample density functions for the
Wald statistics are given in red and the densities of /\(Trab; ~0,b) are given in blue. In addition,
the solid black line graphs the density function of a x? distribution for comparison. We look at
identical true parameter values as in the previous subsection. Figures 5—8 show similar features
to the corresponding figures for the estimators (Figures 1-4): (i) the distributions of the Wald
statistics can depart significantly from the usual asymptotic X% approximations in the presence of
weak /non-identification; (i) as 3 grows larger, the distributions become approximately x?; and
(iii) the new asymptotic distributional approximation perform very well, especially compared
to the usual x? approximation when j3 is small. One interesting additional feature to note is
that, although the distributions of the parameter estimates when 5 = 0.2 in Figure 3 appear
highly non-Gaussian (especially for 71 and 73), the corresponding distributions in Figure 7 look
well-approximated by the x? distribution. This is perhaps due to the self-normalizing nature of
Wald statistics.
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A  Appendix A: Proofs of Main Results
Proof of Theorem 3.1: When 8 =0,

0Qu(8) _ 0% 05 (B, 1) _ 9Vn 0u(B.7i) Oh(p) _
o’ o7 o’ o7 oi  on 1xdx

for all = (0, 1) € © = {(B, 1) €R% : (8,h(1)) € ©}. W
Proof of Theorem 3.2 First note that

098 (0.p1) _ 05 (0,10 (u ) _ 950 (0, )
6%51) aﬂil) Ok

ohM (M)

=0
fi=h @) () 87r§1)

by Steps 1 and 2. By way of induction, for 1 <i—1 < d, —1, assume that the first ¢ — 1 columns
of Bg,(f_l)(O, p=1) /071" are equal to zero. Then by Step 8 of the algorithm,

8 (0, @) agl (0, A0 (D)) agl (0, u-D)

AL ()
X ———
or (@)1

O (@) - o) - a’u(ifl)/

_ lagg_l)(oju(i—l)) . agg—l)(oju(i—l)) ' 897(;'—1)(0”u(2-_1))
)

3C(i—1)/ : 8(7T§i_1) Tr(z‘—1)) : 8(72@_1)’ o ,ﬂéi—l)

PN P | pu(i=D=p@) (L)

X[ ORD (u®) RO (D) G (1) ]
a( )

W%i), ey 777@1) . 8771@ ' 8(%521, ...,Wc(l?
_ [agw(o,u@—”) O iy s 2O ) ]
o (i—1) T ragx(i=1) - (i-1) (i-1)
¢ omy g ) =D =) (D)

O(ds—dn)x (i—1)

X CO (@)
O(dr—it1)x (i—1)
0, :8g£f_1)(Q»#(i_1))ah(i)(&‘(i)):8g$i_1)(Q’M(i_1)) 3,1'(2')@@)) ]
ax(i-1) opli—1y 87T§Z) Huli—1r o --‘,F&?)

41
— |0, 9gn " (0,n)  0hD (u®) ]

R R 7 e TR ORS0)

CORO (D) 9K ()

o 8(7r§i)1, - 776(;3)

)

(=1 =) (u(0))

i

where the third equality results from the definition of (¥ in Step 6, the fourth equality follows
from Step 7 and the final equality follows from Steps 5 and 6.
Hence, we have shown that for 1 < ¢ < d,, the first 7 columns of ag,(f ) (0, ) /07" are equal
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to zero. In particular, 3g£d“)(0, pldn)) /o (dn) = Od;xd,- Also note that Step 8 defines ¢ as equal

to (8, u%)) and

gn(0) = Gn(B, 1 o ..o ) (u(8))) = gD (8, A o . o () ()
= gn(B, M o o U (U(T)) = . = g (8, u‘“)

where the first equality follows from the definition of h in Step 8, the second equality follows

from the definition of g7(11)(9(1)) in Step 4 and the final two equalities follow from the definition

of ggi)(H(i)) in Step 8. Thus for = 0, using the definition of A(-) in Step 8, we have

0
1fdw B ag’r(ldﬂ')(e(d'/r)) B aén(ﬂ, Do o h(dﬂ)(ﬂ(dw)))
N 3u(d7r)’ o alu(dﬂ)/
01><d7r
_ 95(B.h(p) _ 03(6) on(w
o ou' . o’
g Folozehey M

so that h : M — M satisfies Procedure 3.1 if it is one-to-one. This latter property holds because
each Oh® (u®)/op®’ for i = 1,...,d, has full rank by Steps 3 and 7 and h = A o ... o h(4x)
by Step 8. B

Proof of Proposition 3.1 First, when § = 0, under Assumption ID, there exists at least
one column in 8§n(§) JOf that is linearly dependent on the other columns, which implies that
there exists a nonzero vector m(!) such that (3.3) holds. Thus, (3.4) is a well-defined system of
ODE’s with an initial condition that is determined by constants of integration. By the (global)
Picard-Lindel6f Theorem (Picard, 1893; Lindeldf, 1894), since m(Y(-) is Lipschitz continuous
on compact M) there exists a solution (1) on MM of (3.4). Since the choice of constants
of integration for this solution does not affect (3.4), it is always possible to choose them to
ensure full rank of b (M) /duM. Now by way of induction, for 1 < i —1 < d — 1, since
OhD (D) /op is full rank and rank(ag(l 1)( 0(=1) /ou=1") = r_ it follows that

(@) (p(3) (i=1) (p(i—1) G)(,,()
rank | 2950 ) g ((O9n O ORTG) )
PG o’

Thus, there exists a nonzero vector m such that (3.5) holds. Given (3.6), since m® () is
Lipschitz continuous on compact M@, there exists a solution A" on M. Similarly to before,
since the choice of constants of integration for this solution does not affect (3.6), it is always
possible to choose them to ensure (1) and (2) of Step 7 hold. Therefore, h = h(M) o ... o hldr)
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exists on M = M) R
Proof of Lemma 4.1: For any pu € M, since M (h(u)) has full rank, Oh(p)/0u" has full
rank by Step 2 of Procedure 3.1. Therefore

Oh(0) [ 1 0
Ay Oh
o0’ 0 2w

has full rank for any § € ©. Also, by the definition of ©, © = h(©). Combining these results
with the properness of h, we can apply Hadamard’s global inverse function theorem Hadamard
(1906a,b) to h : © — O, and conclude that & is a homeomorphism. B

Proof of Lemma 4.2: Suppose Assumption Reg3*(v) holds. Without loss of generality we

may permute the elements of u® so that

h(p) = < O(ds—cz;)xd}r O(ds—c?;;)x(d,r—ti;) )
W Din) Ods x(dr—d3)

where D(p) is a diagonal full rank d% x d matrix. By definition, the column space of h2 (u) is

equal to

{v:v=h(p)z for some z € R}

= {(le(ds—d*y”é)l 19 € R and for each i = 1,....d" v2,; = Dj;(p)z; for some z; € R}

s Yoy

= {(le(d‘g_z{;)’@)' : 1y € R,

which clearly satisfies the condition in Assumption Reg3*(iii) since it does not depend upon .
|
The proofs of Theorem 4.1, Corollary 4.1 and Proposition 5.1 make use of the following

auxiliary lemmas. The following lemma applies some of the main results of AC12.

Lemma A.1. (i) Suppose Assumptions CF, Regl and ID, and Assumptions B1-B3 and C1-C6
of AC12, applied to the 6 and Qn(0) of this paper, hold. Under parameter sequences {vn} €
[(90,0,b) with [b]] < oo,

VB =B\ ()
V(Gn = Cn) — Téb(ﬂ'ab)
T, 7r37b

(ii) Suppose Assumptions CF, Regl and ID, and Assumptions B1-B3, C1-C5, C7-C8 and
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D1-D3 of AC12, applied to the 6 and Q,(0) of this paper, hold. Under parameter sequences
{Vn} € F(’)/Ov OO,(.U()),

Bn - ﬁn Zﬁ
\/ﬁ én - Cn i> ZC
L(Bn)(fn — mn) Zr

Proof. Theorem 3.1 directly implies that Assumption A of AC12 holds when applied to the 0
and @, (@) of this paper. Then (i) and (ii) follow by direct application of Theorems 3.1(a) and
3.2(a) of AC12. m

The next lemma ensures we can write 6, = (3, h(jin))-

Lemma A.2. Suppose Assumption H holds. Then, 5n = (Bn, h(fin)) for some 6, = (Bn, fin) € ©
such that Qn(0,) = infoco Qn(0) + o(n™1).

Proof. The reparameterization function h : © — © is bijective by Lemma 4.1, which implies
O = h(©) and © = h=1(O) so that

Qu(Bn) = _inf Qu®) +o(n™Y)= inf  Qu(h(h\(8))) +o(n})

0ch(O©) h=1(0)e®
= _inf  Qu(h7H(6) +o(n )
h=1(9)eO

= inf Qu(6) +o(n™") = Qu(fh)

for some 6§, € ©. m

Proof of Theorem 4.1: (i) Using Lemma A.2, begin by decomposing 1 — i5 = h*(fi,) —
h*(uy) as follows:

B (in) = B (pin) = 1 (Cos on) = 1 (G on)] =+ [1° (s o) = B (G 7))
= BE(fin) (Gn = Gu) + [B* (G 7on) = 1 (G )] + 0p (™ 1/2),

where the second equality uses a mean value expansion (with respect to ¢) that holds by Lemma

A.1(i) and Lemma 4.1(ii). Using this decomposition, we have

V(B — Bn) V(B = Bn)
V)G~ ) | = | VA G - )
As(fin) (fy, — fip,) Ao (fin) [P (Cny Tn) — B (Cny )]
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0
| VAL G ) = B (Gum)] |+ 0p(D)
A2(ﬂn)h2( An)(Cn - Cn)
) V(B = Ba)
= A}(ﬂn)hZ(ﬂn)\/ﬁ(Cn —Gn) + oy | + op(1)
AQ (ﬂn)[hS(Cna 'ﬁ-n) - hS(CTH ﬂ-n)]

4 TOB,b(WS,b)

S | Ar(Cor g ) (Cos )70 () + 7T
Az (o, 5 ) [1° (Cos ) — i)

under {v,} € I'(7,0,b) with [|b]| < oo, where the second equality follows from Assumptions
Reg2 and Reg3, Lemma A.1(i) and the CMT and the weak convergence follows from Assumption
Reg2, Lemma A.1(i), the CMT and the fact that h*(o,m0) = -

(ii) For the By = 0 case, the same decomposition of i, — jif = h*(jin) — h*(in) as that used

in the proof of part (i) and similar reasoning imply

BB VB Ba)
\/ﬁ Al(f‘n)(ﬁfx - [LfL) = R Al(ﬂn)hZ(ﬂn)\/ﬁ(Cn - gn) + Op(l)'
L(Bn)AQ(ﬂn)(ﬁfL - [‘fz) AQ(ﬂn)\/ﬁL(ﬂn)[hS(Cna 7?"n) - hs(Cna Wn)]

