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Abstract

We develop a general equilibrium model of multiproduct firms with quality dif-
ferentiated goods. Households are characterized by an heterogeneous taste for the
differentiated good and their income level. The use of non-homothetic preferences
and vertical product differentiation (product quality) enables us to analyze how dis-
tributional changes in income affect the number of vertically differentiated firms, their
product range and prices in the presence of strategic interaction across firms. The
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1 Introduction

In this paper we complement the growing literature of multi-product firms in interna-
tional trade by introducing non-homothetic preferences and vertical product differentiation
(product quality) in a general equilibrium framework. This allows us to analyze how in-
come distribution affects the number of vertically differentiated firms, their product range
and prices. The study of such income distributional effects has been neglected in the lit-
erature of multi-product firms due to the reliance on the assumption that preferences are
(quasi)-homothetic.! Our paper therefore provides an important contribution that will help
understand changes in the industrial structure within an international environment.

There is ample empirical evidence that shows that the income elasticity of demand
varies across vertically differentiated products — a feature inherently ignored under homo-
thetic preferences. Broda and Romalis (2009), for example, show that poorer households
consume disproportionately more goods of low quality. Moreover, there is a growing body
of empirical research in international trade that documents systematic patterns of vertical
specialization.? Not only do richer countries export disproportionately more goods of high
quality, they also import disproportionately more high quality goods (Hallak, 2006 and
Khandelwal, 2010). Moreover, price variations within the same product categories between
rich and poor countries reveal that richer countries command higher unit values for their
exports in comparison to exports of poor countries (Schott, 2004 and Hallak and Schott,
2011), suggesting that the quality of exports is correlated with the per capita income of
the home country.

In the demand framework considered in this paper, households consume two goods: a
homogeneous and a vertically differentiated good (see also Fajgelbaum et al., 2011). The
decision process of a household to buy one unit of the differentiated good among a set of
mutually exclusive alternatives is modeled using the theory of discrete choice based on a
random utility formulation (McFadden, 1978 and Ben-Akiva et al., 1993). Specifically, the
process of buying a specific brand is modeled as a sequence of nested-logit models with the
quality choice at the first stage and the choice of firm and particular brand from that firm

at subsequent stages;> multi-product firms are assumed to offer more than one product of

!Early work on multi-product firms can be mostly found in the industrial organization literature, for
example, Brander and Eaton (1984), Anderson et al. (1992), Johnson and Myatt (2003), and Allanson and

Montagna (2005).
?Earlier studies include Hunter and Markusen, (1987), Hunter (1991) and more recently Fieler (2011).
3Similar ideas were used by Berry, Levinsohn and Pakes (1995), Goldberg (1995) and Verboven (1996)

to estimate the demand in various car markets.



the same quality level.* The multinomial logit structure allows for differences in the degree
of substitutability across goods with consumers considering varieties from a particular firm
as closer substitutes than varieties with the same quality from other firms.’

We assume an oligopolistic market structure (see also Eckel and Neary, 2010 and An-
derson and De Palma, 1992) where firms have to choose both the price and range of brands.
We allow for free entry and exit into the differentiated goods market. The implied strategic
interaction across firms within the same quality sector ensures that the equilibrium number
of firms, the number of products per firm, and the price of a variety is responsive to changes
in the income distribution. In the absence of strategic interaction (monopolistic competi-
tion), any changes in the environment are exclusively linked to changes in the number of
firms (Schafgans and Stibora, 2012). We complement the strategic inter-firm competition
with strategic intra-firm competition — also known as the cannibalization effect — one of the
most defining feature of multi-product firms, where firms coordinate their pricing decision
across its product range.’

The coexistence of multi-product firms that internalize demand linkages in the presence
of non-homothetic preferences permit a fruitful discussion of changes in industrial structure
to income changes and size of the economy. Specifically, we show that in autarky an
increase in income (first order stochastic dominance) and a mean preserving spread lead
to a larger number of high-quality firms, each producing a larger number of products at
a smaller scale with lower prices in the long-run equilibrium. The opposite occurs in the
low-quality sector and the differentiated goods composition therefore clearly shifts towards
high-quality brands. When the number of low-quality firms exceeds that of high-quality
firms, an increase in the size of the economy is more likely to be accompanied by a shift
in its composition to the high-quality firms the more dissimilar consumers perceive the
brands and firms of high and low-quality goods to be. In the open economy setting, under
complete specialization in quality, lower trade costs for a particular differentiated good
unambiguously increases the number of firms and brands of that differentiated product
with the firm expansion effect dominating the product line expansion when the initial

number of firms is sufficiently large. In the case where both countries produce the same

4In Schafgans and Stibora (2013) we develop a model that considers the alternative strategy in which

firms produce multiple products of different quality.
’Dhingra (2013) also allows for differences in the degree of substitutability using a variation of the linear

quadratic utility function. In a multi-product model, Bernard et al. (2011) use CES preferences for this

purpose.
6Cannibalization is also present in Eckel and Neary (2010) and Dhingra (2013), arising respectively

from strategic inter-firm interaction in a oligopolistic market and strategic intra firm competition in a

monopolistic competitive market.



differentiated product, our analysis is much more complex (and consequently yields more
ambiguous findings) in part due to the so called relative price effect. It measures the impact
arising from a change in relative prices of domestic and foreign competitors as a result of the
relative change of the number of brands in both countries. Despite its analytical intricacies,
these results are of empirical relevance.

The remainder of the paper is structured as follows. In Section 2 we develop the
framework in autarky. In Section 3 we discuss the properties of the short and long-run
autarky equilibrium and provide conditions for a unique and stable long run equilibrium
in which firms produce multiple varieties in low and high quality goods markets. We also
discuss the welfare implications of a change in the population and the income distribution.
In Section 4 we extend the model by considering an open economy with two countries
that, in the presence of trading cost, may engage in trade in the differentiated products.
Section 5 concludes. Technical details are provided in Appendix A (autarky) and B (open

economy).

2 Model

Let us analyze a general equilibrium model of multi-product firms with vertically differen-
tiated goods and households that differ in income and taste in a closed economy setting.

Individuals consume two goods: a homogeneous good (z) and an optimally selected
good from a finite set of mutually exclusive differentiated goods. We let the differentiated
goods sector consist of two different qualities: a high-quality, ¢y, and a low-quality, q,
where qg > qr. In each quality there are n; > 1 firms each producing m; > 1 varieties, for
1= H, L.

Labor is the only factor of production and is inelastically supplied in a competitive
market. The homogeneous good is produced with one unit of effective labor per unit
of output which is also supplied in a perfectly competitive market. The unit price of
the homogeneous good therefore equals the wage rate and we use the wage rate as the
numeraire.

On the demand side, we assume there is a continuum of households each endowed with
a different skill level generating a non-degenerate income distribution. Each household
is assumed to have sufficient income to purchase the homogeneous good and at least the
lowest quality of the differentiated good. We denote the income distribution by F,(y), so
that F,(y) is the fraction of the N households with income less than or equal to y and
N f , de ) the total supply of labor. We next consider how a consumer selects one

unit of a Varlety of quality ¢;, for i« = H, L, from the total set of varieties in order to



maximize utility, given prices and characteristics of all available commodities.

2.1 Demand

Consider household h that consumes z units of a homogeneous good and one unit of a
differentiated good k of quality ¢;, with ¢ = H, L. Following Fajgelbaum et al. (2011) the
utility attained from consuming a combination of the homogeneous and differentiated good

is assumed to have the following form’

U?k = 2¢; + V?k' (1)

The term v/ is a residual that describes among others the idiosyncratic valuation of house-

hold A of product k& with quality . It is specified as

h h h h
Vi = i€ + Mir€ip + Mi€ifps

where the subscript f refers to firms and k to a brand provided by firm f. The &" terms
are household-specific shocks of which ¢; is a quality shock; €;¢ is a firm-specific shock and
eisr denotes a taste-for-brand shock. The p terms measure the degree of heterogeneity: p;
measures the degree of heterogeneity between the two quality groups; j1;; measures the de-
gree of heterogeneity among firm in the same quality group; p,;, measures the heterogeneity
among products from the same firm. The larger p,, the greater is the degree of hetero-
geneity among different quality goods and when p, approaches zero, consumers consider
products of different quality as perfect substitutes.

Given household h’s income, 3", and the price firm f charges for good k of quality
Gis Difk, @ household chooses the differentiated variety of quality ¢; that yields the highest
utility. The remaining income (y" — p; ;1) is spend on the homogeneous good z. The deter-
ministic part of the utility function exhibits a complementarity between the homogeneous
and differentiated good that leads to the non-homotheticity in the aggregate demand: the
marginal utility of quality increases with higher consumption of the homogeneous good z.
A richer household that spends a larger fraction of its income on the homogeneous good z
experiences a larger marginal utility of quality.

We assume that the distribution of €', &]; and &, is such that the disturbances 11},
1y fe?f + uiksﬁfk and el + fs?f + ,uike?fk are distributed independently and identically

across the population according to a generalized extreme value distribution. As shown by

"Di Comte et al. (2014) consider also idiosyncratic consumer taste using a quasi-linear model where
the differentiated good enters with a quadratic sub-utility allowing for horizontal and vertical product

differentiation. However, their focus is very different from ours.



McFadden (1978) and Ben Akiva et al. (1993), the distributional assumptions about the ¢’s
allow us to model consumer’s choice as a sequential process in which first the quality level ¢;
(or also known as ‘nest’) is chosen with (marginal) probability p,, then, conditional on the
choice of quality, a particular firm is chosen with probability py;, and, finally, conditional
on the choice of firm, a particular brand is selected with probability py, ;. Hence, the joint
probability that a consumer endowed with income y chooses brand k of quality ¢; sold by
firm f can be expressed as the product of two conditional probabilities and the marginal

probability, namely,
piflc(y) = Pxli,f " Prli° 0i(y)- (2)

The three choice levels are described by logit models and are given by

e—pz‘fk'(h//%‘k e_pifk'ql'//%‘k
Prli,f = 2”:”‘1 e~ Pifh @/ ik - elis/ ik (3)
elir/tiy elif /i
Prie. = Z?L:1 elii/tiy - eli/bis (4)

e aitli)/n;
) = S (5)

with m;; representing the number of products of firm f with quality ¢, n; denoting the
number of firms in quality class ¢ and w the number of quality classes (as i = H, L we have
w = 2). The sequential decision process is illustrated in Figure 1. I;; and I; are so-called

inclusive values that are given by

mif n;
Lip = p, In [Z epifh'qi/ﬂm] , Li=p;n [Z efw/ﬂif] i=H,L. (6)
h=1 j=1
The inclusive values convey information from the lower level (nest), for example, the choice
of a particular brand from firm f, to the higher level, the choice of firm of quality g;.
For example, [;; measures the expected utility that household h receives from the choice
among alternative brands offered by firm f. Likewise, I; is the expected benefit household
h attains from the choice among the alternative brands offered by firms offering goods of
quality ¢;.”

The various parameters denoted by p measure the degree of correlation among al-
ternatives within a subgroup, with a larger p indicating less correlation between the er-

ror term ¢. The nested logit model is consistent with random-utility maximization for

8Even though households may not actually make decisions sequentially, the structure generates reason-
able correlation patterns among unobserved (by the econometrician) factors across the alternatives needed

to study household decision processes, see Goldberger (1995).
9See Train (2003), chapter 4 for a detailed discussion.
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Figure 1: Demand side

0 < py, < pyp < p; < 1. Without loss of generality we set p; = 1,1 = H, L. The parameters
pi and pi;r can be interpreted as measures of intra- and inter-firm heterogeneity respec-
tively and can be inferred from the calculations of two cross price elasticities. Assuming
there are n; firms in quality class i, each selling m; varieties at price p;, the cross price
elasticity of demand for brands from different firms in quality class i is p;q;/nimp, , while
the cross price elasticity of demand for brands from the same firm in quality class ¢ equals
(piqi/mimq)[ni/ pag, — (ni — 1)/p;4]. The two cross price elasticities are equal if p1,; = i
In this case, brands and firms cannot be distinguished — equal intra- and inter-firm het-
erogeneity — and the nested logit model reduces in essence to the model of Fajgelbaum
et al. (2011). When p,; > ji;, the latter elasticity is larger than the former implying
that consumers consider brands from the same firm as closer substitutes to each other than
brands of the same quality offered by a competitor.

The error term v% in (1) implies that not every rich household chooses to buy a higher
quality good nor does every poor household fancy a low-quality one. However, one should
expect that richer households on average consume more the higher quality good (i.e., the

probability of consuming the higher quality good rises with income). Looking at equation



(2) this key property of non-homothetic preferences is satisfied if

L Oppply) 1 oruly) _ (7)

Pum(y) Oy pu(y) Oy
& qu — qa(y) > 0,

where ¢,(y) = py(v)qu + pr(y)qr is the average quality consumed by households with in-
come y. The share of households who purchase the higher quality good, therefore, increases
with increasing income at all income levels if and only if ¢y is larger than the average qual-
ity consumed by households in this income group. Since we consider two quality classes
(qg > qr), we require qg > q,(y) > q, for all y.

With N the total number of households in the economy, the aggregate demand for
variety k of quality ¢; offered by firm f is

o0

dip, = N Pigr(y)dFy(y) (8)

Ymin

= Npki,f'pfi'/ pi(y) - dFy(y)

Ymin

= Npk\i,f Pyl E[Pz(y)]

where 9, is the minimum income of the poorest household in the country. By definition
Elp;,(y)] = f;o, pi(y)-dF,(y) denotes the expected value of p,(y) with respect to the income
distribution Fy(y).