A mean-value expansion, Lemma 4.1(ii) and the consistency of fi,, under {v,} € I'(0, 00, wp)

given by Lemma A.1(ii) provide that

Ag(fin) Ve (Bo) [0 (G Fn) — 1 (G )] = An(fin) v/t (B [(BE Gy ) + 0p(1)) (i — 7))
Aa(fin) 12 (s T )V1L(Br) (Fon — 70) + 0p(1),

where the second equality follows from Lemma 4.1(ii) and Lemma A.1(ii). Putting these results

together, we have

~ Bu—bn ; ] Z3
Vil A, =) | | Ar(o)hE (o) Z
L(Bn) Ag(fin) (15, — i5) As(po) s (110) Zx

by Assumption Reg2, Lemma A.1(ii) and the CMT. Finally, for the 5y # 0 case, note that a

standard mean value expansion for fi, — fin = h(jin) — h(ftn), Lemma 4.1(ii), Lemma A.1(ii) and
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the CMT imply

Bo—bBu \ _ [ VB~ Ba) .
f(ﬁn—ﬂz>_<\/ﬁhu<ﬂ ) (fn m)”m

hC(ﬂn)\/ﬁ@n — Gn) + b (fin) /(T — 70) > N 0p<1)

d ( Z/g >
e .
he(p0) Ze + 1(Bo) " hr (110) Zr

Proof of Corollary 4.1: For case (i),
Vili, = fip) = vVl () = RG] = BEC)VA(G = Gn) + 0p(1) =5 hE(Go) 78, (m54),

where the first equality follows from Lemma A.2, the second equality follows from the mean
value theorem, Lemma 4.1(ii) and Lemma A.1(i) and the weak convergence follows from the
CMT, Lemma 4.1(ii) and Lemma A.1(i). The results for 3,, fi2 and the joint convergence of the
three components follow directly from Lemmas A.2 and A.1(i), Lemma 4.1(ii) and the CMT.

For case (ii), note that

VL(Bn) (fin = fin) = V/e(Bo) Gy in) = (G )]
= V1e(B) [1(Cns ) = Bl )] + V1B (PG ) — (G )]
= V(B¢ (fin) (G — Gn) + 0p(n~172)]
/1B e (G ) (o — 1) + 0p(1n ™Y 20(B,) 7))
= hx (G o) v/ 1(B) (Ftn, — ) + 0p(1) = hir(10) Ze,

where the first equality follows from Lemma A.2, the third equality follows from the mean value
theorem, Lemma 4.1(ii) and Lemma A.1(ii), while the final equality and weak convergence
result follow from the CMT, Lemma 4.1(ii) and Lemma A.1(ii). Nearly identical arguments to
those used for case (i) provide that v/n(ih — fil) LN h%({o)ZC. Joint convergence of the three
components immediately follows from Lemma A.1(ii). W

Proof of Proposition 6.1: The proof is nearly identical to the proof of Theorem 5.1(b)(iv)
of AC12, using Proposition 5.1 in the place of Theorems 4.2 and 4.3 of AC12. B

Proof of Proposition 6.2: The proof of this proposition verifies that the assumptions
of Theorem Bonf-Adj of McCloskey (2012) hold, with some modifications. First, Assumption
PS of McCloskey (2012) holds with v1 = (5,7), 72 = (¢,d) and v3 = ¢. For the definition
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of {vun}, Vo1 = (ﬂn,h,n_l/%rmh) and vpp2 = (CuhyOnn). Note that hy = b, where hq
denotes the first dg elements of hi. In the notation of McCloskey (2012), sequences {5} with
[h1ill < oo ([[h1a
{7} € I'(70,0,b) with ||b]] < co ({vn} € I'(70,00,wp)) in the notation of this paper.

Second, for Assumption DS of McCloskey (2012), T, (60,) = Wy (vy) ilml = (l;n,ﬁn) and

hna = (Ca,0n). Proposition 5.1 provides the marginal weak convergence of T, (6,, ) for all

= 00) correspond to weak (semi-strong or strong) identification sequences

sequences {7y, 1}, where in the notation of McCloskey (2012), W, = (7 ;; 70, b) when [y 1] <
oo and Wy is distributed X?l; when ||h1 || = oco. Lemma A.1 and Assumption FD provide
the marginal weak convergence of izwn = (ilwml, ilwmg) for all sequences {7, »}, where in the
notation of McCloskey (2012), hy = (b+ (w5 ,), m5,) when |[h1,]| < oo, hy = (b + Zg, m)
when ||k 1]] = oo and hy = (Co, o). Joint convergence of (T, (., ), b, ) follows from nearly
identical arguments for joint convergence to those used in the proof of Theorem 5.1 of AC14.

Third, for Definition MLLD of McCloskey (2012), we are in what McCloskey (2012) refers to
as “the usual case” for which v =1, W}EI) = (75 43 70, b) and HW-¢ = ) since P(IA(75 4370, b)| <
00) = 1 under the assumptions of Proposition 5.1. Since we are in the usual case, there is no
need to define the auxiliary sequence of parameters {(,} (it can be any arbitrary sequence in
R" for arbitrary 7 > 0) and P = R{, for any r > 0. Since W), = A(75;:70,b) = Wf(Ll) when
|h1,1] < oo and W), = W,El) is distributed Xéf when |[|h1,1]] = oo, the only item left to verify
is that )\(ﬂab;vo,b) is completely characterized by h() = h = (b, 7, (o, ). This holds by
Assumption FD.

Fourth, for Assumption Cont-Adj of McCloskey (2012), H)) = H. This assumption holds
for any ¢ M > 0and 6V < « since A(w&b; 70, b) is an absolutely continuous random variable with
quantiles that are continuous in b and m and A(7g 4370, ) L X?l; for any b such that ||b|| = co.
Fifth, Assumption Sel holds trivially since we are in the “usual case”.

Sixth, Assumption CS of McCloskey (2012) can be modified and applied to 7%(-) and its
limit counterpart I§(-) so that: (i)

sup dpr (I8(b, mo), I8 (b, 7)) == 0
(b,7ro)e{(E,fr)e]Rog+ ".(b7)eL)

under any {v,} € I'(7), where di (A, B) denotes the Hausdorff distance between the two sets
A and B; (i) I§(-) is a continuous and compact-valued correspondence; (iii) P, (I%(by,7,) C
Y (hg ) = 1 for all n > 1 and {,} € T(70) and P(I§(b + 70, (75 ,), m5p) © H{V(hS)) = 1,
and (iv) I§(b + Téb(ﬂab),ﬁab) need not satisfy a coverage requirement (i.e., P(hy € I§(b+
Tgb(wab), T5) = 1 —a). The proof of Theorem Bonf-Adj in McCloskey (2012) still goes through
with this modification of Assumption CS. Condition (i) is satisfied by the consistency of (Cu, d,,)
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and the uniform consistency of 3, (-) under any {v,} € I'(y). The former holds by Lemma A.1
and Assumption FD while the latter holds by Assumptions V1 and V2 of AC12. For condition
(ii), I§(+) is clearly continuous and compact-valued. Note that P(Cns 0n) and P((o, o) are equal
to H(l)(ﬁfﬂ) and HM(h$) in the notation of McCloskey (2012) so that condition (iii) holds by
construction.

Seventh, note that rather than using a quantile adjustment function (a(j)(-) in the notation
of McCloskey, 2012), we are fixing the quantile at level 1 — o and adding a size-correction
function ¢(+) to it. The proof of Theorem Bonf-Adj of McCloskey (2012) can be easily adjusted
to this modification. Rather than requiring the quantile adjustment function to be continuous,
the proof requires ¢(-) to be continuous. That is, Assumption a(i) of McCloskey (2012) may
be replaced by the analogous assumption: ¢(+) is continuous. In practice, ¢(-) is only evaluated
at the point (Q, 5n, in), which is consistent with this assumption. Due to the replacement of
quantile adjustment by additive size-correction, Assumption a(ii) of McCloskey (2012) should
(€0, 00, 2(b,70))) < « for all (b,Y9) € Lo N L(v). This assumption holds by the construction of
¢(Cns Ons f]n) and the (uniform) consistency of (Cn, 0n, Sn(+)).

Finally, Assumption Inf-Adj of McCloskey (2012) holds vacuously since HM):¢ = () and
Assumption LB-Adj of that paper is imposed by Assumption DF2. B

also be replaced by the analogous assumption: P(X(7f,;70,0) > SUDye L2 (b.y0)NL(v) c1—a(f) +
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B Appendix B: Assumption Verifications for Threshold-Crossing

Example

Before proceeding to verify the assumptions imposed for the Threshold-Crossing Model example,
we provide the details for the claim that ||7(j,)| diverges for /il = (fin3, fin4) made in the
continuation of Example 2.3 in Section 4.

Proof [|7j(f1,)]| diverges in Example 2.3: Note that

C3(h3(fin), C1.n; Fn)
Cr(h(fin), C1,ms )
CB n(Cl n )(Cl n <3,n)
B \/>S ﬂn [ Cl n — 3 nfn + Cl n<3 nﬂn)(CI n C3,n7rn + Cl,n({i,n"rn)
+03(h3(ﬂn) CAl,n; 7j'n)] (ﬁ_n . 7Tn)
C1(h3(fin), C1ns Tn)
_ C3 n(Cl n 1)(<l n — C3,n)
\/>S [ Cl n 3 nTn + Cl nC3 nﬂ'n)(<1 n C3,n7rn + gl,nC?),nﬂ'n)
C3n(€1n_ 1)(C1n <3n) ] (ﬁ'n_ﬂ'n)
(C (3 nTn + Cl nC3 nﬂ'n)z

- st [S]

( \fS Hn h3 Cmﬂ'n hS(CnﬂTn) + (ﬁ'n — 7Tn)

where

' (fin) = Gn(Crn = DG = G3n) (Cuin — Gnfin + CrnCann)
— Gn(Cn — )(Cin — ) (G — Gnn + CLnC3nn)
= 3 (Cin — D (¢ — Ga)l(Cm — Gondn + Cinsnn) — (G — Gan + CLnlanTa)]
+ (G (Cin — 1) (Cn — Gin) = G (Ciin — D(Cim — G3.a)] (€ — G + CLna )
= G5 (G = 1)*(Cin = G3in) (Fin — mn) + Op(n /%) = Op(n ™28l 7)

with the final two equalities resulting from Lemma A.1 and a mean value expansion of the term

é3,n(€1,n - 1)(61,n — és,n), and
77’7?(:0%) = (Cl,n - C3,n7ATn + Cl,n(&nﬁ'n + Op(n_1/2))2(C1,n - C3,n77 + Cl,nC?;,nTr) = Op(l)

by Lemma A.1. Noting that both S(ji,) and 72 (fi,,) % are also Op(1) by Lemma A.1, we may
combine the expressions for 7, (fin), S(fin), 7Y (ftn) and 72 (fin) to conclude that ||, (f,)]| =
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10, (0= 2| Bul| =) VR (n — )l = |Op(n~ 12| Ba]|~2)|| = o0, according to Lemma A.1. M

We now proceed to verify the imposed assumptions for the Threshold-Crossing Model ex-
ample. Hereafter, Andrews and Cheng (2013a) and Han and Vytlacil (2016) are abbreviated as
AC13 and HV16. The supplemental material for AC12, AC13 and AC14, Andrews and Cheng
(2012b, 2013b, 2014b), are abbreviated as AC12supp, AC13supp and ACl4supp. The working
paper version of AC13 is abbreviated as ACMLwp. And “with respect to” is abbreviated as

“w.r.t.”

B.1 Assumptions for Threshold Crossing Models

The assumptions in the main text of the current paper and the assumptions in AC12 on objects
involving the transformed parameter 6 are verified under assumptions introduced in this section.

The assumptions in AC12 are verified by verifying those in AC13.
Assumption TC1: {W;:i > 1} is an i.i.d. sequence.

Assumption TC2: (i) Z L (e,v);

(ii) F; and F, are known marginal distributions of € and v, respectively, that are strictly increas-
ing and absolutely continuous with respect to the Lebesgue measure such that Fle] = E[v] =0
and Var(e) = Var(v) =1,

(iii) (e,v) ~ F.,(e,v) = C(F.(¢), F,(v);7) where C : (0,1)2 — (0,1) is a copula known up to
a scalar parameter m € II such that C(u1,ug,;m) is three-times differentiable in (u1,u,7) €
(0,1)% x II;

(iv) The copula C(uq,ug, ;) satisfies
C(uq|ug;m) <s C(uq|ug; w') for any 7 < 7', (B.1)

where “<g” is a stochastic ordering defined in HV16 (Definition 3.2);
(v) (1, Z) does not lie in a proper linear subspace of R?;

(vi) ©* is open and convex.

Given the form of h in (3.8) with c4(() set equal to zero, we write m = 73 in this assumption
and below. The conditions in TC2 are sufficient for (global) identification of # when £ # 0. The
argument is similar to that in HV16, except that the condition for the parameter space TC2(vi)
is stronger than that in HV16.

For the next assumption, define C:)g = {9~ € 0" : 18] < (5} for some ¢ > 0.

Assumption TC3: (i) © = ©_, x II, and ©_ and II are compact and simply connected;
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(i) int(©) D O*;
(iii) For some 6§ > 0, © D {B eR¥ : |B| < 5} x Z0 x I D (:)g for some non-empty open set
Z0 ¢ R¥%—dr and II.
(iv) h~ (2% x II) = 29 x II for some non-empty open set 20 ¢ R%—dr,
As is typical, Assumption TC3(i)-(ii) will be satisfied by a proper choice of the optimization

parameter space. For concreteness, we define

6* = {é = (B,(, 71, T, ) € [—0.98,0.98] x [0.01,0.99] x [0.01,0.99] x [0.01,0.99] x [—0.99,0.99]

001<B+C(< 0.99} (B.2)
and

0= {é = (B,(, 71, o, m) € [—0.98 — €,0.98 4 €] x [0.01 — €,0.99 + €] x [0.01 — €,0.99 + €]

x[0.01 — €,0.99 + €] x [~0.99 — ¢,0.99 4+ ¢] : 0.01 — e < B+ < 0.99 + e} (B.3)

for some € > 0 so that TC3(i)-(ii) is clearly satisfied for small enough e. Given the definition
(B.2), TC4 below also holds if we define the parameter space ®*(6) of ¢ = ¢ as

*(f) = ®* = [0.01,0.99]. (B.4)
TC3(iii) is satisfied by setting
Z% = (0.01 — 6,099 4 6)3

for § < €/2. For TC3(iv), let h=1((, 7) = (hy *(C, %), hy (¢, 7), hy H(C, 7)), the first three elements
of (3.12). Note that hy(¢,7) = 7 (i.e., 73 = 7) and for any given = € II, h~1 (2%, x) does not
depend on 7. Thus, we may set Z° = ifl(éo,ﬂ) for any 7 € II, noting that Z% must be a
non-empty open set by the continuity of the first three elements of h(-). The latter follows from
TC2(iii) and (3.8) after setting ¢1(¢) = (1, c2(¢) = (2 and c3(¢) = (3.

Assumption TC4: (i) T is compact and I' = {’y = (0,¢):0€6*,¢c @*(é)},

(i) V6 > 0, 35 = (B, i, ¢) € T with 0 < |B] < ;

(iit) V4 = (B, 1, ¢) € T with 0 < |8] < § for some § > 0, 7, = (aB, i,¢) € T Va € [0,1].

Assumption TCA4(ii) guarantees that the true parameter space includes a region where weak
identification occurs and TCA4(iii) ensures that ' is consistent with the existence of K(6;7),
defined later.
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Assumption TC5: (i) C(uy,us, ;) is bounded away from zero over (0,1)? x IT;
i) 0< ¢ =Pry[Z=1]<1VyeTl.

Lemma B.1. TC5 and TC2(iii) imply the following: for (y,d,z) € {0,1}3, V4 = (0,¢) € T,
and ¥y = (0,¢) € T,

(i) the first, second, and third order derivatives ofﬁyd7z(9~) are bounded over ©;

(i1) ﬁyd,z(é) is bounded away from zero over © and 0 < ¢ < 1;

(i4i) h(0) is three-times differentiable on ©;

() pya,=(0) = Pya,.(h(0)) is three-times differentiable on © and the first, second, and third order
derivatives of pyq .(0) are bounded over ©;

(v) Pyd,-(0) is bounded away from zero over ©.

Proof of Lemma B.1: (i) holds by TC2(iii), the fact that the domain © is compact by TC3(i),
and the definitions of ﬁyd%(é). (ii) immediately holds by TC5. For (iii), given (3.9), TC2(iii)
and TC3(i) imply that h(u) is three-times differentiable in p and hence h() = (B, h(p)) is
three-times differentiable in 6. Next, (iv) holds by (i), (iii), and the chain rule, and (v) trivially

holds by (ii).

B.2 Verification of Assumptions in the Main Text

Assumptions CF, ID, Jac, and Reg3 are verified in the main text. Assumption Regl is sat-
isfied with gn(f) = &, — §(f), where each element ﬁyd,z(é) of the vector §(0) is continuously
differentiable by T'C2(iii). For Assumption H, H(i) holds since its sufficient conditions that © is
bounded and h is continuous hold by S2(v), verified below, and by Proposition 3.1, respectively.
H(ii) is also trivially satisfied by TC3(i). For Reg2, rank(hi(n)) = 1 if h*(w) contains ha(7),
hs(m) or ha(m) and rank(hi(p)) = 0 otherwise, as can be seen from the form of A in (3.8) upon
setting c1(¢) = (1, c2(¢) = (2, c3(¢) = ¢3 and ¢4(¢) = 0.

B.3 Verification of Assumptions in Andrews and Cheng (2013)

In this section, given our transformed parameter 6 and associated transformed objects, we verify
the regularity conditions for the asymptotic theory of the ML estimator 6, in AC13. Specifically,
we show that Assumptions TC1-TC5 are sufficient for Assumptions S1-54, B1, B2, C6, C7, V1,
and V2 of AC13. Then, under Assumptions Bl and B2, Assumptions S1-S3 of AC13 imply
Assumptions A, B3, C1-C4, C8, and D1-D3 of AC12; see Lemma 9.1 in ACMLwp. Maintaining
the same labels of AC13, below we rewrite the assumptions of AC13 before verifying them.
Note that in our stylized threshold crossing model, § is scalar. Therefore we do not consider
Assumptions S3* and V1* of AC13 which apply to the vector 8 case.
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Assumption S1: {W; :i > 1} is an i.i.d. sequence.??

Assumption S2: (i) For some function p(w,0) € R, Q,(0) =n~1 > I p(W;, ), where p(w, 0)
is twice continuously differentiable in # on an open set containing ©* Yw € W.

(ii) p(w,0) does not depend on m when 5 =0 Vw € W.

(ili) Vyo € T with By = 0, E p(W;, 9, ) is uniquely minimized by ¢ Vr € I

(iv) Vyo € T with By # 0, E,,p(W;,0) is uniquely minimized by 6.

(v) ¥(m) is compact Vrr € II, and IT and © are compact.

(vi) Ve > 0, 36 > 0 such that dg (¥ (m1), V(m2)) < € Vmy, me € II with |71 —m2| < 6, where dg (-, )

is the Hausdorff metric.

Verification of S2(i): By TC2(iii), ﬁyd72(9~) is twice continuously differentiable in 6. Then,
since pya.»(0) = Pya..(h(0)) is twice continuously differentiable by Lemma B.1, so is p(w,0) =
- Zy,d,z:OJ ]-ydz (w) 10g pyd,z(g)- u

Verification of S2(ii): It is easy to see from (2.5)~(2.6) that, when 8 = 0, pya.0(0) = pya1(6)
for all § and (y,d), which implies that Pya,0(R(0)) = Pya.1(h(0)) for all 6. Therefore

P11,1(0) = p11,0(0) = (3,
p10,1(0) = p10,0(0) = (2, (B.5)
po1,1(0) = po1,0(0) = ¢1 — (3,

where the second equality in each equation is from (7.1)—(7.2). Therefore pyq.(f) does not
depend on m when 3 = 0, and hence p(w,0) = —3_, ;.o 1yaz(w)log pya,.(¢) does not depend

on7w. A

Verification of S2(iii): When £y = 0, for ¢ # 1y and for a given T,

Dyd,- (Y, T
Boup(Wist,7) = Eygp(Wis o, m) = — 3 pyas (0, 7)o log 2222 T)
y,d,2=0,1 Pyd, =~ (wo, 77)

Pyd z(waﬂ')
—log > p d, (10, T0) P02
y,d,2=0,1 e - pyd,z(¢0777)

— log Z Pyd,= (¢> 7T)¢Z70

y,d,2=0,1
= 07

where the last equality holds since »_, ;pya,1(0) = 32, 4Pyao(f) = 1 and ¢op = 1 — 1,0, and

22This is actually a sufficient condition for Assumption S1 of AC13.