2.2 Costs and profits of multi-product firms

The nested logit model is used to characterize the demand perceived by a firm which sells
multiple products of the same quality. We assume that varieties offered by the same firm are
closer substitutes than varieties of the same quality offered by different firms. To this end
we require the intra-firm heterogeneity, y;., to be smaller than the inter-firm heterogeneity,
fi; g, for all 4.1

There are n; firms in each of the differentiated goods industries, for : = H, L. A firm in
industry ¢ can produce any number m;s > 1 of varieties subject to three types of cost, all
measured in terms of labor. First, there is a fixed overhead cost of K; the firm must bear
irrespective of the number of products offered. Second, a firm has to pay a brand-variety

fixed cost of F;. This cost might represent the price of acquiring a patent or the marketing

10See Dhingra (2013) for references citing empirical evidence: e.g., using supermarket data Broda and
Weinstein (2010) find that various brands of the same company are closer substitutes than brands across

different companies.



of the product. Finally, a firm incurs a constant marginal cost ¢;. The total profit function
of a firm producing m; variants of quality ¢; at price p;s; per variety therefore is

Hif:Z(pifk—ci)difk—ﬂmif—ffi fori=H, L (9)
k=1
where d;; is defined by (8). Each firm has to make a decision about the price structure
and the number of products maximizing profits.
Next, we derive the multi-product firm equilibrium given the nested demand structure.

We make use of results obtained in Anderson and de Palma (1992) for multi-product firms.

2.3 Product range and pricing of multi-product firms

We assume that firms play a sequential game: in the first stage a firm decides to enter one
of the two quality markets; in the second stage, active firms decide how many variants to
produce before the price structure is determined.!! We solve the game recursively starting
with the short-run equilibrium analysis were the number of firms in each market is taken
as given. In the long run, firms are allowed to enter or exit depending on their profitability.
The analysis is simplified by considering a symmetric equilibrium in which firms of quality
¢; supply the same number of varieties.

Starting with the short-run equilibrium analysis we make two assumptions with regard
to the price setting behavior of firms. First, we assume that a firm coordinates its pricing
decision across its product range, which is also known as cannibalization. Second, we
assume that the market structure within each industry is oligopolistic but that there is no
strategic interaction between markets of different quality. This implies that firms take p;,(y)
as given.!'?

Removing the strategic interaction among firms producing goods of the same quality,
that is assuming monopolistic competition instead, generates an equilibrium of limited
interest because neither a change in the income distribution nor a change in the country
size, N, would impact the price or the range of varieties produced per firm. While we
assume strategic interaction within markets, across markets of different quality there is no
strategic interaction which allows us to apply the results of Anderson and de Palma (1992)
for i = H, L separately. We provide the necessary details here to fit our general equilibrium

framework.

"Eckel and Neary (2010), on the other hand, assume a single-stage Cournot game.
12Bernard et al. (2011) and Mayer et al. (2014) assume there is no strategic interaction within and

between firms. Eckel and Neary (2010), in a one sector economy, allow for strategic interaction across firms

in a single market.



To solve for the price subgame, we make use of the partial derivatives: Jpy; ; /Opifk
= —Qi/Mik[Pk\i,f(l - pk\i,f)]a aPf|i/310ifk = (Qinn(Pf\z‘ - 1)Pk|i,f)/ﬂifa and aph\i,f/apifk =
@i/ 1k [Prpi,Prji,p)- The first order condition of (9) with respect to p; yields

M M
(pifk - Cz‘) = —k +[1- (1 - pfi):| Z (pifh - Ci) Phli,f (10)
q; i ¢ b1

for k € myy, f € ny, and @ = H, L. Since fi;; > fi;;,, the mark-up of the price over marginal
cost is positive. Clearly, the mark-up is the same for all brand varieties, so that p; s = piy.
The presence of the probability weighted summation of all brand mark-ups in (10) reflects
the cannibalization effect: a reduction in the price of one brand leads a reduction in the
prices for all other brands supplied by the same firm.

Since we are interested in a symmetric equilibrium in the second stage, we consider the
case where all firms except firm f have m; > 1 brands while firm f has m;; > 0 brands so

that the mark-up over marginal cost simplifies to

iy 1
(pif — i) 1 — (11)
/ di (1_pf|i)
pi—c) = ML with £ f (12)
! qi (1_pj|i)

for i = H, L. In contrast to Fajgelbaum et al. (2011), the absolute mark-up depends not
only on u,, and the quality class g;, but also on py;, the conditional probability that firm
f will be chosen given that a consumer decided to purchase quality 7. The presence of p;
in the pricing strategy implies that the mark-up depends on the number of firms producing
quality 2. The number of active firms in the differentiated sector 7, in turn, depends on the
income distribution, as we will demonstrate further below.

As is apparent from equations (11) and (12), the parameters s, and ¢; affect the mark-
up in opposite direction. On the one hand, a smaller value of y,; leads to a reduction in the
mark-up over marginal cost as variants from firms in the same quality group are consid-
ered to become closer substitutes in the eyes of consumers, rendering varieties more price
sensitive, all else being the same. On the other hand, a lower ¢;, ceteris paribus, reduces
the marginal utility from consuming the homogeneous goods (as implied by equation (1)),
rendering differentiated varieties less price elastic.

Following Anderson and de Palma (1992), we recognize p;; = p; for all j # f and express



the conditional probabilities py; and p;; used in (11) and (12) as

- (1mig )/ 4ss expl—pisdi/ pif) (13)
oo (ni = 1) (mg)#x/as expl—pigi/ ig) + (mig)F/#s expl=pisgi/ i)
()l ¥is expl—pigs/ iy

(ry — 1) (my)Haw/tis exp[—piqi/ ;s + (mz’f)“““/’”f ef’ip[—]!?z'fqz'/Mif]7

Pijli (14)
J € n; with j # f, for i = H, L. Equation (11) then provides a unique p;; given p;; = p;,
while equation (12) provides a unique p; for given p;;. The proof of existence of a unique
price equilibrium (p;s,p;) of the subgame at which firm f has m,;; variants and all other
firms have m; variants then directly follows from Anderson and de Palma (1992). Their
proof is based on the fact that the difference between (12) and (11) can be expressed as

G, = —
(n; —2) + M; exp s; (n; — 1)

with s¢ = (pi — pif)qi/pip and M; = (mif/mi)(“““/“if) , which has a unique solution in »; as

the left hand side of (15) is increasing in s; while the right hand side is decreasing in ;.

We now turn to a firm’s optimal choice of number of varieties. To this end, consider
firm f that sells m;s variants at price p;¢, while its closest (n; — 1) competitors offer m,
brands at a price p;, for : = H, L. As before, we abstain from strategic interaction between
sectors of different quality and can therefore treat each quality ¢« = H, L, symmetrically. At

the second stage, the profit function of firm f is

Tif = (Piy — ¢4) pr|iE[pi(y)] —mipF; — K, (16)
where p,(y), using the above notation, simplifies to
M; exp »;
= ) 17
Prii (n; — 1) + M; exp 5 (17)
Given the pricing strategy (11), the profit function can be expressed as
_ N Mif mz’f (.u‘ik/.u‘if)
i = o LB ) () expos = )
The first order condition with respect to the scope of production, m;y, is:
N ; m; (g /i) ) 1 a%l
—ufE[pi(y)]( f) exp {””“ +—} — F; =0,
(ni —1) g i fif Mip  Omyg

where 0s;/0m;; captures the effect a change in m;; has on competitors’ prices. Evaluating

the first order condition at a symmetric equilibrium, where m;; = m;, yields

NEE Bl ()] {

” } = m;F;. (19)



Since E[p;(y)] is a function of my and my, equation (19) for i = H, L provides a system
of equations that implicitly defines the equilibrium number of brands per firm given the

number of firms.

3 Autarky Equilibrium

3.1 Short-run autarky equilibrium

Analogous to Anderson and de Palma (see proof in Appendix 7.10.4 of Anderson et al.
1992), it can be shown that mp; = my, is the number of brands that maximizes firm f’s
profits for quality qr,, given all other low quality firms choose m;, and all high quality firms
choose mpy. At a symmetric equilibrium, where firms offer the same range of brands and
charge the price for each brand, aggregate demand for a typical brand of quality ¢; offered

by firm f can be expressed as

0 Elo. 20
1= Bl (o) 20)
with Hif o 1
E[pz-(y)]ZE[ ——— ’ =
nl;-[HmeHHk Gy (y,nm) + ”lszmliqubL(y’ n)
where

@iy, mi) = exp [(y —¢i)qi — uf(n"—_l)} , (22)
and corresponding equilibrium prices (here p 71 simplifies to 1 /n;)

Hip 1y
q‘f—n . (23)

pi = ¢+

The term ¢;(y, n;) captures the effect of income and price on the probability of choosing a
good of quality ¢;, for ¢ = H, L. The price effect works through a change in the number
of firms. An increase in the number of firms producing quality, say ¢y, lowers the price for
these varieties relative to the price of high-quality brands thereby making it more likely
that the fraction of households purchasing low-quality goods increases.'®> This contrasts
with Fajgelbaum et al. (2011), where this additional price effect is absent due to their
assumption of monopolistic competition.

The short-run autarky equilibrium of the two stage product range and the subsequent
price game, with n; firms each choosing m; varieties given by (19) and then charging a

price given by (23), is illustrated in Figure 2. The short-run equilibrium is unique with

I3For strictly positive p; ¥ /qi, as n; — 0o, we are back in the monopolistic competition setting, where

the mark-up of the price over marginal cost is constant (positive).
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Figure 2: Short-run autarky equilibrium

my > 0 and my > 0." The my; and mypy curves show combinations of m; and my for
which the first order conditions (19) are satisfied. The two curves are negatively sloped as
an expansion in the product range of a firm in one quality sector requires the reduction in
the product range of a firm in the other product class to preserve profitability.

Before turning to the long-run equilibrium, where the number of firms are endogenous,
we first discuss how the short-run equilibrium is related to the population size, the income
distribution and the number of firms.

An increase in the population size, IV, will lead to an increase in the optimal scope m;.
In terms of Figure 2, both my; and myy curves shift to the right. When 5, = 117, the
number of brands, m;, increases equiproportionally since the perceived differences among
the various brands across quality classes are the same, while the number of brands offered
by firms with low-quality increases relatively more, my < My, when gy, < pi7,.'> The
quantitative effects are given in equations (A.7) and (A.8) in Appendix A.

To evaluate the effect of a change in the income distribution, we consider two popular
scenarios: first, we shift the cumulative income distribution, F,(y), downwards (so that the

new distribution has first-order stochastic dominance over the former) and second we shift

14The short-run equilibrium is unique and stable as the determinant of the coefficient matrix given in
equation (A.3) in Appendix A is always positive.
15 A circumflex above a variable denotes a proportional change, i.e. m = dm/m.

12



the cumulative income distribution in such a way that the weight is shifted from the center
towards the tails while holding the mean constant (also called mean preserving spread).'®

When we shift F,(y) to the right, the fraction of the population with an income less
than or equal to y decreases for all income levels; the economy becomes richer. For a given
population size and number of firms in each quality class, demand shifts away from low-
quality goods to high-quality goods. The change in the relative profitability in favour of
high-quality goods ensures that firms within that quality class increase their product range
while the opposite takes place in low-quality sector, i.e. my > 0 and m; < 0. The relative
increase in the number of brands with quality gy is smaller than the relative fall in the
number of brands with quality ¢z, i.e. |my| < |m.|. In terms of Figure 2, the my;,—curve
shifts to the left while the myy—curve shifts to the right, with the latter shift relatively
larger than the former. See equations (A.9) and (A.10) in Appendix A.

With a mean preserving spread, the variance of income increases without changing the
expectation implying an increase in income inequality (as reflected by the Lorenz curve).
Starting from an economy in which the number of households in all income classes demand
more low-quality goods relative to high-quality goods, i.e. p;(y) > py(y) for all y, this
increase in income inequality will influence the product range of both sectors in the same
way as the previous scenario. See equations (A.13) and (A.14) in Appendix A.

Quantitatively the differential impact associated with these changes in the income dis-
tribution is determined by the magnitude they have on the fraction of households purchas-
ing the high-quality good (E(py(y)), in the case of first stochastic dominance given by
E(p.(v)pu () (qr — qu), versus dE(py(y))/dB in the case of a mean preserving spread,
with § parameterizing the mean preserving spread.

The effect of an increase in the number of firms producing low-quality goods on the

range of brands per firm turns out to be ambiguous:

mL - 1 pHL nr, ]- ,OHL nQL(nL72)

= oy U)o (e @i 29
mg L put n L put n (ng—2)

T = ot () + 5 e (25)

where Dy > 0, p, = E(p;(v)), i = L,H, and py; = E(p;(y)py(y)); Jensen’s inequality
ensures py; < pppr- We can decompose these effects in a selection (first term) and
competition (second term) effect.

The selection effect reflects the impact a higher n, exerts on the probability of choosing

respectively a low-quality good and a high-quality good. It consists of two components. On

16We also say, the new distribution is second-order stochastically dominated, or Lorenz dominated by

the former. Stochastic dominance and its relation to inequality is discussed, e.g., in Davidson (2008).
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the one hand, having more firms in the low-quality industry ¢z, makes it more likely that
a firm and one of its products will be selected. This provides an incentive for these firms
to increase the range of varieties in this quality class while reducing the probability that
a good from the high-quality industry is chosen. On the other hand, a higher n; reduces
the price of low-quality goods relative to high quality goods, providing consumers at all
income levels with an incentive to substitute away from the high-quality goods towards
the low-quality goods. Overall, the selection effect ensures that an increase in nj raises
my, and lowers my.!" The competition effect reflects the impact a higher n; exerts on the
profitability among low (high) quality firms. Having more firms in the market for goods of
quality ¢, reduces (increases) the profitability of low (high) quality firms which leads to a
decrease (increase) in the range of low (high) quality brands, i.e. dmy < 0 and dmy > 0.
Which of the two effects dominate depends on the interaction of the number of firms
and the value of the two parameters measuring the degree of heterogeneity, 1, and fip,:
the smaller the difference between (piy,; — pir;) > 0, the larger ny, has to be for the selection
effect to dominate the competition effect and the overall effect to be negative on the number
of high-quality varieties (dmpy < 0). Intuitively the larger the number of n; firms active
in the market for given pij; > fiy,, the smaller the competition effect and the price effect
when an additional firms enters in the low-quality range; this increases the net selection
effect thereby reducing the high-quality firm’s range of products dmy < 0. While the net
effect on m, is ambiguous, a sum of probability weighted relative changes is unambiguously

negative:

mr mH _ _ A G )
Py T PHg T TPLmn < O

Since the relative change in mpy is negative for ny sufficiently high and py; > ppy, the
range of low-quality brands m; can increase with an increasing number of firms in ¢;.!8
In Appendix A we show that for the long run equilibrium to be stable, the selection effect

cannot dominate the competition effect.