49



the second-to-last equality holds since

DPyd,= (w()a 770) = pyd,z(¢07 71-) = pgd (BG)

when 5y = 0, as in (B.5). Notationally, p11 = (3, pio = (2, and po1 = (1 — (3. The Jensen’s
inequality is strict if there exist (y,d, z) € {0,1}3 such that

pyd,z(w, 71')

Pyd,Z(@bOy ) 71

Under TC2, this condition can be readily shown to hold by a slight modification of the identifi-
cation proof of Theorem 4.1 in HV16, which is omitted here for brevity. B

Verification of S2(iv): For 6 # 6,

Qo(0) — Qo) =~ > pyaz(f0)d=0log Dy 6)

y,d,z=0,1 pyd,z(QO)

>—log > Pyd,=(0)9=0
y,d,z=0,1

= 0’
where the Jensen’s inequality is strict because there exist (y,d,z) € {0,1}? such that

pyd,z(e)

pyd,z(GO) 7& !

by Theorem 4.1 in HV16 under TC2. B

Verification of S2(v): By TC3(i), II is compact and the parameter space is the same before
and after the transformation. Also, © = ﬁ_l((:)) is compact since © is compact and Assumption
H(i) holds. For compactness of W(7), first note that, for a given 7 € II, h_,(-,7), which is
h(-, ) except the last element, is a homeomorphism. This is because O_, is simply connected,

h_z(-,7) is continuous, and ¥(7) is bounded since © is bounded. Then,

O =0_,(n)=h_r(¥(n),7)

where the first equality is because the dependence parameter m does not restrict the space of
the remaining elements of § (or by TC3(i)), and thus ¥(r) = h=L(0_,,n). Therefore W(r) is

compact since ©_ is compact and h_, (-, 7) is proper. W

Verification of S2(vi): The space of 1) = (3,¢) is continuous in 7 since ¥(7) = h=1(0_,, 7),
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where h~1(6_,,7) is continuous in 7 by (3.12) and TC2(iii). W

Let pg(w,d) and pgg(w,O) denote the first and second order partial derivatives of p(w, @)
w.r.t. 0, respectively. Also, let py(w,8) and pyy(w, §) denote the first and second order partial

derivatives of p(w, 6) w.r.t. 1, respectively. Recall

1 0
B(B)E [ d¢, dd,Xl GRdOXdG-

Olew 5

For 8 # 0, let
B~Y(B)ps(w,0) = ph(w, 0),

B=1(B)pge(w,0)B~1(B) = pgg(w, 0) + r(w,0), (B.7)

where ng(wv 0) is symmetric and p$ (w,0), P;a(w, 0), and r(w, 0) satisfy Assumption S3 below??;

see below for actual expressions of these terms. Next, define
VT(01,09570) = Covsy, (pZ(Wi,Gl),pZ(Wu%)) -

Let Amax(A) and A\pin(A) denote the maximum and minimum eigenvalues, respectively, of a
square matrix A.
In this example of a threshold crossing model, define Dgp;; 0..(0) = B~Y(B)Dgpya..(0) so that

1
pg(w, 9) = - Z 1ydz(w)7D9pyd,z(0)v
y,d,z=0,1 pyd,z(e)
1 1
poo(w,0) = = 3= lya(w) | =———5Dopya,-(0) Dopya,=(0)" + ——=Dogpya,-(0) | ,
ydzz01 Py, (0)2 7 Y Pya-(0)
1
f — T
pwae__ 1y4.(w)————Dgp Zea
ol9) y,d,;O,l s )pyd,zw) v, (6)

1
pho(w,0) = ph(w,0)ph(w,0) = 3 Lyq.(w)———=Dop!, (0)Dgp! ;. (0)',
y,d,z=0,1 pyd,z(e) ’

rw,0) = — 5 Lya(w)—BN(8) Dogpya(6)B(8).
y,d,z=0,1 pyd,z(g)

Suppressing the argument ({1,(3,7) in h3 and its derivatives, and suppressing the argument

%The remainder term 7(w,d) and related conditions in S3 are slightly more general than conditions on
B 'e(w, 0) and related conditions in AC13.
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(C1,C2,m) in hy and its derivatives, note that from (7.1)—(7.2),

Dyp11,o(0) =

Dgp11,1(0) =

o = O O O

. Doproo(0) =

Cy (h3, G+ B;m) + Cr (hs, G+ B 7) ha ¢,

Ci (h3, ¢+ B;m) hs ¢,
| Cr (h3, ¢+ B5m) + C1 (hs, G+ B57m) hy x|

Cg (hg

| B{Cx2 (h3,¢1+ BT;7) + Cra (hs, (L + BT 7) hgn}

0 0

0 1

1 |, Dgporo(@)=| 0 |, Dopooo(t) =
0 -1

0 | 0 |

Cy (h3, ¢+ B;m)

0

Co (h3, (1 + B;7)
G+ B;m) + C1(h3, G+ B57) ha gy
0 ;
C1 (h3, G + B3 ) ha ¢

where 0 < |87| < B. The last equality is derived using a mean value expansion and the fact
that Cy (hg, (1;m) + C1 (hs, (1;7) ha » = 0, obtained by differentiating C'(hs3, (1;7) = (3 w.r.t. 7.

Furthermore,

Dygp1o1(0) =

ha¢, — Ca (h2, G+ B;m) — C1 (he, G + B57) ha¢

ha

hom — Cx (ha, C1 + B;m) — C1 (ha, 1 + B57) ha x|

hac, — Ca

| —B{Cr2 (h2,C1 + BT 7) + Cha (ho, G + BT 7) hor }

—Cy (hg, (1 + B3 m)

o — C1(ha, Gt + B;7m) ha g,
0

—Cy (ha, C1 + B; )
(ho,C1+ B;m) — C1 (he, L + B;7m) hag,
ha¢, — C1 (he, (1 + B ) hag,
0

where 0 < | B < B and the last equality is derived using a mean value expansion and the fact
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that ho r — Cr (he, (1;7) — C1 (he, (1;7) ho 7 = 0. Finally,

Dypo1,1(0) =
Also, note that for all (y, d),
and
Dygopor,1(0)

Now, for z =0,

and, for z =1,

D9PJ{1,1(9) =

DGPIo,l(H) =

o O O = =

| Cro (h3, G+ BT;7) + Cha (hs, G + BT ) kg |

ha¢, — Ca (h2,G1 + B;m) — C1 (h2,C1 + B;7) hag,

Doopyan(0) =

—Dogp11,1(0), Dogpoo,1(0) = —Dggp1o,1(0).

Dopl ;,(0) = Dopya,.(6)

Ca (h3, C1 + B;7)
C (h3, G+ B;m) + C1 (h3, G + B57) ha ¢
0 )
Cy (hs, C1 + B;7m) ha gy

—Cy (h, (1 + B3 )

ha¢, — Ch (ho, (1 + B;7m) hag, ;
0

w2 (ha, G + BT 7) — Cia (he, G + BTy 7) hor |

and expressions for the remaining two derivatives can be derived analogously.

Note that

po(w.0) = ¥ 1ydz<w>pl@mpyd7z<e>,

y,d,z=0,1

yd,z
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(B.11)

(B.12)
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(B.14)



1

1
P ’LU,GZ— 1yq.(w _7Dpd,z9Dpd,z0,+7D pd720 ’
¢¢( ) y,d,zzzo,l Y ( ) pyd,z(0)2 Py ( ) PPy ( ) pyd,z(g) Yy Py ( )
where, with ¢ = (3,¢) = (8, (1, (2, (3),
0 0 0 0
0 0 1 -1
Dyp11,0(0) = NE Dyp1oo(0) = e Dypo1,0(0) = o | Dypoo,o(0) = REE
1 0 —1 0
02 (h3a Cl + 57 7T)
Cy (h : Ci(h s h
Dypiia(6) = 2 ( 3,C1+6,7T)+01( 3,01+ B;7) ha ¢, 7
Ci(hs3, 1+ B;m) ha e,
—Cy (hg, (1 + B3 m)
| hag — C2(h2, G+ B5m) — Cr(he, G+ B5m) hagy
D¢p10,1(9) = )
hac, — C1 (h2, G+ B;7) hag,
0
and
1 -1
1 -1
Dypora(0) = | | = Dupria(0), Dypoor(0) = | = | = Duproa(0).
0 0
Also, for all (y,d) and 6,
wapydp(g) = (B15)
and
Dyyppor1,1(0) = —Dyyp11,1(0),  Dyyppoo,1(0) = —Dyypro,(0). (B.16)

Assumption S3: (i) (a) E,,r(W;,6p) = 0; and (b) ||Ey,r(Wi, ¢, m)|| < Clr —mo| Vo € T
with 0 < |5g| < ¢ for some ¢ > 0.

(ii) (a) For all 6 > 0 and some function M;(w) : W — Ry, ||pyy(w,01) — pyy(w, 62)|| +
Hpge(w,el) fp};e(w,GQ)H < Mi(w)s, V01,0, € © with |0, — 6s] < 6, Yw € W; and (b) for

all § > 0 and some function Ma(w) : W — Ry, pg(w,ﬂl) — pg(w,GQ)H + ||r(w, 61) — r(w, )] <
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MQ(U})(S, V01,05 € © with H@l - 92” <4, Vw € W.

1+6 146 + 1+6 + q
(i) Bro subpee § [(Wes O + o (Wa, 0)1'° + ||y (Wis 0|+ (W3 + (Wi 0)| +
|l7(Wi, 0)]|7 + Mo(W;)? < C for some § > 0 Vg € T', where ¢ is as in Assumption S1.

(iv) () Amin(Ero oy (Wi, to, 7)) > 0 Vo € 11 when Sy = 0; and (b) E,Yop(];e(VVi,Go) is positive
definite Vg € T'.

(v) V1(By, 00;70) is positive definite Vo € T.