3.2 Long-run autarky equilibrium

So far we have treated the number of firms as being given. In the long-run, however, n; is

determined by the free entry zero profit condition for firm ¢;. Substituting (19) into (18)

17Note, the selection effect is decreasing in n; and converges towards one as n; approaches infinity.
18Tn case the market structure is monopolistic competitive, both my and my unambiguously fall with a

higher number of firms in quality class ¢, for ¢ = H, L, see Schafgans and Stibora (2012).
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yields the following profit functions:

ILi(nw,nL) = gE[Pz(y)] (sz(n—l /jlkl))((qz2—_1; if)zfnl - K, (26)

fori = H, L, where j1;; > f1;, by assumption. We will use these profit functions to determine
the effective number of firms producing in equilibrium. As long as profits are positive firms
will enter the market for quality good ¢;; they exit otherwise. The flow of firms in and out

of each industry can be described by two differential equations of the form
ﬁz‘ = nz’Hi(nHa n),

where a dot above a variable indicates differentiation with respect to time, i.e., n; = dn;/dt.
In the long run, or in steady state, n; = 0 and ny > 1 and n; > 1 as Hy(ng,ng) =
Iz (ng,nr) = 0.1 Once the number of firms in each quality class is known, the number
of brands per firm of quality ¢; is determined from (19) and subsequently the price and
sales of each brand is established. This allows us to determine the total sales per quality
group, equalling n;m;d;¢. Since each household purchases only one unit of the differentiated
good, the aggregate sales of all differentiated products satisfies the condition ngmpdp s +
npmrdry = N.

Labor market clearing, furthermore, requires that the demand for effective labor in

differentiated and homogeneous good production equals the economy’s aggregate supply:

i=H,L Ymmin
where L, denotes the effective labor used in the homogeneous good industry. Given n;
and m,; this gives us the labor demand for the differentiated goods sector. Taking the
difference between the total labor supply and the demand of labor for the differentiated
goods yields the labor demand for the homogeneous sector. Applying Walras’ Law allows
us to concentrate on the long-run market equilibrium for differentiated products, to which
we turn next.

For a firm producing m; brands of quality ¢; to be active, total output has to cover the
fixed headquarters cost, K;; in the long-run a firm has to break even. Let m;z; define the
total quantity of output of quality ¢; a firm has to produce in order to break-even when
its products are priced according to (23) and the optimal scope is given by (19). Total
quantity of output then has to satisfy:

m;xr; = 3
i | (i = par) (i = 1)7 + pygm

(27)

19 As is standard practice in the trade literature we ignore the integer constraint on n; and m;.
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fori = H, L. The break-even output depends on the fixed headquarters cost K; and crucially
on the number of firms n;: a higher number of firms reduces the price of varieties thereby
requiring a larger total output for a firm to break even. Firms that produce goods of
quality ¢; base their entry-exit decision on the comparison of the break-even volume with
the expected demand for their products. Firms will not produce if demand falls short of
supply, m;d;y < m;x;. In equilibrium total output of all differentiated products produced

has to be equal the population size NV, or

Z nim;x; = N, (28)

i=L,H
indicating that at least ny or ny has to be positive. In light of (20), if m;n; — 0 while
myny > 0, i # i, the demand d;; approaches infinity. This means that a firm producing
m; brands of quality ¢; will certainly be able to produce the break-even output when the
number of its competitors offering a similar quality is sufficiently small as the break even
output per brand falls while at the same time the price of the brand increases, see (23). As
a result, in the autarky equilibrium both quality types exists with n;m; > 0, for i = H, L.
Market equilibrium in the differentiated good sector then requires that m;x; = m,d,s, for
i = H, L, which combined with (20) can equivalently be expressed as

N ”?ifmétik ¢;(y, i)

ni Lnf mif o gy, ne) + 0 mi o (y, ny)

7 (29)

for i = H, L. The autarky equilibrium is described by the seven equations (19), (27), (28),
(29) six of of which are independent. These six equilibrium conditions determine the six
endogenous variables: ng, np, my, my, vy, and ry, which subsequently determine all
remaining variables.

In Appendix A we provide the technical details of the following propositions:

Proposition 1 There exits a stable and unique autarky equilibrium with ng > 2 and
ng > 2 and myg > 1 and my, > 1 as long as (i) the competition effect dominates the quality
selection effect (see, A.19) and (ii) the effect of a change in n; on the operating profits of
a firm from the same sector i dominates the effect on the operating profits from a change
in the number of firms in the other sector, n;, fori,j = H,L, and i # j (see, A.20).

Part (i) of the claim can best be illustrated by considering Figure 3. Figure 3 depicts the
profit function (26) for a firm producing ¢;. The operating profits are driven by a selection
effect (the probability of selecting quality ¢;) and a competition effect (the term in large

square brackets in equation (26)). Suppose current profits I1;(ng,ny) > 0. This will cause
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Figure 3: Long-run autarky equilibrium

new firms to enter that want to exploit these profit opportunities. With a higher number
of firms in sector i, competition increases and operating profits decrease, ceteris paribus.
As the number of firms increases it becomes more likely that a consumer selects a brand
of quality ¢;, which increases operating profits, given n;. As long as the competition effect
dominates the selection effect will there be a unique equilibrium as shown in Figure 3.2°

We are now in the position to analyze how a change in the population size, IV, and the
income distribution, F,(y), will affect the long-run equilibrium, that is how it will affect
the number of firms, each firm’s scope and scale of products with its corresponding price
effects.

When considering an increase in the population size we have to discern two effects.
First, a higher N provides an incentive for incumbent firms in both sectors to increase
their range of products, dm; > 0. Second, it provides an incentive for new firms to enter,
dn; > 0. Both, a larger range of products per firm (given the number of firms) and the
entry of new firms (given the range of products per firm) reduce profitability in each sector,
thereby diminishing the incentive for new firms to enter or for established firms to increase

their product line, respectively. The number of new firms could increase to the point where

20The stable and unique long run equilibrium can be represented in a graph like Figure 2 by replacing
m; for n; on the axes, relabelling the curves my; to n;;. The stability analysis, provided in the Appendix,

demonstrates the negative slope of the curves.
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established firms have no incentive to offer a wider product line.?! In Appendix A we show
that in a two-stage product line price game with nested logit demand and free entry and
exit both the equilibrium number of brands per firm and the equilibrium number of firms

increase:

n; . D, I ni(ni—2) L -
ﬁ B 32 {301' - Mik‘plprL (901' B m) N MiprHpI;f <1 + (ni_1)2>} -0

with Dy > 0 and D, > 0; and

mi . n2(n;—2) ﬁz
- (wi—m>ﬁ>ov

for n; > 2, 1 = H, L. The relative change in the range of products and number of firms is
ni?) e term ¢, >

(n2—n;+1)(n;—1)
1 captures the effect of firm entry on net total profits, see (A.18); the term sz%:%

measures the effect of firm entry on product level profits, see (19). Which of the two effects

proportional, with the factor of proportionality given by ¢, —

dominates depends on the number of firms active in industry 7. When n; > 3, this difference
(positive) is smaller than 1, ensuring n; > m; > 0; in contrast, when n; = 2 the effect on
the range of products always dominates, i.e., m; > n; > 0. For n; = 3, the effect on firms
Hif—Hik

if

and a larger number of firms, the scale of production decreases for firms to break even

dominates as long as is sufficiently large.?? With a larger range of brands per firm
(A.22). At the same time the larger number of firms increases competition forcing prices

per brand to fall (A.23). The results are summarized in the following proposition.

Proposition 2 An increase in the size of the economy in the long run leads to more firms
in both industries, each producing larger product lines with a smaller scale and lower prices.
That is n;, m; > 0, 7; <0, and dp; < 0 fori = H, L. The firms expansion effect dominates
the product line expansion when there are already multiple (>3) firms in the industries;

when only two firms exist at the outset, the product line expansion dominates.

The increase in the size of the economy furthermore generates a shift in the composition

of the differentiated products. There is a shift in composition of differentiated goods toward

21Tf the assumed market structure would be monopolistic competitive, an increase in the population size
would increase the number of firms producing in each sector to such an extend that the range of products
per brand remains constant. That is, the number of firms would change but not the number of brands, see
Schafgans and Stibora (2012).

22With n; = 3, 7y > 1, > 0 as long as % > 3.45.
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the high-quality brands and firms, if the sign of

N nr
PH N YL N (30)

- %pﬁ@m { {%f (1 + 1)2) - <1 + e 1)2” *
HEk ni(ng —2 Lk n2(np — 2
[/QLTH (“DH‘ <n%1—nff+1><n11—1>) ‘ZL (“”L‘ (n%—nL(H)(n)L—l))]}'

is positive. The relative changes in ny and n; are multiplied by respectively ¢, and ¢,

to take into account the fact that the marginal impact is not constant but depends on
the initial number of firms active in each industry. If the number of active firms is the
same in both industries (i.e., ny = nz) and all ¢ terms are equal an increase in the size
of the economy will shift the composition of differentiated goods towards the high-quality
brands and firms given g, > ppy and pgp > ppp (that is assuming that households
consider brands and firms of low-quality as closer substitutes than brands and firms of
high-quality). A more reasonable set of assumptions is that there is a larger number of
firms with low-quality brands (n; > ny) and a relatively smaller marginal impact of an
additional low-quality firm (¢; < ¢p). As a result of these different marginal impacts,
larger differences fiyyy, — pipy, and pupyp — iy are needed to ensure that the composition effect
continuous to favour the high quality sector. The difference in marginal impacts offset the
selection and competition effects which both favour the high quality brand. We summarize

this result in the following proposition.

Proposition 3 When ny > ny, an increase in the size of the economy is more likely to
be accompanied by a shift in its composition to the high-quality firms the more dissimilar
consumers perceive the brands and firms of high and low-quality goods. When ny = ny, an
increase in the size of the economy is always accompanied by a shift towards high-quality

firms and products.

Next we consider the consequences of changing the income distribution. First, we shift
the income distribution F,(y) downwards, in the sense of first order stochastic dominance.
For given population size N, with a higher income in each income class consumers are more
likely to choose a high-quality brand instead of a low-quality one. The shift in demand
away from low-quality brands towards high-quality ones provides an incentive for new firms

to enter the high-quality sector and for firms producing low-quality brands to exit

ng orD1pyr
ng ouD1pyr
dy Dy 1, [QL QH] )
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while at the same time for firms producing high (low) quality goods to offer a wider (smaller)

range of brands
m; n?(n;—2) n;
dy (9% - m) dy’
for i = H, L, with the relative change in the range of products and number of firms propor-

tional as before. The additional competition brought about by the entrance of new firms

pushes down the prices of high-quality goods relative to the prices in the low-quality sector:

dpi_ iy N n;
dy — qi (n;—1)2dy’

Associated with the increased number of high-quality firms each offering a wider range
of brands, the scale of production will be reduced so as to break even (reverse argument

holding for low-quality firms):

~

Z; (2n;—1) T

@ T (nfnit1)(ni—1) dy’

We summarize these results in the following proposition.

Proposition 4 An increase in income (first order stochastic dominance) leads to more
high-quality firms, each producing a larger number of variants at a smaller scale with lower
prices in the long-run equilibrium. The opposite occurs in the low-quality sector and the
compositional of differentiated goods therefore clearly shifts towards high-quality brands.
That isny, <0 <ng, mr, <0<my, g <0<, dpr, >0, and dpy < 0.

The effect of an increase in income inequality has similar consequences under the as-
sumption that py(y) is a convex increasing function of y. The qualitative difference em-
anates as before from the effect these income distributional changes have on the fraction of

households purchasing the high-quality good.

Proposition 5 If p;(y) > py(y) for all y, an increase in income inequality (second order
stochastic dominance) leads to more high-quality firms, each producing a larger number of
variants at a smaller scale with lower prices in the long-run equilibrium. The opposite occurs
i the low-quality sector and the compositional of differentiated goods therefore clearly shifts
towards high-quality brands. That is iy, < 0 < ng, mr, <0< my, g <0< Zr, dpr > 0,
and dpy < 0.
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3.3 Welfare

We next turn to the welfare implications associated with the previous analysis. In our
model, the expected maximum utility of a household with income y, F[max U*(y)], is given
by23

Hf ml;{Hk

In ()" mit exp ((y — pr) qr) + nly exp ((y — pu) qn)) -

The expected maximum utility is increasing with income and welfare therefore is enhanced
as a result of a first order stochastic dominating change in the income distribution. Since
the expected marginal utility of income is increasing, 9*F(max U*(y))/0%y > 0, the mean
preserving spread improves welfare as well.?*

These welfare implications ignore the fact that {ng,n,, mg,my} will change as well,
and the associated compositional changes in the relative number of brands and firms due
to a distributional change in income and the population size (discussed in detail in the
previous section) may affect income groups differently. To analyze this, we turn now to the

expected welfare for a household with income y. With

v(y) = [0y mlon (y,nm)] + [nE mi o (y.ne)]

these effects are provided by ©(y), which we derive in Appendix A. Acknowledging that
the relative changes in m; are proportional to the relative changes in n;, we decompose
the change in expected welfare for a household with income y into a pure scale and pure

composition effect as Fajgelbaum et al. (2011):

pu(y) . n? (ng—2)
oly) = pII;@H [MHf (1 + (nH 1) > + g <€0H (n%éIHH)(nHl)) I
N (¥) n%(np—1)
00 sy (14 oty ) + e (01— e o)

1=

Pr(Y) PEF n _ pL(y) PLy n
[ ;IH PH <1 ™ (anl)2> L/;L er (1+ (nL—L1)2)]

() brk . n3 (ng—2) () B n2 (np—1)
+ [ o (90H (n%*fHﬂ)(nH*l)) T (SDL <n%fnLL+1)<nL71>)]

where p;(y) denotes the fraction of consumers with income y who purchase differentiated
brand ¢; and p, is the fraction of all households purchasing differentiated brand with quality
i, respectively.