Verification of S3(i)(a): Note that

Eyr(Wi,00) = — > ¢:0B " (80) Doopya,-(00) B~ (Bo) = 0
y,d,z=0,1

by (B.10) and (B.11) since Sy # 0. B

Verification of S3(i)(b): Using (B.10) and (B.11),

D
E,or(Wi, o, m) = Y pyd,l(90)¢1,OB_1(BO)MB_1(BO)
y,d=0,1 DPyd,1 (%7 77)

po1,1(6o)
Po1,1 (%o, )

p11,1(90)

D T
p11,1 (%o, ) ooP01,1(Yo, )

= (blyoBil(B()) |: D99p11,1(¢077r) +

0 0
T N P

_ 1 pi1,1(fo)  po1,1(fo) >

= ¢1,08" " (bo) Kpn,l(l/}oﬂf) PoL1 (%0, 7) Doop11,1 (o, )

+< p1o,1(60)  pooa (o)
p1o,1(to, ™) poo,1(vo, )

) Dagopio,1(¢o, w)} B~ (Bo)

B 1 (C10 + Bo)(p11,1(60) — p11,1(%p0, 7))
= $LoB™ (o) [(an(T/Jo,W)(Cm + Bo — p11,1 (o, 7))

(1 — ¢io — Bo)(p10,1(6o) — p1o,1(¢o, m)) 1
* <P10,1(¢077T)(1 — 10— Bo — p10,1(¢0777))> Doopro.(vo, W)] B (%) (B17)

) Doop11,1 (%o, ™)

where the last equality uses pp1,1(0) = (1 + 5 — p11,1(0) and poo1(0) =1 — (1 — B — pioa(0).
Apply the mean value theorem to p11,1(6o) — p11,1(%0, ) w.r.t. m

o 3]911,1(%, WT)

P11,1 (Y0, m0) — p11,1 (Yo, ) = T(Wo — )
2 T T
= PP (g — )0, (B.13)

where 7 is between 7y and 7 and 0 < |37| < |Bg|. The second equality holds by another mean
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. t t
value expansion of % w.r.t. By around Sy = 0 and the fact that W 50"

=0
since

Cr(hg(m), Cism) + Cr(hs(m), G m)hg 7 () =0
for all (¢1, (3, 7). Similarly, using mean value expansions,

82 TT, , T
p10,1(Y0, m0) — P10,1 (0, T) = plO,léiaﬁCO =

(mo —m)Bo (B.19)
for some 7!t between 79 and 7 and 0 < |51t < |By|. Therefore, combining (B.17)(B.19),

| Exr (Wi, bo, )| < lel || B~ (Bo) BoDagprr (o, m) B~ (Bo) || Imo — ]
+ |eal || B~ (Bo) BoDeapro1 (o, ) B~ (Bo) || Imo — |

where ¢; and ¢y are collections of all other terms, whose norms are bounded by (7.1)—(7.2) and
Lemma B.1. Also ||B~*(8)B|| is bounded for 0 < |By| < . Note that || Dggp11,1(¢o, ™) B~ (Bo)||
and HDggplo,l(l/Jo, Tr)B_l(BO)H can be shown to be bounded for 0 < |3y| < ¢ by differentiating
(B.13) and (B.14) w.r.t. 6, respectively, and applying Lemma B.1. B

Verification of S3(ii)(a): Generically, for A = aa’ where a = (ay, ...,a,) € R% and a1, ..., q,

are vectors,

p
1Al <> llaglf?,

j=1

and for A* = a*a*
14— 4% < [|aa — a*)'|| + ||(a — a*)a”|| < (llall + lla*]) lla — o]
P P
<> (el + flaz ) D_ llas — a5
j=1 J=1
Applying this result to the last inequality below,
[P (w, 01) = pyy (w, ) |

Dypyd,-(01)Dypya,-(01)"  Dypya,:(62) Dyppya,-(02)’ H
DPyd,z (91)2 pyd,z(02)2

<

y,d,2=0,1
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Dyypyd,»(01)  DyyPyd,-(02)

p3

y,d,z=0,1 Pyd,z (91) Pyd,~ (92)
< 2 (H Dupyis) H Dopya.-(0:) D H Dypya(61) _ Dypya.(62) ’
B y,d,2=0,1 Pyd.=(t1) Pyd,=(02) Pyd,=(01) Pyd,=(02)
Dyyppya,z(01)  Dyypya,z(62) ’
+ _
yid=01 Il Pydz (61) Pyd,=(02)
¢ d
< X ; (’ Dy,pyiz(61) ‘ Dy;pya,z(02) ) Zw: Dy, pya,-(61) _ Dy;pya,(62)
= y,d,z=0 1 pyd,z(gl) pyd,z(GQ) pyd’z(gl) pyd,z(QZ)

J=1

Dy pyaz(01) Dy pya,z(62)
Pyd,=(01) Pyd,=(02)

+ZZ

y,d,z=0,1 j,k=1

)

where |1,4,(w)| < 1 is used in the first inequality. Applying the mean value theorem to the

ijpydz(m)
Pyd, 2( GT)

ijwkpydz(w)
Pyd, 2( QTT)

where 67 and 01T lie between 6; and 0, (element-wise). By Lemma B.1, sup,

differential terms,

‘Dl/’jpyd,z(gl) Dy, pya,z(02) |01 — 6|

Pyd,-(01) Pyd,=(02)

‘Dwmwyd,z(%) Dy, Pyd,= (02) 161 — 65

pyd,z(el) pyd z 02

ijpyd,z(e)

Pyd,z (0) < 1

Ddepyd,z(a)

Dy 1y, Pya,=(0)
ey Yy RRTYEEN
Dy, P2 (0) ‘ < ¢ and supy

pyd,z(e)
c1, co and c3, and therefore combining the inequalities,

SUpg

Dy, { H < c¢3 for some positive constants

dy  dg

Py (w,01) = pyy(w, B2)|| < 22012202 161 — 0

y,d,z=0,1 j=1 7=1 k=1

dy  dy
+ 3 > D el -6 (B.20)

y,d,z=0,1 j,k=1 =1

Similarly,

o0 - a2

Depyd Z(el)Dapyd 2(01) Depyd z(aQ)Depyd 2(02)/
Pyd,= (91) Pyd,= (02)

 yda=0,1
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3 Dep}.(61) Doply.(02) |\ || Dap! . (61) B Dyp}..(02)
B y,d,z=0,1 pyd,z(el) pyd,z(92) pyd,z(el) Pyd,z (92)
< X + > -
y.d,2=0,1 525 Pyd,z(al) Pyd,z(92) = pyd,zwl) Pyd,z(92)

DHjP.Ld,Z(e) DGijd7z(0)
pyd,z(e) k pyd,z(e)
constants ¢4 and c¢5, and therefore by applying the mean value theorem as above,

and by Lemma B.1, supg‘ ‘ < ¢4 and supg |Dg ‘ < ¢5 for some positive

de

dy
[ ohotw.00) =l )| < 30 S2es 3 esllor — 6l (B.21)

y7d722071 ]:1 j7k:]‘

By combining (B.20) and (B.21), we have the desired result. B

Verification of S3(ii)(b): For bounding ||r(w, 61) — r(w, 62)]|, the proof is very similar to the
one above with Hpge(w,ﬁl) — pg(,(w,Qg)H. Bounding Hpg(w,éﬁ) - pg(w,QQ)H can also be done

analogously.

Verification of S3(iii): First, M;(w) is finite and does not depend on w, as can be seen from
the verification of S3(ii)(a). Now, since |1,4.(w)| <1

144

E., sup [p(W5, 6)’1+6 < Ey Z sup [1ya.(w) - 10g pya,-(0)|
0€© y,d,2=0,1 0eo
1+6

<| Y supllogpya(0)l :

y,d,2=0,19€©

which is bounded since pyq . () is bounded away from zero for any 6 € © and (y,d, z) € {0,1}
by Lemma B.1. Next,

1)

Eng sup || oy (Wi, 0]
(dS(C]
146
< By Z sup || 1y (w) [_12D¢pyd,2(‘9)D¢Pyd,z(9)/+ 1D¢¢pyd,z(9)] H
yd om0 0€0 Pyd,=(0) Pyd,=(0)
146
< Z Csug{Hszpyd,z(g)pryd,z(e)/H + ”lewpyd,z(g)n}
y,d,z=0,1
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by Lemma B.1, where || Dypyq,.(0)Dypya-(0)| < Z;lil | Dy, pya,=(0)] ? which is bounded by

Lemma B.1, and similarly for ||Dyypyq-()]]. Similar arguments to those used in the verifi-

cation of S3(i)(b) and S3(ii)(a) provide the desired result for the remaining four terms in the

assumption. W

Verification of S3(iv)(a): Note that, when 8y = 0,

Dypyd,-(¥0, ™) Dypyd,z (o, )" Dyypyd,-(to, 77)]

1y ) = z 4 Z
E’Yopﬂﬂ/)(W o, ) > Pya, (6o)o ;0 |: pyd,z(@b(}vﬂ-)z pyd,Z(qu)Ovﬂ-)

’y,d,ZZO,l

B [pryd,z(l/}o, ) Dypya,- (Yo, 7)’
- Z ¢z,0 0
Pyq
_ Z ¢ Opryd,z (¢0> W)pryd,z (¢07 7r)/
— .
ydz=0,1 Py

RO — Dyypyd,- (Yo, 77)]
y7 7Z: b

where the second equality is by (B.6), and the third equality is by (B.15) and (B.16). Let

Myq. = Dypya.(v0, 7) Dypya,- (0, )" and Myg. = Mya./p), so that

Eoopps Wiy b0, m) = ¢p10 So Myg1+doo S Myao. (B.22)
y,d=0,1 y,d=0,1

Let hg(ﬂ') = h3(€107 (30; 7T) and hg(ﬂ') = hg(clo, (20; 7'('). Note that when 8y = 0, the pryd,z(wm 7T)

terms can be expressed as

0 0 0 0
0 0 -1
Dypi10 = NE Dyp1oo = e Dypo1o = y» Dypooo = RE
1 0 —1 0
C (hg(ﬂ'),gl;ﬂ')
0
D = ,
YP11,1 0
1
—Cy (ha(m), C1;7)
prlo,l = )
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and

1 — Cy (hs(m), Ci5m) —1+ Cy (ha(m), (15 m)
1 -1
Dypo11 = 0 » Dypoo1 = . ;
-1 0

where, in D¢p1171 and D¢p10,1>

Ca (h3, Gi;m) + C1 (hs, Gi37) ha g =0,

C1 (h3, C15m) ha ¢y = 1,

ha¢, — Cs (ha, Cr1im) — C1 (he, C1im) ho¢, = 0,
hac, — C1 (h2,C15m) ha g, = 1,

by differentiating the objects in (7.1)—(7.2) w.r.t. (1, (2 and (3 and (B.5).
and ¢é = Cy (ha(7), C10; m) for notational simplicity. Then,

2 00 ¢ @ 0 —¢
000 0 0 0 0
M: 7]\4’:
i 0000 104 —E 0 1
c 00 1 0 0 0
(1-¢)? 1—c 0 c—1 1-¢?2 1-¢ 1
l—¢c 1 0 -1 1—¢ 1
Mor=1 0 o o [Tl s
c—1 -1 0 1 0 0
0000 0000
0000 0000
Mo =  Migo =
MO0 000 0 070 001 0
000 1 0000
0 0 0 0 00 0
0 1 0 —1 01 1
M, - Myoo =
MO 19 0 0 o0 00109 1 1
0 -1 0 00 0
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By Weyl (1912),
Amin(A + B) > Amin(A) + Amin (B) (B.27)

for symmetric matrices A and B. Thus, for (B.22),

Amin (Eropypy (Wi, 10, ) > Amin <¢>1,0 > Myd,l) + Amin <¢>o,o > Myd,o) .

y,d=0,1 y,d=0,1

The second term on the right hand side satisfies Apin | ¢0,0 D Myd@ > $0,0 Y., Amin (Myd’0> =
yvd:()?l y,d:O,l
0 by (B.27), the above expressions for the Myqo’s and since Ayin (Mydp) = Amin (Myq0) = 0
because p(y)d > 0 for all (y,d) by Lemma B.1(v). The first term on the right hand side
satisfies Amin (qﬁm > Mde) > 1,0 A\min ({]\2&171 +M01,1 —i—Moo’l}) by (B.27) and since
y,d=0,1
)\min <M1071) = /\min (M1071) = 0. Now we prove )\min(MlLl + M()Ll + MOOJ) > 0, which
then implies that Amin(Eyoppe (Wi, 10, m)) > 0 as desired since ¢19 > 0 by TC5(ii). Un-
der TC5(i) and by Lemma B.1(v), let a = p{,/p}; and b = p{,/pY, for simplicity. Then,

Myy 1 + Moy g + Moo1 = (M1 + aMoy 1 + bMog 1) /pY, and

M = M1+ aMoi1 + bMoo,1
a(l—c)?4+b(1 =82+ al—c)+b(1—-¢) b(1—¢) —a(l—c)+c

a(l—c)+b(1—-¢) a+b b —a
B b(1 —¢) b b 0
—a(l—c)+c —a 0 a+1

Then one can easily show the following: For the k-th leading principal minor |Mj| and determi-
nant |M| of M,
|Mi] = a(l—c)?> +b(1—¢)%+c* >0,

My =ab[(1—¢)+ (1 —&)* + (a+b)c? >0,
|Ms| = abé® > 0,
|M| = ab [a(2c — 1)* + b(é — 1)*] >0,
and therefore M is positive definite and so is M/p(l)l, i.e., )\min(Mng + ]\Zf01,1 + M00,1) >0. 1

Verification of S3(iv)(b): We divide this proof into two cases: (i) Sy # 0 and (ii) Sy = 0.

61



Case (i): Note that by S3(i)(a),

Eo B~ (50)poo(Wi, 00) B~ (Bo) = Exoppg (Wi 00).

We first show that E.,pgg(w,6p) is positive definite For a positive definite matrix A, P'AP is

also positive definite, provided that P has full rank. Therefore, given Remark 3.1, since the
full vector Jacobian % has full rank by HV16, it suffices to show that ZT(g(p)) is positive
definite where g(6p) = g(h(6p)). Since

dlog fT(w;g(6o)) [ Liio(w) 1111(w) 1o11(w)

oy’ p11,0(60) " P11,1(P0)” " po1,1(o)
we have a diagonal matrix
$0,0 T
p11,0(00) d)O 0 0
1,0
Ty = | T b
$1,0
L 0 0 0 po1,1(0o)

which is positive definite, since all diagonal elements are positive by Lemma B.1. Therefore
E,poo(w, bp) is positive definite Thus, for a nonzero vector a € R% | q E,,poo(w, bp)a > 0, which
implies that, for a nonzero vector @ € R% d’E%pge(w, 0o)a = @' B~ (Bo) Evepoa(w,00) B~ (Bo)a >
0. Therefore E,, pge (w,B) is positive definite.

Case (ii): First note that by (B.12)—(B.14) and (B.23)—(B.26), we can express DGpLd,z("‘/’m m)’s

as follows when £y = 0,

0 0 0 0
0 0 -1
DGPJ{LO =101, DGPJ{O,() = 1], DGP(JSL() = 0 ) DeP(T]o,g = -1 1, (B-28)
1 0 -1 0
| 0 ] | 0 | 0 | | 0 |
[ Ca (h(), C1o5 ) ]
0
Dgply ;= 0 , (B.29)
1

| Cra (h3(m), Cio; ) + Cr2 (hs(7), Cio; ) hax(Ci0, (30, ) |
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—C (ha(m), Cio; )

0
Dgply, = 1 : (B.30)
0
| —Cra (ha(m), Cro; ™) — Ch2 (ha(7), G105 ™) h2.x(C10, C20, ) |
and o ) )
1 -1
1 -1
Doplyy=| 0 | = Daplyy, Deploy=| 0 | = Daply,;- (B.31)
0 0

The remaining arguments are similar to those used to verify S3(iv)(a): Let M ; — Dgpz 4. (60)
x Dop} 4 ,(00) and M, = M, /p%,. Then,

Erophg(Wi, 00) = Exoph(Wi, 00)ph (Wi, 00) = d10 > Mby, +00 > Mpy,  (B.32)
y,d=0,1 y,d=0,1
For notational simplicity, let ¢ = C5 (hs(mg), (10;7m0) and ¢ = Co (he(m), C10; 7). Also let
d = Cra (h3(m0), C10;m0) + C1z2 (ha(mo), G105 70) hax(C10, C30, M) and d = Cra (ha(mo), C10;m0) +
C12 (ha(m0), Ci0; ™0) ha,x(Ci0, 20, m0). Therefore,

[ 2 0 0 ¢ cd] [ (1-¢)? 1—¢c 0 c—1 (c—1)d ]
0 0 0O 1-c 1 0 -1 —d
Mi;=[0000 0/, My,=| 0 0 0 0 0 |,
c 00 1 d c—1 -1 0 1 d
led 0 0 d d&* | (c—=1)d —-d 0 d ]
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@ 0 —¢ 0 cd (1-¢?% 1—-¢ 1—-¢ 0 (¢—1)d
0 0 0 0 1-¢ 1 1 0 —d
Mig,=| -0 1 0 —d|, Mo, =| 1-¢ 1 1 0 -d |,
00 0 0 0 0 0 0 0 0
L éd 0 —d 0 & | é-0)d —-d —-d 0 & |
[0 0 0 0 0] [0 0 0 0 0]
00000 01 0 -1 0
Mijg=100000|, Mig=[0 0 0 0 0],
00010 0 -1 0 1 0
10000 0 0 0 0 0 0|
[0 0 0 0 0] [0 0 0 00
00000 01100
Migo=100 100, Moe=]0110 0
00000 00000
[ 00 00 0] 00 00 0]
By Lemma B.1, in analogy to the verification of S3(iv)(a), since dZ:O 1)\min <M;rd70) = /\min(]\;[gm) =
Yy,a=U,

0, we consider the rest of the sum in (B.32) and apply (B.27). Let a = p{;/p}; and b = pY, /pY,.
Then, MLJ + Mgl,l + MIO,l = (M1Tl,1 + aM(J]rl,l + leTO,l) /Py and

MT =Ml +aM;; +bMfy,

[ a(l—e)2 402+ a(l—c¢) —bé —a(l—c)+c alc—1)d+béd+ cd ]
a(l—c¢) a 0 —a —ad
= —bé 0 b 0 —bd
—a(l—c)+c —a 0 a+1 (a+1)d
| a(c—1)d+béd+cd —ad —bd  (a+1)d (a+1)d? + bd?
For the k-th leading principal minor |M, II‘ of M,

‘MH:a(l—c)2+bé2+c2>O,

‘Mg’ = abé® + ac® > 0,
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‘Mg‘ = abc® > 0,
‘Mi‘ = a’b(1 — ¢)? + abc® > 0,
\Mg\ = ‘MT‘ = ab {a2(1 + (1 —0)H)d® + v?Ed? + A(d* 4+ bd?) + a (((1 —c)? +A)d* + bc%?)} > 0.

Therefore, MSM + MlTOJ + MLJ is positive definite and by (B.27), we can easily show that
)\min(E’Yopge(VVi,eo)) >0. 1

Verification of S3(v): Recall

VT(91502§70) = COU'YO (P;(Wiael)aﬂg(Wia@)) :

But

Covy, (pZ(Wi,Go),pé(Wi,Ho)) = Eyoph (Wi, 00) (Wi, 60)'
= Eyyphy(Wis 00), (B.33)
where the first equality is by E,, pg(Wi, 00) = B (o) Eqypo(w, 6p) = 0 and the second equality

is by the definition of pg(I/Vi,H) and pgg(I/Vi,H). Since Eyopgg(Wm@o) is positive definite from
S3(iv)(b), we have the desired result. B

Define the dy x dg matrix-valued function
0
0
with domain G5 x Iy, where O5 = {# € © : |3] < 0} and

Lo={ya=(aB,¢,m¢) €T :y=(8,(,m¢) €' with ] <4 and a € [0,1]}

for some ¢ > 0.

Assumption S4: (i) K(6;~) exists V(6,70) € Os x T.
(ii) K(0;~*) is continuous in (0,7*) at (6,7*) = ((¢bo, ), 7o) uniformly over 7 € Il V4o € I" with

Bo = 0, where 1)y is a subvector of ~g.

Verification of S4(i): Note that

K(0;70) = 57 Eypyp (Wi, 0)

9
9B
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0 Pyd z(90)¢z 0
= —— B ) ,(0
850y,d,22=0,1 Pyd,-(0) vPud=(?)

Opyd,=(0o) @20
= - : : D Pyd,z 0 s
y,dzo,l 8/30 pyd,z(‘g) o ( )

where 873?’5’7& is the first element of Dy, pyq .(0o) for all (y,d, z), whose expressions are above.

Verification of S4(ii): For

K(m;v) = Ko, m57) =— Y. apydvz(eo) ®20

Dypyd,-(o, ),
ydz=01  O0Bo  Pyd.(tho, ) Pl :

15) 2 (6 > .
let ayd,z(ﬂ', o, ¢1,0) pyg’ﬁo( 0) pydiﬁ(;ﬁom) Dypya,- (1o, ) since ®0,0 = 1—¢1,0. Note that aydvz(w, 0o, ¢170)

is continuous in its arguments by Lemma B.1(iv). We can show that ayq (7, 6o, ¢1,0) is contin-

uous uniformly in 7 € II by applying the uniform convergence result in Lemma 9.2 of ACMLwp
t0 aya, (T, 0n, P1,n) — aya,- (7,60, $1,0), using (i) the pointwise convergence (i.e., pointwise con-
tinuity) above, (ii) ayq,. (7, 6o, ¢1,0)’s differentiability in = with derivatives bounded over 7 € II
by Lemma B.1 and (iii) the compactness of IT (B1(iii) below). B

Next, we impose conditions on the parameter spaces © and I'. Define ©5 = {# € ©* : [3| <

d}, where ©* is the true parameter space for §. The “optimization parameter space” O satisfies:

Assumption B1: (i) int(©) D O*.
(ii) For some § > 0, © D {ﬁ eR% : || < 5} x 20 xII D ©j for some non-empty open set
ZY ¢ R% and II.
(iii) I is compact.