The pure scale effect is denoted by the first term on the right hand side of (31): holding

the relative number of brands and firms constant (1, = ng = 0), a larger market results in

23Uses results from McFadden (1978).
24 Assuming social welfare to be the sum of individual utilities, a decrease in inequality is only welfare

improving if there is diminishing marginal (social) utility of income, see e.g., Davidson (2008).
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a larger number of firms each offering more brands thereby increasing the likelihood that
a household finds his or her preferred brand. The pure scale effect is non-negative and,
consequently, no income group is worse off following an increase in the size of the economy.
There is no pure scale effect when considering the welfare implications associated with
changes in the income distribution.

The pure composition effect is denoted by the second term on the right hand side of
(31). It captures the welfare impact arising from changes in the relative number of firms
and brands of different quality, for given population size (N = 0). The sign of this term is
ambiguous and depends on the interaction of the parameters measuring degree of intra- and
inter-firm heterogeneity, the number of firms active in each differentiated goods’ sector, the
purchasing behavior of households with income y relative to all households, the selection
effect, and the strength of the competition effects.

If the initial number of firms in both industries is large then the welfare analysis (31)
reduces to that of Fajgelbaum et al. (2011). In this limiting case of monopolistic compe-
tition both the change in the number of brands and the change in the price of brands are
absent in the change of the expected welfare as m; and p; are not affected by changes in the
size of the population or the income distribution (which is the interesting contribution in
our paper). As a consequence, their composition effect is purely driven by the parameter
measuring inter-firm heterogeneity, 1, ¢, and the purchasing behavior of particular income
groups relative to that of the total population, as measured by p;(y)/p;, for i = H, L. In our
case, the intra-firm heterogeneity parameters, p,,, the competition effect (represented by ¢,
and n?(n;—2)/[(n?—n;+1)(n;—1)]) and the selection effect (represented by 1+mn;/(n;—1)%)
enter as well.

Our welfare analysis simplifies if we assume n;, = ngy (all ¢ terms are the same). In
that case, it is clear that the term in brackets associated with the composition effect is
more likely to be positive for the richest income groups in the economy given iy, > 1y
and ppp > ppp. The richest income groups in the economy with income Y. buy a
larger fraction of high-quality brands and a smaller fraction of the low-quality brands than
the average household, i.e. py(Ymax)/Py > 1 > pr(Ymax)/pr- Consequently any change
which induces the composition of firms to favour the high quality firms, i.e., for which
ogng —ppng > 0, will benefit the rich more than the poor. The poor, who are more likely
than average to purchase the low-quality good and less likely than average to consume the
high-quality good, are more likely to benefit if consumers perceive the brands and firms of
high and low-quality goods as more dissimilar. When ny > ng, a larger brand and firm
dissimilarity is needed to ensure even the rich benefit.

The condition that ensures that both the pure scale and pure composition welfare effect
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benefit the rich more than the poor is automatically satisfied by the income distributional
changes considered (first order stochastic dominance and mean preserving spread) as both
favour the high-quality sector more than the low-quality sector. In fact, while the poor
will see their welfare increase by these income changes, their pure composition effect may
be negative (in which case the positive pure scale effect dominates the negative pure com-
position effect); a negative composition effect for the poor is less likely when brands and
firms of high and low-quality are perceived to be very dissimilar. A similar discussion fol-
lows regarding the welfare implications — favouring the rich more than the poor — of an
increase in the size of the economy, when it also favours the high-quality sector more than

the low-quality sector, see Proposition (3).

4 Open economy

In this section we evaluate how, in the presence of non-homothetic preferences and vertical
product differentiation, trade liberalization affects the number of firms and brands per
firm. To this end, we extend the previous framework to allow for two countries that can
trade with one another. We abstract from supply side explanations, thereby allowing us to
concentrate on the trade liberalization effects in the presence of non-homothetic preferences
and oligopolistic market structure.

We consider the countries a and b. In each country, there are N (N?) households with
identical preferences given by (1). As before, we assume that the homogeneous good’s
industry is perfectly competitive, producing under constant returns to scale with one unit
of effective labor per unit of output in both countries. Their output is traded freely. With
regard to the differentiated goods’ sectors, firms can sell their brands in both countries but
produce only in their home country, thereby abstracting from multinationals. Assuming
that the supply of labor in each country is sufficient to produce both the homogeneous and
the differentiated goods, the wage rate is the same in both countries and is independent of
the equilibrium in the differentiated goods’ sector.

In line with a large body of empirical literature, firms have to incur cost when trading
in differentiated goods. For simplicity, we assume that each brand of quality ¢; faces the
same transportation cost, but that transportation costs differ across quality classes. More
specifically, it takes 7; units of effective labor to trade one unit of a brand with quality ¢;
from one country to the other, for i = H, L. The presence of transportation cost drives
a wedge between the consumer and producer price of a brand. We assume that each firm

considers markets to be segmented so that a firm chooses a different price of the same brand
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in each market. Hence, the profit function of firm f from country a and b are given by

m‘i’f
b= [(p?fk —¢) dipy + (p?})k —¢i—TL) df}’kﬂ — Fmi; — K; (32)
H?f = [(p?fk — ) di';fk + (Pf?k — ¢ —7Tp) df}lk” - Fim?f - K, (33)
k=1

respectively, where d;; (d?fk) is the aggregate demand from local households for brand &
produced by firm f and df}’k (dfj‘%k) is the aggregate demand for the same brand from foreign

households. The aggregate demand functions are specified as

te = Ny Phi - Epi (v)] (34)
dif, = Ny i - E'lod(y)), (35)

where E% (E®) denotes the expectation with respect to the income distribution of country
a (b). The conditional probability pj; ; is defined as in (3). The conditional probability
that a domestic brand from firm f is purchased by consumers from country a (b) is Pfi
(pl}‘i); similarly the conditional probability that consumers from country b (a) select firm f
originating from country a (b) is p%’z (p’}‘fz), see also (4) and (5).

Since the analytical complexity increases considerably, we consider two particular cases.
In the first case, we assume that the rich country produces both high-quality and low-
quality goods, while the poor country is specialized in the production of low-quality goods
only. We characterize its associated short-run equilibrium. In the second case, we assume
that both countries are completely specialized — with the rich country producing the high-
quality goods and the poor country the low quality goods. Here we characterize both the
short- and long-run equilibrium. Both production patterns can occur in our framework if
the income distribution of the rich country (country a) first (second)-order stochastically

dominates the income distribution of the poor country (country b) given market sizes, that
is Fo(y) < Fi(y), for all y.%

4.1 Trade with incomplete specialization

Let us assume that the rich country produces both types of differentiated goods while the
poor country only produces the low-quality good. When a firm exports a unit of output it
has to pay 7; > 0 units of transportation, i = H, L. As before, we adopt the symmetric
equilibrium of the sequential game where firms first decide on the range of products before

determining the price structure.

25Hallak (2006) and Hallak and Schott (2011) show that the quality level is correlated with development.
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First, we evaluate the price setting for products sold in country a assuming that all
firms in a except firm f, have m{ > 1 brands while firm f has m{, brands, and all firms
from country b have m% > 1 brands (m&; = 0 since only firms in country a produce the H

good). The mark-up over marginal cost of firms selling in a can be expressed as

My 1

Pip = Ci) = == (36)
( / ) qi (1_pf|i>

a Hif 1 : a
Dii —Ci) = 1 a ]21,..,711- ]%f? (37)
( J ) Qi (1_pj|i)

. I 1 ‘
(plij —cp — TL) 7 7 =1, ,nli (38)

qr (1 — P??L)
With the differences of prices denoted by

a
7

Xi = (P —p?f) Qi//im i=H,L
ba __ a ba
XL — (pL —PL ) QL/HL]%
(recognizing that p;; = p;, 7 # f and p%“] = p4), the conditional probabilities can be

expressed as

- M exp (x7)
fli (n¢ — 1) + M2 exp (x¢) + nbt M exp (Xi?“)
" 1

Pl g = 1) 4 M exp (x¢) + nt M exp (1)
be My exp (x7)

P =

(ng — 1) + M exp (x4) + nb My exp (x4)

ik BLE
where M = (mf;/m{)"s and Mp* = (m}/m¢)*er (Mp = 0 because only firms in a

produce H). As in the closed economy setting, there is a unique solution for x% yielding a
unique price equilibrium (p = pg ). In Appendix B, it is shown that the resulting system
of equations in x4 and x4 (see (B.5) and (B.6)) also has a unique solution yielding a unique
price equilibrium (pg = p;, p%). Equally, a unique price equilibrium for products sold in
b is found: for the H good (p% = p%’f) and for the L good (p“Lb = p‘f},pﬂ{) )

Next, we consider the optimal choice of number of varieties for firm f in country a.

Given the above pricing strategy, firm f maximizes his profits, i.e.,

a ab
a Hig pf‘l aral .a pf|’L b b1 b a .
max ;e = ——NE [0i ()] + —~N'E [pi(W)]| — Fimiy — K;, i=H, L.
miy g (- pf|i) (1— pfl\)i) d

For high quality firms in country a, the profit function simplifies to

a

MHf bbb HHk/MHf
Ty = ——a— [N“E*[p5 (y)] + N°E*[p} (y)]] ( ) exp (x%)—Fum$ ;—Kp,

a
my
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as Py = p‘}le (x4 defined as in (15)). Evaluating its first order condition at a symmetric
equilibrium with m%, = mg, yields a condition similar to that of the closed economy,

specifically

5—;m?{FH = (N“E* [p(y)] + N°E* [l (y)]) [(n% ;H_—n; n J ' (39)

For low quality firms in country a, the choice of the optimal range of brands that

maximizes profits becomes more complex. The first order condition with respect to mg ; is:

N“p§ 1 x4 P dba
0 — fIL E°[p% (y)]/”bLf Kk + XL JlL nt XL
(1—p%,) L ms dm$ (1—p%,) “dms
PriL v HryMiy Lf PiiL Lf
b ab a b
NPHL o Pry ) o 1 dx ¢ i b XL _
+ 5 E ()] Fr,
(1—p2) L mé,  dmé (1—p ) Ldms
fL qr | Py ™Mpy Lf PyL Lf

where the terms dx§/dmg; and dxbe /dms ; capture the effect a change in mj, has on the
price differential between local and foreign competitors in the home market. Similarly,
dx4® /dm4 s and dxb /dm4 s capture the effect a change in m{, has on the price differential
between local and foreign competitors in the foreign market. As shown in Appendix B,

evaluating the first order condition at a symmetric equilibrium where mj, = m7 yields

Ha
ny —1

(R2)* — A% + 1

q a a a a
—imn::NEmwﬂ

s (m%. m?b
- ]h+<L,m (40)

~ab

(Rg)® — agb +1

+MW%@4 [1+ s (mg,my)]

where 7% = n% + 0n} and 7% = ng + 0°°nY | and
0 = M}"exp (x}*) and 0% = M exp (x}) -

The (7¢,79°) terms can be interpreted as the effective competitors in the domestic and
foreign market; they reflect trade costs and differences in number of brands among domestic
and foreign firms. The s*(m%, mb%) and s*(m%, m}) terms are defined in (B.16) and (B.17),
they reflect direct relative price effects arising from foreign competition (see more below).

In the extreme setting of high trade costs: n¢ = n¢ (§° — 0 and the probability of
selling domestically, p¢, equals 1/n$) and n* — oo (0" — oo and py — 0, as if the
effective competitors from the foreign market are too large). In the other extreme setting
of zero trade costs, when m¢ = mb : 7% = 7% = n¢ + nb (0 — 1,6 — 1 and the
probability of selling domestically or abroad is equal 1/(n¢ +n%)). In this case countries a

and b can be seen to be one big country. In both cases the terms (5%, s°) in (40) vanish; in
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the high trade cost setting we are back in the autarky setting while in the zero trade cost
setting with equality of number of brands we get a first order condition similar to equation
(39). In general, though, we need to consider the impact of the terms (s¢, s%).

The term s%(m%, mb ) measures a direct relative price effect of the additional competition
faced by firm f in the home market brought about by foreign competitors via changes in
the product range; likewise s%(m¢, m5 ) measures a direct relative price effect foreign firms
face from country a firms brought about by changes in the range of products. Depending
on their signs the impact on the revenue is strengthened (positive) or weakened (negative)
in the presence of foreign competition; it is influenced by the share of foreign effective
competitors (in addition to trade costs).

Figure 4 depicts the relationship between s%(m%,mb%) and 0 for various values of 7%
and 7%, In most cases, the relationship is negative (unless m¢ >> m}). For sufficiently
large n¢ and nY, the condition determining the sign of the terms (s%, s%) can be reduced
to whether (%, 6*) is larger (smaller) than one, rendering 6 negative (positive).

For positive but not prohibitively large transportation cost, 0 < s*(m%,m%) < 1 and
s%(m%,mb) < 0 so that marginal profits from an additional brand are larger in the home
market than the marginal profits attained in the foreign market, ceteris paribus.