The following general results are useful in verifying B1 and B2 below: for a continuous
function f, (i) if a set A is compact, then f(A) is compact and (i) f~!(int(A)) C int(f~1(A))
for any set A in the range of f, where the latter is necessary and sufficient for continuity. Also

note that by definition, for a proper function f, if B is compact, then f~!(B) is compact. Lastly,
for a function f, if A C B then f(A) C f(B).
Verification of B1: TC3(ii) implies B1(i) since

int(0) = int(h~1(©)) D h~(int(©)) D h~H(O*) = 6,

where the first D is by the continuity of h and the second D is by TC3(ii) and h~! being a
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function. For B1(ii), first note that given TC3(iii),
h1(6) > A ({B eR% . |8] < 5} x 20 x H) S RH6Y).
But h~1(©) = © and
hL(6)) = {9 c 0" h(h) é:;}
- {9 € O : h(h) € 6%, |hi(0)| < 5}
={c O :0cO|p <}
= O3,
where the third equality is by h being a homeomorphism and hj(#) = 3 being the first element
of h. Also, with Bs = {8 € R% : || < §},
ﬁ_l(B(;><Z~0><H):{96@*:71(9)EB5><Z~0><H}
:ng{,ue./\/l*:h(,u)eéoxﬂ}
= Bs x h 1(2° x 10)
= Bs x 20 x 1I,
where M* = {u € R% : § = (3, ) for some § € ©*}, the second equality holds since h(f) =

(B, h(p)) and the last equality holds by TC3(iv). Lastly, B1(iii) holds by TC3(i). W

Assumption B2: (i) I' is compact and I' = {y = (6, ¢) : 0 € ©*, ¢ € ®*(0)}.
(ii) V6 > 0, 3y = (B,¢, m,¢) € I’ with 0 < || 5] < 4.
(iii) Vy = (B, (7, ¢) € T with 0 < || ]| < § for some § > 0, v, = (af,(,7,¢) € I Va € [0, 1].

Verification of B2: Consider B2(i). Under TC4(i), define ®*(#) as ®*(§) = ®*(h(0)). Since
I is compact, ©* and ®*(0) are compact for § € ©*. Thus, ©* = h~'(0*) is compact by the

properness of h. Also given (B.4), we have
*(0) = *(h(0)) = ®* = [0.01,0.99],

which is compact. And therefore I' is also compact. Next, TC4(ii) implies B2(ii). This is
because, V6 > 0, for ¥ = (B, ji, ¢) that satisfies TC4(ii), let v in B2(ii) be v = (8,h1(f1), ¢),
which is in I since (3, /1) € ©* implies (8,h~ (1)) = h='(8, i) € ©*. To show that TCA4(iii)
implies B2(iii), note that for any v = (5,(,m,¢) € I' with 0 < |5| < J for some § > 0,
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5 = (B,h(¢,m),¢) € T. By TCA(iii), this implies that 5, = (a8, h(¢,7),¢) € T Va € [0,1].
Therefore, v, = (aB,h "1 (h((,7)),¢) €. A

Define a “weighted non-central chi-square” process {{(m;70,b) : € I} by

£ 10,) = —5 (Gl 0) + K (3 90)8) H™(37%0) (G ) + K (3 70)8),

where G(m;v) is defined such that G, () = G(-;7), where “ =" denotes weak convergence,
with

Gu(m)=n"'/ Z (P (Wis Yo, ™) = Ey,, py (Wi o0, 7))
i=1

and
H(m;70) = Eyopyy(Wis o, ).

Assumption C6: Each sample path of the stochastic process {£(m;70,b) : m € II} in some set
A(70,b) with Pry(A(y0,b)) = 1 is minimized over II at a unique point (which may depend on
the sample path), denoted 7*(70,b), Vo € I' with Sy = 0, Vb with ||b]| < occ.

In Assumption C6, 7*(7p,b) is random. The following is a primitive sufficient condition for
Assumption C6 for the case where 3 is scalar. Let py(w,0) = (pg(w,0), pc(w,0)’)’. When
B =0, pc(w,0) does not depend on m by Assumption S2(ii) and is denoted by p¢(w, ). For
Bo = 0, define

Py (Wi, ho, w1, m2)" = (pg(Wi, tho, m1)', pa(Wi, o, m2)", pe (Wi, tho)')',
Qa (w1, m2;90) = Covy, (py(Wi, Yo, m1,m2), piy (Wi, tho, w1, m2)")

Assumption C6': (i) dg =1
(ii) Qg(m1, m2;v0) is positive definite Yy, mo € IT with 71 # 79, Vo € T with Sy = 0.
Note that Assumptions S1-S3 and C6' imply C6; see Lemma 3.1 of AC13.

Verification of C61(ii): Noting that D¢pyq (1o, 7) does not depend on 7 when 8y = 0 so that
we may denote it D¢pyq - (tbo), define

Dypya..(tho, 71, 72) = (Dpyd, (Yo, 1), Dppya,= (o, 72)", Depya,=(1o)").
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Then

Qa (1, m2;90) = Eqo (Wi, o, 71, m2) piy, (Wi, 1o, 71, 2)

$2,0
= dmepE Dypyq . (Y0, 71, 72) Dypyq (Yo, T1, m2),
Y,a,2=0,1 Fyd

where the second equality follows from (B.6) and Dypy, . (1o, 71, m2) can be expressed as

0 0 0
0 0 0
Dypi1o= 10 |, Dyploo= 1|0 |, Dypoio=| 1 |, Depyoo=| -1 |,
0 1 0 —1
| 1] | 0 ] | —1 | | 0 ]
[ Cy (h3(C10, €30, 1), Cro; 1) |
Cs (h3(C10, ¢30, 2), C10; 72)
Dypiig = 0 )
0
L 1 .
[ —C5 (ha(Cro, G20, 1), Cros 1) ]
—Cs (h2(C10, €20, 72), C10; 72)
DWﬁO,l = 0 )
1
L 0 .
and - _ -
1 -1
1 -1
prél,l =11~ prfl,h DTZJPSOJ =| -1]- prTO,lu
0 0
L O . L -

using (B.23)-(B.26). The remaining arguments are similar to those used in the verification of
S3(iv)(a): Let My, . = Dypyy (Yo, m1,m2) XDypyy (1o, m1,m2)" and My, = M;d’z/pgd. Then,

Qa(m, mos o) = d1o > Ml + o0 Yo Mg (B.35)
yzd:():l y7d2071
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Let ¢ = C5 (h3(C10,¢30, 1), G105 1), € = Ca (h3(C10, (30, 2), C10; m2), d = Ca (h2(C10, C20, 71), 103 71),
and d = C5 (ha(C10, €20, m2), C10; m2) for notational simplicity. Then,

[ ¢ 0 0 c ] [ (1—¢)? (1-¢c)(1—-¢) 1—c 0 —(1—¢)
cc 2 0 0 ¢ (1—-c)(1-¢) (1-¢)? 1-¢ 0 —(1-29)
Mij; =10 0 00 0|, Mg,= 1-c 1-¢ 1 0 -1 ,
0 0 00O 0 0 0 0 0
¢ & 00 1 | —(1—¢) —(1-¢) -1 0 1]
[d? dd 0 d 0] (1—d)? (1-d(1—d) 1—d 1—d 0]
dd d?> 0 d 0 (1-d)(1-d) (1-d? 1-d 1—d 0
Miy;=0 0 00 0], My, = 1—d 1-d 1 1 0|,
d d 010 1—d 1—d 1 1 0
L 0 0 0 0 0| i 0 0 0 0 0|
[0 0 0 0 0] [0 0 0 0 0]
00000 01 0 -1 0
Miio=10000 0], Mjo=[0 0 0 0 0],
00010 0 -1 0 1 0
(00 0 0 0] 0 0 0 0 0]
[0 0 00 0] 0000 0]
00000 01100
Mijpo=10 010 0|, Mjgp={0 110 0
00000 00000
|00 00 0] (00 00 0]

By Lemma B.1 and similar arguments to those used to verify S3(iv)(a), since dZ:O 1)\min < M;‘ d,o) =
y7 = )

)\min(M(TOJ) = 0, we consider the rest of the sum in (B.35) and apply (B.27). Let a = p,/p,
and b = pf; /pY;. Then, Mgy 1+ My, + My, = (M6k1,1 +aMiy, + le*l,l) /Dy, and

M* = Mgy y + aMip + My,
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ad® + (1 — ¢)? + bc? add+ (1 —c)(1—¢&) +bcc 1—c¢ ad —(1—c)+be ]
add+(1—c)(1 =& +bcc  ad>+(1 =282 +b2 1-¢ ad —(1—2)+bé

= 1—-c 1-¢ 1 0 -1
ad ad 0 a 0
i —(1—¢)+be —(1—¢) +be -1 0 1+0b

For the k-th leading principal minor |M}/| and determinant |[M*| of M*,
|M;| = ad®*+ (1 —¢)? >0,
* 7 Nk o2 2 7 ~\2
M| :a{d(l — o) —d(1 —c)} +b{e(l — &) — (1 - )}’ + ab(de — d&)® > 0,
|M3| = ab(de — dé&)? + ab(dc + dé)* + 4beé(1 — ¢)(1 — &) > 0,

M| = a{ad(1 = ¢ + (1 - (1 - &)}

+ab{(1- &2 + b + ad’@ + (1 — 0)252} > 0,

\M*| = ab [a(dc — e+ {c(1-8) —1-0)) +a {(d(l — ) —dd)?+(1— b)d252}
+ a?d2@ + (1— )21 — &) + b(1 — &2 + b2 + b2 (1 — ¢)? + 2ad?e(1 — c)} > 0.

Therefore, MSLI + Mfo,l + Ml*l’l is positive definite and by (B.27), we can easily show that
)\min(QG<77177r2;w0)) >0. 1

Define a non-stochastic function {n(m;~o) : # € I} by
_ 1 -1
n(m;n0) = =5 K(my0) H™ (m590) K (75 70)-

Assumption C7: The non-stochastic function 7(m; ) is uniquely minimized over = € IT at 7
Vv € T with By = 0.

For By = 0, by (B.15)—(B.16) we can write

¢2,0 apyd 2(00>
K(m;70) = — =" Dy pyd, - (Yo, ),
o1 D)y OB M
®2,0
H(’/T; 70) = Z %pryd,z (¢07 7T>D¢pyd,z (wo, 7T),.
y,d,z=0,1 pyd
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Note that we can partition H () and K (7), suppressing 7o, as

Hir) = [ Hiy(m)  Hia(m) ] Ys 4 K(r) = ( Ki(m) ) tds
Hgl(ﬂ') H22 }dC KQ }dg ’

and note that K(my) = [—H11(m0) : —Ha1(m)’]" by the expressions for K (m;vg) and H(m;70)-

Verification of C7: We first show that, for any 7 € II,
n(m) > n(mo).
For matrices A and B, let A < B denote B — A being p.s.d. Then we can show that
K(m)'H™ (m)K () < Hi1(m0) = K(mo) H ™ (m0) K (o), (B.36)

where the inequality is an application of the matrix Cauchy-Schwarz inequality (Proposition
B.1 below) and the equality holds because K (my) = [—Hi1(m0) : —Ha1(mo)']’; see below for the
proof. Lastly, the weak inequality in (B.36) holds as an equality if and only if pg(W;, ¥, m0)a +
py(Wi,bo, ™)'b = 0 with probability 1 for some a € R and b € R% with (a,b') # 0. Let
Dﬁpgd,z = Dgpyd,- (10, m0) and Dypyq -(7) = Dypyd (o, 7) for simplicity. Then, when Sy = 0

1yd2(Wi)

,ij(Wu?boﬂfo)a+P¢(Wz‘7¢0a7r),b: 0
y,.dz=0,1  Pyqg

[Dﬂpgd,za + Dypyd,- (W)/b] .