The subgame of a foreign firm (assuming that all firms in b except firm f, have m% > 1

brands while firm f has m$ s brands, and all firms from country a have m7 > 1 brands) is
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derived analogous to (40). Evaluating its first order condition at a symmetric equilibrium

where mY = mb yields

~%_1

(ﬁ%)2 —ng+1
~ba —1

(ﬁl}f) —nbe+1

b = NYEYph(y) [ [1+ s"(mg, m})] (41)

Mk

FNCE0 (y)] [ [T+ s"(mg,m})],

where 7% = nb + 0°n% and 7% = nb + 6**ng 2
At equilibrium prices,
E%p1(y)] (42)
. (1557 ("5 + (Aaas)*™ (m)"™] 6, (9. 7%)
[(n‘i)“” (maL)#Lk ()\ ULnL)“Lf (mL)ﬂLk} ¢L(ya nL) + ( H)#Hf (mH)MH]C ¢H(ya n%{)

—Ha
"L

with A\ = exp (—=7rqr/pzy) and vf = exp ((ﬁgL—l) - (ﬁ‘z—e“)>

and

E’[py(y)] (43)
[(Apofng)"™ (mg)" e + (nh)"™ (m})"™*] ¢1.(y, 2f) ]
[(ALohng )™ (mg ) e 4 (nf)"™ (mh)"™*] ¢y, %) + Aangp)" 17 (m$)" ™ ¢y (y, nf)

b

nb 7l
with Ay = exp (—THC]H/MHf) and U% = exp <(ﬁbLil) T @ Lab)) '

— FRb

These expectations resemble equation (21) obtained in autarky with ¢,(y,n;) defined as
before (see (22)). The term \;, i = H, L, accounts for trade costs differentials between the
two countries. When J; is close to one (zero), trade costs associated with quality ¢; are
small (high) which will increase (decrease) the aggregate demand for its export. In the
extreme setting of prohibitive trade costs: \; = 0 for i = L, H and E* [p}(y)] is equal to
the autarky solution and E°[p} (y)] = 1 as b only produces L and H is not traded.

While consumers in country a will face the transport cost for the imported low-quality
commodity only, consumers from country b face transport cost associated with both the
high-quality and the low-quality commodity. The \’s therefore discount the demands for
different quality goods for the associated differences in trade costs.

The equations (39), (40) and (41) provide a system of equations that determine (mg,

mb,my) in the symmetric equilibrium given the number of firms.

26T Appendix B, 6°, 6%, s (m%,m% ) and s*(m%,m%) are defined explicitly.
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4.1.1 Short-run open economy equilibrium

We now analyze how changes in trade cost affect the range of brands per firm, holding
the number of firms constant. To do this we recognize that using the total differential of
equations (39), (40) and (41), we can characterize this by three individual effects: (i) the
selection effect associated with the direct impact on E*[p%(y)] and E°[pt(y)] i = H, L, (ii)
the competition effect associated with the impact on the effective number of competitors
(7%, 7% 7% 7% and (iii) the direct relative price effect associated with the impact on the
(s“, 5% 5P, sb“) terms. Since these three effects are not unidirectional, the net effect on the
range of products of either quality turns out to be ambiguous and depend on their relative
strengths.?”

The analysis, details of which can be found in Appendix B, is notationally quite de-

manding. We have introduced the following notation: related to the selection effect, e.g.,

Oma pe and (5m1£ ps Ineasure the effect of a change in m$ and m! , respectively, on p¢;2® related
to the competition effect we have
[ 4 >4 > a 2 > a
he = aa U)% (n%)z (n% - 2) ab w%b (an) (an - 2) 0
L = |YL R — 1) [(72)? — 7o L (53 — 1) Trman? - >
ng [(nL) —ng + 1} (nL ) [(n%b) — b 4 1}
[ o 2~ >0ba 2/~ a
b W (n})" (n} —2) ba W (Af)” (A% —2)
(7% = 1) [(@)" - 7 +1] (R = 1) | (Aly)* =l + 1]

and related to the direct price effect we have

a ab
eF = waaS—E a +wab8—€ ab
L L1+ s9)7" L1+ sab)™*
b ba
b S ba S
GL = {wLmEsb +C<JL mé‘sba} .

The h% (h%) terms measure the impact changes in the relative number of brands (m¢,mb)

have through changes in the appropriately weighted effective competitiveness in the domestic-

and foreign market, 7¢ and 7% (7% and 74?), respectively . The €% (%) terms similarly

2TNote, we start from the premises that a symmetric equilibrium for the product range game exists
without providing a proof. In order to keep the comparative-statics analysis tractable we take into account
the direct effect of changes in 7; for i = H, L but ignore second round effects on 7 and 7% implying that

X2 (x39) and x4 (x39b) are constant.

28The § parameters are defined in Appendix B, see equations (B.19) and (B.20).
29The weights w?® = 1 —w% and w)® = 1 —wY are defined in (B.21) and (B.22) and denote the share of

domestic (foreign) marginal profits in hands of firms from country a; and w$ and w} are defined in (B.15)

and (B.18) denoting the share of effective foreign (home) brands in the home (foreign) market.

29



measure the impact changes in the relative number of brands (m¢%,m%) have through a
change in relative prices of domestic and foreign competitors s* and 5% (s” and s%*), respec-
tively; e,0 denotes the 8* elasticity of s%(m%, mb) and e, the 8 elasticity of s%°(mg%,mb).

The signs of h% and hY are unambiguously positive. The signs of e? and €} are am-
biguous, though, as the elasticities are negative for a large range of (m¢,m% ) combinations
as reflected by the 0’s (as suggested by Figure 4) and 0 < s* < 1,0 < s’ < 1, s < 0, and
st < 0.

In the discussion of the short term impacts, it will be important to decide whether we
think that the price effect (if positive) can outweigh the competition effect, as these terms

appear as h? —e¢ and h% — €%, and how their joint impact compares to the selection effect.

We concentrate here on a discussion of the effect of a reduction in transportation cost
of high-quality goods, 7y, or equivalently an increase in A\y. In Appendix B, we derive the

following short-run impacts: for the high quality brand we have

b Py aa ba o PL [, ab bb
Wi i [1—wL m%paL—wLém%pz}+w [ W7 Omg ps + WLt o

ne ) b
My _ “Aaer ) (pb b\ Kok |, b PL _aa< ) @ PL ab ﬂ
S\H_ Dis (hL eL)MLf prbl;q 1 —wyf 5mp +5 b + Wy Hpe WL 5mp +9,, b
— (b — ) [ B (1wl (Gumgy + b ) |+l 2 (Gomg + 6, )}
(44

where Drg > 0, and w} (= 1 — wY) denotes the fraction of consumers from country a

who buy high-quality goods; for the low quality brand in country a and b, respectively, we

calculate
( b
» 5 wl}{’p%;whjL(l W)W + Ot o (wie — whe) [wl}{p“ + WYy pHL +(1—w§‘{H)}
my, Anpl b b B I a ab
— e —_ h — PLk L + 1 J—
A Drg ( L eL) fLy WLLWHPZ?{ (1 = whpwi
— (hi —€7) Zﬁ W%LW?{% + (1 - whpg)wf
\ H
(45)
4 b
y 5 w%%wﬁ%—(l W g )W+ e pa (Wi — wie) [wqup“ + wY pHL +(1—w‘;IH)]
mp, Ampp, b _ b Py b
L0 T S W S A L ;
Sy Dis (R}, —e) oy WLLWHPI?{ + (1 — wig)ws
— (hg —€7) Zﬁ W%LW?{ZTL + (1 - whpg)w?
\ H
(46)

where w,;, w¢,, and w4 ; are suitable weights (see Appendix). The first line of each impact
reflects the selection effect, while the second and third line relate to the competition and
relative price effects.

Starting from an initial short-run equilibrium, lower trade costs of high-quality goods

reduce the price of those goods relative to low-quality goods for consumers in country b. As
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a consequence, the likelihood that a high quality good is chosen in country b is increasing
Oy, b > 0), thereby raising the profitability of high-quality products, ceteris paribus. This
higher profitability of high-quality goods in the export market is an incentive for producers
of high quality goods to increase their range of high-quality brands on offer (the selection
effect is positive on 9, ). In addition, low-quality goods’ producing firms in both countries
are forced to prune their product lines, i.e., Mm% < 0 and M4 < 0 (the selection effect is
negative on ¢ and 7% ). The last term of the selection effect on ¢ and 75, related to the
market share difference (w9 versus w%*), assigns a stronger selection effect on the product
line in the market that has the larger share - overall we expect these components of the
selection effect to be of secondary importance.

Associated with the pruning of product lines of low-quality goods and expanding prod-
uct lines of high-quality goods (due to the selection effect) comes a change in competitive-
ness and relative prices. Holding the number of firms constant, the smaller range of low-
quality products available reduces the degree of competition among low-quality producers
in country a and b thereby increasing the profitability which has the effect of augmenting
the range of low-quality goods (the competition effect is positive on m% and 7%). The
competition effect has the opposite impact on the range of high-quality goods, my (the
competition effect is negative on m¢;). The competition effects are the suitably weighted
h¢ and h% terms in the second and third lines of (44)—(46) (the terms in squared brackets
are positive). Finally, to the extend that the number of low-quality brands in country a
and b are impacted differently, there is a direct relative price effect associated with the
reduced trade cost arising from this additional competition. This effect enters in the same
way as the competition effect (the suitably weighted ¢ and €% terms). While the direct rel-
ative price effect is ambiguous, we expect it to be dominated by the first order competition
effect."

The impact of a reduction in transportation cost of low-quality goods, 71, or equivalently
an increase in Ay is even more complex. In Appendix B, we show that it can be written
as a suitably weighted sum of the effect of changes in income of country a and b plus an
additional competition and direct price effect brought about by 7. In view of the added
complexity, together with the intractability of the long-run equilibrium, we now consider

the complete specialization in quality setting.

30Tn Appendix B, it is shown that the impact of an increase of income in country b can be easily obtained
as by proportionality d,» ot dyb = =6 Aot M. Similar relations are obtained for an increase of income in
country a.
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4.2 Trade with complete specialization

Here we assume that the rich country, country a, produces the high quality goods while
the poor country, country b, only produces the low-quality good. This simplification allows
us to analyze the short-run and the long-run behavior and to look at the distributional
aspects of lower trade cost, which was not possible in the previous section. When a firm
exports a unit of output it again has to pay 7; > 0 units of transportation, i = H, L.

We consider only the decision problem of a firm from a, where : = H. The mark-ups

of firm f and the remaining (n; — 1) competitors in the domestic market are

Hif 1

(=) = W =) (47)
(p?j - Ci) = %(1_;%1) J=1.n J#[ (48)
while in the foreign market their mark-ups are
0 —c-m) = i (19)
(P —ci—m) = Zfﬁ Jg=1.,n; j#[ (50)

In comparison to (38), note that Pl = p}‘ﬁ as there are no foreign competitors.

4.2.1 Short-run open economy equilibrium

The first order condition evaluated at a symmetric equilibrium with m;; = m; yields

nf—nz—l—l

i (N gt )] + N B ) |

} =m,F;. (51)
This equation implicitly determines the optimal number of brands per firm with i = H
for country a. A similar analysis for firms from country b provides, implicitly, the optimal
number of brands per firm with i = L.

At a symmetric equilibrium, where firms produce the same range of brands and charge
the same price for each brand, aggregate demand by domestic and foreign households for
a typical brand of quality qg produced in a is, respectively,

Nea
E2[p% d dab —
S [pE(y)] an Hf ———

(Ilff =
By symmetry, aggregate demand from domestic and foreign households for a typical brand
of quality ¢, produced in b is, respectively,
NCL

mpny,

E’[p}(y)] and df} = E*p} (y)].
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The conditional probabilities (42) and (43) simplify to

al .a o a nlIfIHf (mH)MHk¢H(y7nH>

Elon) = £ ([(nH>'qu<mH>qu¢H<ya nu)] + [()‘LnL)MLf<mL)“L’“¢L(yanL)])
bp b _ b (naAm)" s (mpg )" ¢y (y, ni)

Blonwl = E ([ummw (oo (g, )| + [(m)ﬂwmmmm,nm)

with \; and ¢, for « = H, L, defined as above.

Evaluating (51) at the short-run equilibrium, shows that a fall in trade cost (both for
high and low quality goods) increases the profitability of firms whose products belong to
that quality class and consequently provides an incentive to increase unambiguously their

range of brands, while firms producing the other product quality prune their range of

products:
my 1 b p(;{L
= = —— —= <0 52
M 1 b pll)LIL
—_— = — —= >0, 53
N DSMHfWH Plfq ( )

with Dg > 0 and w? denotes the fraction of consumers from country b who buy goods of

quality ¢;, ¢ = H, L, and pb;;, = E*(p;(y)p} (y)) and pb; = E*(p%(y)).

4.2.2 Long-run open economy equilibrium

In the long-run the number of firms producing in each industry is determined by the free

entry zero-profit condition. In this case the profit functions are given by

L vapra bpr b (tig — tgg) (i = 1) + p1;m;
Li(nayne) = — (N"E[p} )] + N"El(y)]) f(ni—l) o mH)f

: —

- Kia

for i = H, L and as long as profits are positive (negative) firms will enter (exit ) the market.

Market clearing for each brand requires

npmury = NYE*[p§(y)] + N E’[p} (y)]
ngmpr, = NYE[p](y)] + NbEb[P%(?/)]a

where m;z; is the break-even output of a firm producing quality ¢; as given by (29) and n;
is the equilibrium number of firms active in differentiated industry ¢;. The long-run open
economy equilibrium is stable and unique under conditions analogous to those derived for
the closed economy, see Appendix B for details. We can now readily analyze the effects of

lower transportation cost on the number of firms, its product range and prices.
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A reduction in the transportation cost of low-quality products (associated with an
increase in Ap) leads to a larger number of firms producing brands of quality ¢; and a

smaller number of firms producing brands of quality qg:

ﬁL 1 a p?{L

=~ = =@ DS,U Wr—o >0
N Dy TTPTHTE pa

/ﬁH 1 a pl}{L

~— = ——=; Dgpyrwy—— <0,
N Dg FUUUHITH g

with Dg > 0 and @; > 1, capturing the effect of firm entry on net total profits, defined as
in (A.18). The number of brands of quality q;, (qy) changes proportional to the number of

firms ny, (ny) according to

@ _ ( n? (np—2) > ﬁL >0
AL

PL ™ W2 a0 (1) L
Mu _( wkma-2) ) nH
/)\\L N ((pH (n3—nm+1)(ng—1) //{L <0,

for n; > 2,4 = H, L. Analogous to the autarky case, the relative change in m; in comparison
to the relative change in n; depends on initial number of firms active in the market (see
Proposition 2).

The price of low quality goods falls in both countries but more so in the importing
country a than country b due to the direct effect of the transport cost. The price of high-
quality goods increases in both countries. A reduction in the trade cost of high quality
goods leads to analogous results: the number of firms and the number of products per firm

decreases for low quality and expands in the high quality sector.

4.2.3 Welfare

We next turn to the welfare implications associated with the long run impact of lower trade
costs. To this end, consider respectively the expected welfare of a household with income

y from country a and country b:

V(y) = [ ml oy )] + [(Aenp) e mE G (y,n)]
Vly) = [(gng ) rmbft oy (y,nm)] + [0 mi e, (y,nu)] -

Differentiating v*(y) and v°(y) yields expressions that decompose the change in expected

welfare of a household with income y into a cost-savings effect and a composition effect
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(similar to Fajgelbaum et al., 2011). For a household from country a we obtain

~
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where p, = N“]Yk P+ Naj\jr % ok, i = H, L, is a population weighted fraction of consumers

from both countries that consume a brand of quality ¢;; pf(y) denotes the fraction of
consumers from country a that purchase a brand of quality ¢;. Similarly, for a household
from country b we get

o~

") = () Au (55)
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with p%(y) denoting the fraction of consumers from country b that purchase a brand of
quality ¢;. The first line in each expression represents the cost-savings effect while the
second line represents the composition effect. The latter is similar to the one discussed in
relation to the welfare implications under autarky, see (31).

A decrease in the trade cost of low-quality goods reduces the cost of imports and hence
is beneficial to all consumers in country a, irrespective of their income level, while leaving
the consumers in country b unaffected. Holding constant the relative number of brands and
firms, lower cost of trading low-quality goods raises the profitability of low-quality products
leading to an increase in the number of firms and brands in country b. The composition
effect captures the associated welfare impact emanating from changes in the relative number
of firms and brands of different qualities. Analogous to the autarky setting, the composition
effect impacts households differently depending on their income and will favour the poor
households in both countries more than the rich households given (pyng — ¢ 1) < 0.
The discussion of a reduction in the trade cost of high-quality goods is analogous: it is
beneficial to all consumers in country b because of the reduced cost of imports, while the
associated composition effect will favour the rich households in both countries more than

the poor ones given (¢yny — ¢ nr) > 0.

5 Concluding Remarks

In this paper we have developed a general equilibrium model in the presence of vertical

product differentiation (product quality) and non-homothetic preferences. We assume that

35



the market structure in the differentiated goods’ sector is oligopolistic. The associated
strategic interaction between firms producing brands of the same quality render both the
number of firms and the number of brands per firm in equilibrium responsive to changes
in the income distribution in the presence of non-homothetic preferences. These income
distributional effects — with empirical evidence to support them — have been neglected in
the literature of multiproduct firms due to the reliance on the assumption that preferences
are (quasi)-homothetic. We derive conditions under which a general equilibrium exists and
is stable with both types of firms producing more than one brand and extend the framework
to two countries where trade in differentiated goods is subject to trading costs.

Our results are revealing compared to those in the literature (either in the absence of
multi-products or with multi-product firms producing under monopolistic competition).
In particular, in autarky we show how income changes (and changes in the size of the
economy) impact the number of firms and number of brands per firm for each quality
differently. Two opposing effects are operative: a quality selection and a competition effect
with their relative magnitude depending on the initial number of firms active in the market.
Our model predicts that (i) a larger country sustains a larger number of firms that produce
a larger product range at a smaller scale and lower prices for each quality; and (ii) a richer
country (first order stochastic dominance) supports a larger number of higher-quality goods,
each producing a larger number of variants at a smaller scale with lower prices. Also, in the
open economy setting under incomplete specialization an additional effect is operative: the
relative price effect. It accounts for the fact that the number of brands in both countries
are affected differently which impacts the competitiveness. Under complete specialization
this relative price effect is absent and lower trade costs for a particular differentiated good
unambiguously increases the number of firms and brands of that differentiated product.
Depending on the initial number of firms either the firm expansion- or the product line

expansion effect dominates.
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A Closed Economy

A.1 Comparative Statics: Short-run equilibrium

We start by total differentiation of the short-run equilibrium conditions (19) for ¢ = H, L.
Differentiation of the expectation term on the lhs, E(p;(y)), yields for i = L :

d(Epr(y))
Ky <1 + ﬁ) priL + MM — [y (1 + (n;—fl)z> puLH
~taePrrmu + pur [n — qul dy,

where we define py (= pry) = E(pr(y)py(y)).*! From Jensen’s inequality it follows that

E(pg(y)pL(y)) < E(py(y)E(pL(y)) or pyr < pppr; farthermore pyy, < ppy and pyp < pp
(because 0 < p;(y) < 1). Expressed in relative changes, E(dp.(y))/p., we have

~ 1Y n ~
pr = HL{,uLf (1—|— (n—1)2 )nL+uLkmL Ky (1+m) ny (Al)

—pgrmuy + g — qu] dy}.

Similarly

~

p wy )~ _
Py = pHL{ Iy ( —I—m) nH—’_,qumH_//JLf (1+ (nL 1) )TLL (AQ)
—pprmr — [qn — qu ddy.

After substituting the two previous equations into the total differential of (19) for i = H, L,

we obtain, in matrix notation

N
ar1 arz my, _ ars Gr4a  —Qrs Ly nr (A 3)
GH1 A2 my Qg3 —QH4 AHs Hy no
dy
with
ara = MHk_L ag2 = [1 - /LHkLH}
ars = 1 afgs — 1

2

n ny(np—2 n
ass = a2 |1+ | — Gty e = % (14 Gt

2—
2

p n p n n%y (ng—2)
aLs = Hay = |1+ e ans = prg e |1+ (ann?] ~ B na D D)
L, = pHL lqr — qu] H, = —pH—L lqr — qu] -

31The order of integration and differentation can be exchanged.
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Solving for the relative change in m; and my gives

mg | 1 ag2  —ar2 ars  ara  —ars Ly
myg D, —ag1 ari g3 —ag4 AH5 Hy

The sign of the determinant D; is unambiguously positive:

(A4)

3
§m>§> =)

Dy =1 _MLkpﬂ _MHkpﬂ > 0.

L PH
This follows as we can decompose D; as

P p
(L= pgy) (1= o) + (1 = pze) o (1 - %) + (1 — prk) B (1 - %)
H L

N [( _ PHL) <1 _ PHL) _ pHLpHL:| 7
PH PrL PLPH

{(1 _ Pﬂ) (1 . pHL> _ pHLIOHL‘| _ <1 _ PHL ) < 0.
Pu PL PLPH PLPH

A.1.1 Figure 2

where

The two short-run equilibrium conditions can be written as

Ep,(y)] (np—=1) ppe ﬂ
m; (n% —np + 1) qik N (A5)

Epg(y) (ng—1) pg _ Fy
mpg (TL%{ —ng + 1) qu n W (AG)

Analog to Fajgelbaum et al. (2011), they are depicted in Figure 2 as my; and mypy,
respectively. They show combinations of number of brands offered by a high-quality pro-
ducing firm and a low-quality producing firm satisfying the first order conditions for profit

maximization, given the number of firms. We can determine uniqueness of my and mpy by

_ prg N (np—1) |
qr Fr (n2 —np+1)’

my — 0. Similarly for (A.6): as my — 0, my = %%mgﬁ{%; as my, — oo, myg — 0.

considering various limits. Consider (A.5): if my — 0, my, as my — 00,

A.1.2 Change in population size N

From (A.4) we obtain

My 1 [ PHL }

— = — |1 - >0 AT
N D, L. (A7)
my, 1 [ PHL }

—_ = — |1 - >0 A8
N D, i PuPr ( )
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A.1.3 Change in the income distribution

First order stochastic dominance To evaluate the effect of an increase in income on
the short-run equilibrium, we consider the effect of changing the cumulative distribution
of income, Fy(y), to one that stochastically dominates the initial distribution of income.

From (A.4), the increase in income, will cause my to increase and my, to decrease as

my L pur
=— — >0 A9
dy ) Pu [QL C]H] ( )
_ . Al
dy Dy pp lar = au] < 0 (A.10)

Mean-preserving spread Similar to Fajgelbaum et al. (2011), a mean-preserving
spread in F,(y), ceteris paribus, leads to an increase in my and a fall in mj, when for
all y, p.(y) > py(y). This statement relies on the fact that this condition ensures that
pu(y) is a convex increasing function of income; that is dpy (y; mu, mp)/0y = py(y) =
pr(Y) (qn — a(y)) and OPpy(y;mu,mr) /0%y = (1 — 2py(y)) P (y) (g — qr) > 0.% The
mean preserving spread will then cause E[py(y; mu, my)| to increase holding my and my,
constant (Gravelle and Rees, 2004). For the two short-order equilibrium conditions to re-
main satisfied, m;, and my need to respond. Intuitively, the increase in E[py (y; mg, mp)]
will need to be compensated to ensure E[py(y)]/mpy remains constant. An obvious solution
for given my is to increase mpy; whereas this would further increase Elpy(y)] (since the
partial derivative of p, with respect to my is positive) it cannot dominate the direct effect
increasing my has on the ratio Elpy(y)]/mpy); equally given my an increase in my would
establish this compensation. The mean preserving spread therefore moves the myy curve
towards the right. The reverse holds true for the my; curve, which shifts towards the left,
yielding the overall effect of an increase in my and fall in m;, (see Figure 2).

In order to quantify the optimal responses to the mean preserving spread let f(y; )
denote the probability density function of income, i.e., dF,(y; 8)/dy, with 8 parameterizing
this mean preserving spread (see also Gravelle and Rees, 2004). Furthermore, let pfy .

and py, ~ denote the partial derivatives of py = E [py (y)] with respect to my and my,

/ RgrPHL
PHmg = — 7 7 0
/ RrePHL
———== <0
pH,mL my

and ) | F
g nyg —ni+1rb; .

32By symmetry p; (y) is a concave decreasing function of income.
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As argued before, the mean preserving spread is associated with an increase in E[py (y;

mpg, mL)], or

/ pu(y; mu, mw) f3(py; B)dy > 0, (A.12)

Ymin
where fs(y; 3) is the shift in the probability density function as § varies. We denote
the optimal responses m}; () and mj () which for notional convenience we call m*. The
optimal responses to the mean preserving spread are described by the total differentiation

of (A.6), simplified here as py = ymy,

dmL .
g
and the requirement that both short-run equilibrium conditions are satisfied. This ensures
that %k /Y = iy /1 5 Then

/Oo p(y;m*) fa(y; B)dy + (P, (M) — wH) 5 S (0 0

Ymin

d d
o (—p;I,mH (1) + gl *)) -2

We therefore have

dm — [%D  HaPrn(m’) ¢_HMLkaL(m*):| ' dpy
dp f miy vy My dp
_ [1 —u prL(m”) " pHL<m*))] "~ doy >0 (A.13)
pr(m*) frw pr(m*) b pr(m*) dp
dmp ___mj [1 oy L) pHL“”*))] Tdew o A
dp pr(m*) g (m) T py(m) g~

where the inequalities follow since the term in square brackets equals D; which is positive.

A.1.4 Change in number of firms

For the cross effect we obtain from (A.4) an unambiguous negative effect for np, > 1.

Specifically
my . L pur nr n2 (ng—2) N L pur
7. Dyopy {MLf (1 + m) P Lk T2 —npt D (nz— 1)} = _EEZDM <0.

The terms in parenthesis can be written as

n n2 (np—2) n? (np,—2)
{”Lf (1 + o (niiﬁﬁ)(nrn) + (/‘Lf ~ Hik) (nZLfoL+L1)(nL71)} ;

and both components are positive with i, — py, > 0, rendering the total effect negative.

31f we sum the two short-run equilibrium conditions, E(py(y)) = ¥ gmy and E(p.(y)) = ¥y myp, we

have 1 = ¢ ympy + ¢ mr from which this statement directly follows.
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The own effect is related as

mp 1 PHL n PHL AU )
o ot () - [
_p_HmH - n? (ng—2)
T pLnp  ClmmADmD
Clearly
_L mH _ n%(anZ)
PrL ﬁL + Pu ﬁL =~ PL (n2 —np+1)(np—1) <0.

The own effect can be positive, but not too strong (the sum of the probability weighted

own and cross effect remains negative).

The results are symmetric for == and =4:
nH nH

mr 1 pgy ng_\ _ iy (i =2) }
g Dip, {qu <1+m> Mk g 1) | < U
My . _p_Lf?\”LH B n3 (ng—2)

Ny pyng (aoratDom-1)

A.2 Comparative Statics: Long-run autarky equilibrium

We solve the long-run equilibrium by substituting (A.4) into (A.1) and (A.2), which allows

us to express the relative change p, in terms of the relative change N, iy, iz, and in terms

of dy:
~ Pur, 1 ]’\} d A
H — — 7 [MLk_MHk] +<QL_QH) Y ( -15)
pu D
n n? (np,—2) ~
+ [“Lf (1 + (anl)Z’) ~ MLk (n%—’rfL-ﬁ-Ll)(nL—l):| nr
n n2, (ng—2) ~
B |:'qu (1 + (nHiII)2> — Kk (nszH+}{)(nH71):| nH}
~ o PuL 1 ]/\\[ A
PL = 0 ipe — k) N + (g0 — qu] dy (A.16)
PL 1

n2 (np—2) ~
) ~ Hik (ni—rfon(nL—l)] nL

n nZ, (ng—2) ~
B |:/JJHf <1 + (anl)2> — Hak (n%{—fH—iﬁ)(nH—l)} nH}

+ ey (1 Gt

A.2.1 Stability and uniqueness of the long-run autarky equilibrium
Assume that firms are short-sighted: they enter when profits are positive and exit otherwise,

with profits given by

(g, nz) = 2> Epy(y) {wf(n_ ﬁ“z))(("zz__lii if)f”} K, fori=HL (A17)

)
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The flow of firms into each industry can be described by two differential equations of the
following form

m = niHi(nHa TLL)'

In the steady state, n; = 0 and ny > 0 and ny > 0 as Iy (ny,ng) = Hp(ng,ny) = 0.
To find conditions for a locally stable equilibrium consider the Jacobian matrix evaluated
around the steady state:

npllp,, nllp,,

J:

nHHHnL nHHHnH

(subscripts refers to the derivative with respect to ny and np).