But, it is easy to see that a (1 4 dy) x 8 matrix (suppressing = in Dypyq .(7) and letting
h370 = hg(ﬂ'()) and h270 = hg(ﬂ'o))

Dﬁp(l)l,l D,Bp(ljo,l DBP8171 Dﬂp80,1 Dﬁp(fl,o Dﬁp(fo,o Dﬁpgl,o Dﬁpgo,o
Dyp111 Dyprog Dyporn Dypoo,ir Dypiio Dypioo Dypoio  Dypooo

[ Cs(h3,0;Cro,m0)  —Ca(hayo,Cio;m0) 1 — Ca(hso,Co;m0) —1+4 Ca(hap,Cosm) 0 0 0 ]
Ca(h3;Ci0,m0)  —Calha, Cio;m0) 1 —Ca(hs, Co5m0)  —1+4 Ca(ha,Cio5m) 0 0 0 0
= 0 0 1 -1 00 1 -1
0 1 0 -1 o1 0 -1
i 1 0 -1 0 10 -1 0

has full row rank (i.e., rank of 1 4 dy) except when 7 = 7, since

Cy (hs(m), Cro; ) # Ca (hs(mo), Cro; m0)
Cy (ha(m), Cro; ) # Ca (ha(mo), (103 70)
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for ™ # my. This can be shown by modifying the proof of Lemmas 3.1 and 4.1 of HV16 under
Assumption TC2, which yields

0C5 (h3(m), Ci;m) JOm = Cra (hg(m), C1;m) + Chz (hg(m), 15 m) hs x(m) < 0

and
Cra (ha(m), (15 7) + Cr2 (ha(m), (13 7) hox (1) < 0.

In fact, he or hg can be seen as uj in Lemma 4.1 of HV16. Therefore, there is no (a,t)
with (a,b’) # 0 such that Dﬁpgd,za + Dyplq . (m)b = 0 for all (y.d, z) € {0, 1}3, which implies
that there is no (a,b’) with (a,b’) # 0 such that pg(W;,¢o, m0)a + py(Wi, o, )b = 0 with
probability 1. In other words, the equality holds uniquely at m = my so that for any 7w # g,
Pr(c (ps(Wi, 1o, 0), pp(Wi, tho, 7)) = 0] < 1 for all ¢ € R¥+4 with ¢ # 0 and thus the
inequality in (B.36) is strict. B

Proposition B.1. Let z € R? and y € RY be random vectors such that E ||z]|* < oo, E ||ly||* <

oo, and Eyy' is nonsingular. Then
(Exy') (Eyy')71 (ny') < Exa’.
For our verification proof, taking « = pg(W;, 1, mo) and y = py,(W;, 9o, ), we have

Esyy' = H(m),
E,Yoazx/ = Hyi(mp),
—Eyzy = — (E,myaz/)/ = K(m).

Proof of Hii(my) = K(mo) H (mg)K(m): Define a 4 x 4 block-diagonalizing matrix

Alr) = 1 —Hip(r)Hyy'
03 I3 '

Then,

K (ro)' H ™" (ro)K (ro) = K (ro)' A(r) [A(r) H (ro) A(r)] ™" A(r) K (ro)

= (=1)?[H11(ro) : Ha1(ro)'JA(r) [A(r) H (ro) A(r)] " A(r) ZIH(TO) ]
21(r0)
= [Hu1(ro) — Hi2(ro) Hay' Ha1(ro) : Hai(r0)'] [ Hiy (7o)~ (11 ]
0 H22
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o | Hilro) = Hiz(ro)Hyy Ho1 (7o)
Ha1(ro)
01+ Ha(ro) H [ Hua(ro) - fgl(:ﬁg{;ﬂfzm(m) ]

= Hy1(ro),

where the second equality is due to the fact that K(rg) = [—Hi1(ro) : —H21(ro)']" and Hiy(ro)
is implicitly defined. We also use the symmetricity of H(r) in this derivation. W

Define the following quantities that arise in the asymptotic distribution of 0,, and the test
statistics we consider. Letting S, = [Id »  0d, ¢X1] denote the dy, X dg selector matrix that selects
1 out of 6:

Q(m1,m9370) = SV (0, m1), (Y0, 12);70) Sy
T(6570) = By (Wis 6),
V(8;70) = VT(8,0:7),

and

J(v0) = J(00;70),
V(70) = V(o3 70)-

Note that
J(v0) = V(1)

by (B.33). Define
2(0;90) = J 1 (0;70)V (0;70) T (0570)

and
Y(m57) = X(%o,T570)-

Assumption V1: (i) jn = fn(@\n) and 17” = Vn(é\n) for some (stochastic) dy x dy matrix-valued

functions J,, (#) and V,,(6) on © that satisfy SUPgco Hjn(ﬂ) — J(6; 70)H —p 0 and supycg ‘ V(6) — V(8; ’yo)H —p
0 under {v,} € I'(70,0,b) with [|b]| < coc.

(ii) J(0;70) and V' (0;~p) are continuous in 6 on © YV € I" with 5y = 0.

(iil) Amin(E(m570)) > 0 and Apmax(X(7m5790)) < 0o YV € I1, Vo € T with Sy = 0.

74



Verification of V1(i): We define the following:

~ 1< 1<
In(0) =~ phg(Wi,0) = = > o (Wi, 0)pj(Wi, 0)
i=1 1=1

= - Z 1 dz(Wz)
n ;y,d,z:o,l Y Pyd,=(0)?

9

where Dgp;; 4..(00) are defined above. Also,

~

1 n
Va(0) = = ph(Wi, 0)pj (Wi, 0)'
i=1

IS g 2D O
N v,d,z=0,1 Y Pyd,-(0)?

= J,.(0).

The rest of the proof follows from the uniform law of large numbers in Lemma 9.3 of ACMLwp

with Assumptions S1 and S3 and © being compact. H

Verification of V1(ii): The continuity follows from the fact that the first and second deriva-

tives of pyq.(6) are continuous by Lemma B.1(vi). B

Verification of V1(iii): Note that

S(m;90) = I (o, m570)V (%0, T3 70) T (%0, m590) = V%o, 5 70)

since V (vo, m;790) = J (%o, 7;70). This is because

V(’QZJOvﬂ—;fYO) = CO’U’YO (Iog(Wquv W),PL(Wi,¢077)> = E’Vopg(meO?ﬂ)p;(Wla w()v 7r),
= By phy(Wis 0)

where the last equality holds since pgg (w,8) = pg(w, 0) pg(w, ), and the second-to-last equality

holds since

Enopl(Wi, o, ) = — Py 1<z>z,oD9pLd,z(wo,7r>
y7 7Z:7
=— ¢0,0D9p:,];d70(¢077r)_ > ¢1,0D9pzd,1(¢0,7f)
y:d:():l yud:()’l
=0.

Now, for the first part of V1(iii), note that since each element of the vectors in (B.28)—(B.31)
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are bounded by TC2(iii) and B2(i), the elements of the matrix

V (%0, m5790) = Enop(Wis 00, ) ph(Wis o, ) = 30 90

DepLd Z(¢0, W)Depzd Z(wo, )
y,d,z:O,lpyd,O ’ ’

are bounded. For a d x d matrix A, Z?:l Al < Z?,jﬂ |A;;| where the \;’s are A’s eigenval-
ues and the A;;’s are A’s elements. Therefore, Amax(V (¢0,7;70)) < oo. This implies that
Amin(V " (%0, 757%)) > 0. By Lemma B.1, the proof of the second part is similar to the
proofs of S3(iv)(b) and S3(v) and we can show that Apin(V (%9, 7:;70)) > 0, which implies
that Amax (V" (20, 7570)) < oo. W
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Figure 1: Threshold Crossing Model Parameter Estimator Densities when b = 0
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Asymptotic (blue) and finite-sample (red, n = 1000) densities of the estimators of 3, C, 73, 7
and 7y (left-to-right) in the Threshold-Crossing model when ¢y = 0.2 and 7 = (0.6,0.4,0.4).

Figure 2: Threshold Crossing Model Parameter Estimator Densities when b = /n0.1
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Asymptotic (blue) and finite-sample (red, n = 1000) densities of the estimators of 3, C, 73, 71
and 7y (left-to-right) in the Threshold-Crossing model when (o = 0.2 and 7 = (0.6,0.4,0.4).
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Figure 3: Threshold Crossing Model Parameter Estimator Densities when b = 1/n0.2
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Asymptotic (blue) and finite-sample (red, n = 1000) densities of the estimators of 3, C, 73, 7
and 7y (left-to-right) in the Threshold-Crossing model when ¢y = 0.2 and 7 = (0.6,0.4,0.4).

Figure 4: Threshold Crossing Model Parameter Estimator Densities when b = /n0.4
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Asymptotic (blue) and finite-sample (red, n = 1000) densities of the estimators of 3, C, 73, 71
and 7y (left-to-right) in the Threshold-Crossing model when (o = 0.2 and 7 = (0.6,0.4,0.4).
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Figure 5: Wald Statistic Densities for the Threshold Crossing Model when b = 0
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Asymptotic (blue) and finite-sample (red, n = 1000) densities of the Wald statistic for the
parameters 3, ¢, 73, M1 and 7y (left-to-right) in the Threshold-Crossing model when (y = 0.2
and 7 = (0.6,0.4,0.4), with a x? density overlay (black line).

Figure 6: Wald Statistic Densities for the Threshold Crossing Model when b = /n0.1
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Asymptotic (blue) and finite-sample (red, n = 1000) densities of the Wald statistic for the
parameters 3, ¢, 73, M1 and 7Ty (left-to-right) in the Threshold-Crossing model when (y = 0.2
and 7 = (0.6,0.4,0.4), with a x3 density overlay (black line).



Figure 7: Wald Statistic Densities for the Threshold Crossing Model when b = /n0.2
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Asymptotic (blue) and finite-sample (red, n = 1000) densities of the Wald statistic for the
parameters 3, ¢, 73, M1 and 7y (left-to-right) in the Threshold-Crossing model when (y = 0.2
and 7 = (0.6,0.4,0.4), with a x? density overlay (black line).

Figure 8: Wald Statistic Densities for the Threshold Crossing Model when b = /n0.4

Asymptotic (blue) and finite-sample (red, n = 1000) densities of the Wald statistic for the
parameters 3, ¢, 73, M1 and 7Ty (left-to-right) in the Threshold-Crossing model when (y = 0.2
and 7 = (0.6,0.4,0.4), with a x3 density overlay (black line).
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