Consider, e.g.,

N (hpg—hpe)(ne=1)"+uppng } . ]
0 [(IL PL { (np—1)(n7 —np+1) Ky

HLnL =

87’LL
o { (bpy—prK)(nL—=1)"+up }
E {(MLf_MLk)("L_1)2+NLfnL} apL N (n—1)(n2 —np+1)

qr, (nL—l)(nzL—nL+1) anL + q_L'OL anL

The first term represents the selection effect on profits and the second term the competition

8{ (MLf*HLk)("LQ*UQJFNLf”L }
np—1)(n% —n 1) — nr— 2 n .
effect. We denote S0 gni L = —(MLf(n/:L_kl))((nL%_lzLﬁ)Lf =~ /nL, with
n?(n; — 1) 1 7mi(n341)
o i 7 if a1y Al
Vi (n; — 1) (n? —n; +1) i [(rip —pin ) (i =1)% 113 i) (ni—=1) (n? —ni-+1) (A-18)
> 1,

i = H, L3 Using (A.16), we obtain

KL PHL n n? (np,—2)
Mo, = =25 {%Dl e 12y (1 G ) — i S ) |
Similarly,
N (#Lf*#Lk)(”L*1)2+#Lf”L} . ]
m, o 0 |:‘1L PrL { (np—1)(n} —np+1) Ky
s -

8nH
— K PHL ng n? (np—2)
N _TLHDl { Pr ['UJLJC <1 + (”HL_1)2) ~ Pk (n%_nL+1)("L_1):| ’

There is no competition effect across quality groups. Using (A.15) for the remaining terms,

we obtain

_i Krbinr KLZ—ngH
D1 KHZ_IZbZnL KHb2nH

34 Note, ; approaches asymptotically one as n; — co.
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with

bin = prD1— p_Hb2nL

Pr,
_  PHL n n (i —2)
blnH = E |:,LLHf <]. + (nHill)2) — Mgk (n%{—qu+fi)(nH71):| >0
_ PHL n ng(nr—2)
b2nL = E |:,L6Lf (1 + (anl)2> - /‘LLk(nifrfLJrLl)(anl)] >0

P
bZnH = SOHDI - _LblnHy
PH

for v = H, L. Here D; = [1 - uLk% — quppH—HL] as before.
The long-run autarky equilibrium is locally stable if the trace of the Jacobian matrix is

negative and its determinant is positive. For the trace we obtain
tr(J) = —D% [Kpbinr + Kpbonm]
_ K n n (np—2)
= —D {%"HDl — o [“Hf (1 + (nHiII)2> = <n%{—fHﬁ)<nH71>]}

K n n2 (np—2)
~Dr {S‘JLDI — g (1 + e ) =t (ni_iﬁﬁ)(nrl)] } ;

which is negative if
P n; n? n;—2
©; Dy > % [,uif (1 + W) - “zkm} ; (A.19)

1 = H, L, so that by,;, > 0 and by, > 0, ensuring that the competition effect dominates

the selection effect. The determinant of the Jacobian matrix is positive if
det(J) = nygnyg, (HHnHHLnL — HHnLHLnH)

Kk
HoL (goLgoHDl L p——_t Hb2nL> > 0. (A.20)
Dy PH PL

This is true when the effect of a change in n; on the operating profits of a firm from the
same sector ¢ dominates the effect on the operating profits from a change in the number of

firms from the other sector, n;, for i = j = H, L, and i # j.

Given the stability and the uniqueness of the long-run autarky equilibrium, we are now
in the position to conduct a comparative static analysis. Using (A.15) and (A.16), total

differentiation of (A.17) evaluated in the steady state yields

R N R B i oo
bons - bonnt i 1 — ppp il —PHL (qr — qu) dy

PLPH PH

By inversion, we obtain

n 1 ban, —bin 1— PHL PHL N
/7:5L _ 1 2nH InH MHkZLpH ZL . (A21)
nH Dy | —bonr  binr L=y, e =5 (g2 — qm) dy
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From our discussion of the stability analysis, Dy > 0 or

D,y Pr Pu
— = Dy —o;—bi,g — ——ba,1, > 0.
) Yregtli SOLpH InH — ¥H oL 2nL

A.2.2 Change in population size N

From (A.21) we obtain,

D 1% blnH
= D—l{SOH[l_NHk HL}_ }>0
2 PHPL Pu

= —q¢r|l—n — > 0.
Dy | 7* He PHPL PL

Considering 1y, / N , we note that the term in the curly brackets can be written as

2>|§> 2| &

PHL PHIL binm PHL
o [1—n — [ } - + o :
i { oupr T oup]  om T T  pppL

Since

PHL PurL
I—p — [ } > Dy,
[ L PuPrL e PuPrL

in combination with ¢, D; — Z—IZanL > 0, it follows that ny/ N > 0. An analogous result
follows for 7y /N.

The compositional effect associated with an increase in the size of the economy is given
by

ny nr
@Hﬁ - @Lﬁ
_ Dip BHE B n? (ng—2) _ Brk . n? (np—2)
= DipprL‘PHSOL{Jff <90H Lm0 1)) on (9% (n%—ffLH)(nL—l))
25 _ng ) _ Hrf _ny _
+ [goH (1+ (anl)'A’) ot (1+ e

Using (A.18), the effect on the scope is

mi . nZ(n;—2) ﬁz
T (¢s— st 570

The effect on the scale is :

T (2n;—1) n
ﬁ - {(nf—ni—kl)(ni—l)} ﬁ <0 (A'QZ)

since n; > 1, and the effect on prices is:

dpi My my

—~

7.
— <0 A.23
¢ (ni —1)2N ( )

=
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A.2.3 Change in the income distribution

First order stochastic dominance From (A.21) the increase in income on the number

of firms, is

— = — — <0
dy D, P [ L QH]
nu o D1 pgr

— >0
dy Dy pp [QL CIH]

The compositional effect associated with this increase, ¢ Hﬁd—H — L@—L, is unambiguously
Y Y

positive. The increase will generate a shift in the composition of differentiated goods

towards the high-quality goods.

The increase in income has similar effects on the number of brands per firm

nZ(n;—2) T

a (i~ i) &
the scale

Ty _{ (2n;—1) } n;
-V = 21 (n—
dy (n7—n;+1)(n;—1) dy

dpi  Mip  my n;

dy qi (nz - 1)2d_y’

and the prices

Mean-preserving spread We again assume that p; (y) > py(y) for all y, to ensure that
py(y) is a convex increasing function of income. The mean preserving spread will then
cause E[py(y;my, mp,np,np)] to increase holding my, my, ny and ny constant. For the
long-run equilibrium to be re-established, mg, mz, ng and nz, need to respond. Let p,, .,
Pt > Pl Pa,, denote the partial derivatives of py = E [pi(y)] with respect to these

variables given by

10:09:08

/
pH,mH - my >0

’ HrpPHL
pH,mL - - my <0

Hey [1 + (nn—ﬂy} PHL
Piing = - >0

Hrs [1 t n—an]
Pm, = — . . prr < 0.
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Recall from Section (A.1.3) that f(y; /) denotes the probability density function of income

with § parameterizing the mean preserving spread. We use the simplifying notation:

w‘ qi E n; 2 _ni+1
’ K N nl_l
. Kz (ni—1)(n2—n;+1)
& = Qiﬁ {(Hif_ﬂik)(ni_lp'i'uz‘f”i] (A24)
for i = H, L, with dv,/dn; = % and d§;/dn; = &,p;/n;. where ¢, is as before.

The optimal responses are denoted nm* = {mj;(5), m} (8),n5(6),n;(6)}. They are
described by the total differentiation of the first order conditions associated with optimal

scope, simplified here as F[py(y)] = muyty, and the zero profit conditions, or Elpy(y)] =

§H:35

I pu(ysnm®) fa(y; B)dy + G [y, (0m*) = O3] + B ply, (n02¥)

n n n* (n 2 (A25)

+%%mwm+@ﬂ%wmn>mﬂmwj@;;J:o
I3 pa(ysnm®) f5(y; B)dy + S ply oy, () + G ply L (nm¥) A6
dnp S ( ' )

D g () 252l () = 0] —

together with the requirement that the associated conditions with the decrease in E|p; (y; mp, mr)]

need to be satisfied as well. The latter ensures that?¢

n% (n% —2) dnL
Q/JL dﬁ wH dﬁ L’I/JL B 1Ln*L2_nL+1 d@ +
%k ni(ny—2) dnH o
MY G it g O (A-27)
g’ dp §Ler/ng, pLPLING
Substracting (A.26) from (A.25), gives
de dnH niy(ni—2)
5 ' ap = <mH¢H(n oty — Sy )/1/)1{ (A.29)
. my nit (nf;—2)
= i (SOH (n%; 71%@: nH+1)) >0,

where the second equality uses m3;93 = &}; and the inequality follows from (A.18). Plug-
ging (A.28) and (A.29) into (A.27), gives

dmyp, dng PP /M My ( 12(n} —2) >
= — *_ = < 0 A.30
B8 = gy, m, VT G (A0

35Since 1, and &; depend on n;, we will use * to denote their associate values.
36 As before, the set of conditions associated with optimal scope also yield 1 = m 5 +mri,; summing

the two zero-profit conditions, E(pg(y)) = £y and E(py(y)) = &}, yields 1 = £ + &, The statement then

follows.
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Substituting (A.28)—(A.30) into (A.26), given for the number of firms

dnH qu % n*Z(n* _2)
dp - {_ [ng <<'DH B ("E*S(n’;{gfn’;ﬁl)) plf—lva + PleH +
>k * * * . . 71
PirPi/ My | M ( o P2 ) : : Pui | dpm
Lot /g [”E PL ™ (g Dy —ni+1) ) PHm T PHun, | T nt 15
= | Pk L (o nif(nj=2) 1 n

* * -1
PP/ M 1 < ) ) 1 < n_> dpy
L% It PHL |:ML]{3 i PL ™ 1) —ni+1) + g nt 1+ L —1)° 43

_ SO*Ln?{ ® % * PHL « PHL n nit(ny—2)
= {SOLSOH — YL [IUHk Y+ e {MHf (1 + ﬁ) ~ HHE G 1)yt —ng, +1) }} -

PH PH
~1
« |, PHL x| PHL 0 ) _ ni2(n; ~2) } dpy
Y |:ILLL]€ oL oL+ oL {MLf (1 + (np—1)2 KLk Tz 1) (ni2—ng 1) dj
_ iy Didpy
py Do dp
> 0
and
dng _ pu¥h/ny wing Didpy _ ¢yni Didpy _ ¢ymi Didpy,
ds prei/ni Py De df wppp D2 dB py Dy dp
< 0,

where the inequalities follow as Dy > 0. For the number of brands, we obtain

dmpy s 2t * Dy d
T = il )
Py (g - ) ¢ Do
3 L\PLT w0 i) pr D, dp
_ nPmy-2) \ $uDidpy

= m} (soL - (n;—1><n22—nz+1>> ot Dy dp =

A.3 Welfare
A.3.1 Welfare and second order stochastic dominance

Using McFadden (1978), we note that in our model the expected maximum utility of a

household with income y is
E(maxU*(y)) = In (nf"" my* exp ((y — pr) qr) + 0 mi™ exp (y — prr) qm)) . (A.31)
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Clearly the expected maximum utility is increasing with income as

8E(mzﬂ:;/U* &) = pr(W)ac + pu(y)qe >0

implying that the welfare of everyone increases with income. The expected marginal utility

of income is increasing as

O?E(max U*(y))

5 = PLWar + Py (y)an
= pr W) (@0 — 4a) a2 + pu (V) (a5 — 4a) qu
= pr(v) (1= pp W) (g — qv)”
> 0

Y

where q, = p(y)qr + pu(y)qm.

A.3.2 Welfare expression

Here we derive the welfare expression given by equation (31) in the main text. Define
In (v(y)) = E(maxU*(y)). Using (A.31), the effect changes in {ng,nr, myg, my} have on

expected welfare is then given by

0(y) = pu(y) [MHf <1 + o e ) nH +MHka] +pL(y) [MLf <1 + e ) nr _’_MLkmL} :
(A.32)

Since the relative changes in m; are proportional to the relative changes in n;, with factor

of proportionality (¢, — (;), with (; = W_”Z{t%, we can re-write (A.32) as

o(y) = pu(y) [MHf <1 + (n;—fl)Z) + pg (P — CH)} n
+p1(y) [“Lf <1 + (nLn—_L1)2> + ppx(or — CL)} n

In our attempt to obtain the pure scale and composition effect (similar to Fajgelbaum
et al. 2011), we first note using (27) and (28) that

-~

N = ppuna + prerne, (A.33)

with p; = x;m;n;/N = n;m;d;;. Together they provide the relationship

1 + oy )+ (el — Cr) .
ily) = pHH() B e B

oL {“Lf <1 + m) + ppk(pr — CL)}
Zf[ffﬁ {“Hf (1 Rl Cymas v ) + (o — CH)}

ZLL(,)L) {MLf <1+ T 1)2) + pri(er — CL)}

b

+puprL (ounm — ¢Lnr)

which is given in the main text.
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B Open Economy

B.1 Incomplete specialization
B.1.1 Decision process of an H firm from country a

The first order conditions for H firms selling respectively in country a and b are

a v
(PHf - CH) = A
{1 - pf|H>
a Hgr Mg /QH )
(ij_CH) = ! ! sng  J#f,
qH H)
a 2
(iy —en—7u) =
qH (1 ple)
a v
(Pirs —cn —7n) 2 j=1,..ng j#f
qH (1 _ p?lH)

since pjf)H = P The first two describe the pricing decision for the home market, the

last two for the foreign market. In comparison with the home market, transportation

costs increase the price of high-quality goods in the foreign market. Firms assume that

markets are segmented. As a result, we can apply the same arguments we applied in the

autarky case to prove that the price equilibrium is unique in both markets. The optimal

number of brands per firm is implicitly determined once the pricing strategies (B.1)-(B.4)

are substituted into the profit function and is given in the main text.

B.1.2 Decision process of an L firm from country a

Firms assume that markets are segregated. Taking p¢ and p% as given, the first order

conditions for firms selling in a are

“ Hr, 1
(po - CL) =
i (1 - P%L)
. p 1
(i —cn) = = j=1.n j#f
. (1 - ple)
KLy 1

(pliaj—CL—TL) =

o1



The conditional probabilities are given by

- M7 exp (x%)
L - a a a a a
I (ng — 1) + Mg exp (x§) + nf Mp exp (X}
1
o
il (ng — 1) + M exp (x3) + nb Mb exp (x%)
o My exp (x§")
j L - a a a a a
7 (ng — 1) + Mg exp (x) +ny Mpexp (x%)
o _ (Miryers Apba — (Mhyars
where M} = (—55)"es, Mp* = (k)" and
L L

Xp = (% = p%s) au/pny and X5 = (f — PY*) qn/ 1y
Note
P+ (ng = V)pfip + 0ol = 1.

By symmetry, for firms selling in b:

’ M} exp (x4

PIL T (g = 1)+ M exp (\) + nh Mp*exp (x})
_ M§exp (x%)

PIE = (g = 1) + Mg exp () + nf My exp ()
ab _ 1

PiiL =

(nf — 1) + M exp (x') +nf Mj* exp (x})
with
Xt = (p7 = pL) ar/ney and X7 = (07 — p2y) ar/mey-
We obtain the following system of equations concerning the differences in prices:

a_ 1 _ M exp(xf)
XL = (n§ —2)+M} exp(x“L)—l-nliMza exp(xl}f) (n‘i—l)—l—nliMza exp(xl}f) (B5)
e : ) pren(yt)

L (naL—Q)—l—MZexp(X‘z)—i-nliMEaexp(X%’l) (n%—l)—i—Mzexp(x‘i)—&—(n’i—l)Mz“exp(xli“) (BG)

_TL49L
KL f
b 1 _ Mzaexp(xz)
XL =2y exp () M exp(xy) (g =M exo(xi? )+ (nh,—1)ME exn(x;)  (B.7)
+TLQL
KLy
ab _ 1 Mg exp(xg")
XL = (n%—Q)—Q—Mg exp(x%b)—l—nzMZ‘lexp(X%) B (ni—l)—l—n%M{“ exp(x%)' (B8)

We next show that the first (last) two equations have a unique solution in % (x%) and 4

(x%). Consider the first two equations. Total differentiation with respect to m¢ s yields in
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matrix form

L+ pm @7 T P nL P A dxg /dmg, ]
pf|LA2 1+ = gz‘yﬁ BE + an]|LA2 /dmi s
__Hrk 1a o (1fp1‘;|L)2 o 7
FpgmMry A,
where . i ) .
O A | . S | B (B.9)

a a n 2 a a .
(1- pj|L)2 (1—- pf|L)2 (1 - pj|L)2 (1- p?’|L)2

By inversion, we obtain

dxg —  ppe 101
dm®,  pppmo me, D2 D P>
Lf Ly Ly 2 (B.10)
\L 1 1
1+ (1- : )2) ((l—p?\LV - Al) + (1=p%;, )2anJILA2}
dxbe 1 1
XL _ _Hrk P, (B.11)

dm%f Kryg ™My ¢ Df,

It is straightforward to show that the determinant D j; is unambiguously positive:

_ i ii? i b ba
Dy = (1+ (1—p§|L>2> <1 T >2)+(1 + T ) el dat (1 ok )2) Pyt >0,

JIL

and, consequently, the solution (x$,x4%) is unique.

Similarly, total differentiation of x4 and x% with respect to m¢ 7 yields

dxg® o 11 "

a if?
dmi Kpymiy m$; Dy (B.12)

|L 1 1
{<1 " (1_’]’§L)2) ((I_P?bLV + A3> * anpJILA‘l} <0
dxb 11
d = I 7 PLA (B.13)
mry Bpgmpy L2
with
ab ab ab b
Pj|L Pf|L PiiL PilL
Az = : — and Ay = — (B.14)
(L=pf)® (L= o) A= pih )2 (1= ph,)

and determinant D jq:

D= (142 ) (14 S
2 =p3,)? (=6 )2

b
fIL b —
‘I‘ (]_ + W) anj|LA4 _|_ (1 + ( ) ) prLA?’ > 0
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and uniqueness for (X%,X%a)

follows.

The first order condition associated with the first stage maximization problem is:

d?f“Lf _
dmi
Y rar o P 1 dye i dxhe
N°E [pL(y)] 1l 2 Lf J Mrg 2 X;, - Jl a nlz Xi,
(1- IOf|L) qr | Hppmiy  dmi, (1— pf|L) dmg ;
ab b
P 1 dx P; dxb
—|—NbEb[pli(y)] f|l;b Fry | Kok . XQL . J\Lab li XaL —F, =0
(1- pf\L) qr | ppymiy  dmi; (1- pf\L) dmyg

Making use of (B.10), (B.11), (B.12) and (B.13), the first order condition with respect to

the scope of production, mj ;, can be rewritten as

NeEe |

+NYE" [} (y)]

We now want to evaluate

P 1
(1— p(}\L) Dp

P 1
(1 - p%}) D_JZ

ba
PjIL
*P%L)

ba
PilL
__,ba 2

Pjir)

H%AQ}

() o
et -

the first order condition at the symmetric equilibrium, where

Pr(y)]

b
Pi|L
b
(1_9;‘[,)

b
Pj|L
EPCEY)
(1 pj\L)

m{, = mi, given the equilibrium prices. Using (B.9) and (B.14), we get

/,’L J—
Boify = NEUR)] || [ st (B.15)
Fk (ng)” —ng +1
brbr b ﬁaLb_ 1 ab a b
+NE’[pr ()] | —— [1+3 (mLamL>]
()" —ngt+1
where
Sa(ma mb) _ p? wi Ag (B 16)
R () I N |
DR
1 v (nina)Q [<ﬁ%_0a)2_0a(ﬁi_l)z]
o gl ((ﬁ%70“)2+ﬁ%9“)+w%(_aﬁaLl)Q [(75—0%)*~0° (73 —1)"]
ny =
ab a
SO (m,mb) = L i (B.17)
( —Py ) 1+ - Zb)2+waLbA4
—Py
'anb
wib <_abL 1>2 [(ﬁ%b_eab)z_eab<ﬁcib_1)2:|
. 1 ny’—
ﬁ(ibil ((ﬁ%bfeab)2+ﬁ(ib9ab)+w{ib (_:;zbl)z [(ﬁ%bigab)zieab(ﬁ%bil)ﬂ
ng—
ea b 9(11; b
and wy = n{; ;- and wi® nll‘)
ng +0°ny n$ +0*n}



B.1.3 Decision process of an L firm from country b

By symmetry, the price subgame for firm f of country b, yields

1
b _ . b
P = ﬁ—%dfl’--’”
1
ba _ N b
pilL = ﬁ—%,j—l,--,n
eb
ab _ M b
Pl = ﬁ—%,j—lv--,n
with 7l = nb + 6%, 6" = M exp (x;*)
At = nb 40" 6% = M exp (3).

The definitions for x3% and x3* are not specified explicitly here. The associated first order

condition at this symmetric equilibrium, gives

~b
q ny —1 u
——myF, = N'E'lp} ()] | —— [1+ s"(mg, m})] (B.18)
ik (nL) —ny +1
nbe —1

[1 + 5" (m4, mlj’;)}

+N“E[p (y)] [(ﬁ%a)Q —fibe 41

where
nb )
s(my,my) = ot b G ()" )]
’ L - ~
ny—1 (ﬁ%—1>2((ﬁ%)Q_ﬁﬂLeb+(gb)2>+w%mél+l)2 [(ﬁ%—Qb)Q—Gb(ﬁ%_l)Q]
,ﬁbu e . ) » )
Sba(m‘z m%) — bl w%a(ﬁlF—L—l)?[(n% —ob ) _b@ba<nll); _1) ]
9 = -
i 1(ﬁli‘lfl)2<(ﬁ%a)Qiﬁ%aGba+(0ba)2>+w%fl(ﬁ{;—[_fl)z[(ﬁliaieba)Qiaba(ﬁliail)Q]
6ona gbapa
with wp, = b—an and wy’ = b—nbL

B.1.4 Symmetric equilibrium summary

In symmetric equilibrium, the prices are given by

Market a Market b
a — HHf ng ab _ PHf ng
Puf = 4, ng-1 +cyg Pry pr— +cg+TH
a _ Hry 7f +e pb _ Hiy ) +e
Pry = 4, mg-1 1T CL Lf = Tqg ab—1 L
~ ~b
ba _ MLy 77 ab _ BrLy 7
pLj_ qr g —0° +eL+TL pLj_ qr ﬁli_gb +cL+TL
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and 5% = —x4 and x3* = —x%, so that #°6" = 1 and 6°9** = 1. As 7% = 0*A%* and

~ba

~ab
nr

b ny _ _7p iy
nb = 0°ngb .ﬁaLfoa—ﬁm TR

0”_

ab —1°

We assume 7% < 7% and 7 n b < 7% indicative that the effective number of competitors

in the presence of transportation cost is smaller in the home market than in the foreign
market and 0% < 1 < 0%, * < 1 < ™.

B.1.5 Comparative Statics

To obtain the total differential of equations (39), (40), and (41), we make use of the following

results
dyy

dy’,

TLdrL  ~
= —dx;=-— ErTL
Hryf
Trdrn  ~
= d zab = ErTL
Hpyf

(uses equations (B.5)—(B.8)), where ¢, denotes the (positive) elasticity of transport cost on

prices (through the y; terms). For simplicity we assume them to be identical.

Evaluating E%[p}(y)] at the symmetric equilibrium gives

Ep1 ()]

.

(ng)"™ (m3)"* ¢, (y,n%) +  (Arvgng)™ (m})™" ép(y. ) ]

[(ng)"= (m) = + (Apognl )™ (mh)"*] ép(y,7g) + ()" (m)" ™ 64 (y, n%)

= E°[p5(y)] + E“[p%(y)],

where

= a

AL = exp (—7rqr/pry) and vf = exp ((ﬁgil) N (ﬁ‘infaa))

since

exp [(y — pu)au] = exp ((y —cm)qn — FLHf(nZ—Iil)} = ¢y (y, %)

exp[(y —pr)ar] = exp |(y —cr)ar — uLf%} = ¢ (y,n7)
exp [(y —piar] = exp [(y—co—71)ar — uLfm—Lea]
L ny —
= (bL(y? ﬁ%) exXp </JJLf ((ﬁ;il) - (ﬁ;f@a))) exp <_TLQL) :
Similarly
E[p},(y)]
- B (Arvgng)™ (mg)"* ¢u(y,ny)) +  (n)™ (my)"™ 61(y,})

[()\LU%TL“L)H” (m%)#m + (n%)u” (m%)um} o1 (y, fl%) + ()\H”?{)H}” (m%r)MHk by, n%f)

E*[o5 ()] + E° o ()],
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where

b i
A = exp (—Tuqu/pyy) and vp, = exp <(ﬁ’iil) (A L(”’))

Let us define pff;, = E* [03*(v)pl ()], pitr = E* [0 (y)p (y )} with pify +pi, = pl =
E* [p(y)pt(y)], and by symmetry pff; = E° [pf(y)py (v)] . i = B [pF(y)P(y)] with
P+ Pl = P = E° [0 (v)oi ()] -

With p; (y) concave in y (i.e., assuming p; (y) > py(y) for all y as before), we expect
051/0% > p%./p%, as a denotes the rich country and b the poor country.

Total differentiation of p%(y) and pb (y) yields

~a ng o\ PHL ﬁaLea IOHL
" (g —1° ") o (g —0)’ P
ny o PHL n7 0" a P(I?L A b
+h [~ w a‘i‘(l_ﬁ(l_w)) a}m
Lk ( a __ 1)2 L pL (n% . 0 )2 L pL L
PHL a0 | Ph
— gy 2L 1L ) — gy dy®
L L
e [ ny wie PHL + <1 B ﬁ%ea (1 B w%)g ) P%})L} ’):L
Ty -1 "7 (g — 6) Ph
= O ps MG+ Ot s 1107 — s s G + Gyays Ay + O3, AL

~b bb b b ba
o= ik [ L PAL (1 e (! —wg)> —pf,{L] me (B.20)
(ny — 1) PL (nh —6°) Pr
b
+ (1 _ g b) PiL 30 ( _ ) pHL] b
H Lk b 2L b b b 2 L)~ b L
(nL—l) PL (nL—H ) L
b b b
PHL ~a , P PHL }
P + L (g — qu) dy® — pg = Mg
PL PL PL
b bb ~b gb ba
PHL 10 b PHL
o L Per + 1—wy)e; AL
s — 1) o (b — 6°)” ( ) o
) ~

If w? = wb = 0 (that is if there is no foreign competition in the home market), the total
differential simplifies to that in autarky.

The analysis below makes extensive use of the following notation: w¢, = %,
H H
which defines the share of high-quality goods that are bought by consumers from country
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a; and

[—ﬁaéb_l [1 + s%(m¢, mb )]

aa N, ab (agh) —ngt+1 | L L

L Nep} 4 Nbph Aab ith AT = A1 P (B.21)
{m [L+ s2(mi, mi)]

Aba_

ba Nap%Aba . ab [(ﬁ%a)é—ﬁlia-l-l_ [1 + Sba(m%” m%)}

R T 7 A T P
) 0 o)

which, respectively, define the share of domestic and foreign marginal profits belonging to
firms from country a. w%® = 1 —w% and W8 = 1 —whe. Tt is reasonable to expect Wi > Wi,

in fact if N°p} is sufficiently big relative to Np¢, we expect w9 + wh? < 1.

Total differentiation of the short-run equilibrium conditions (39), (40), and (41), then
yields, respectively

a b
A~ Q a a a a p -~a a p
my = wipy + (1 — WH)/p\bH = _WHp_aLPL —(1- wH)p—bLﬁ%, (B.23)
H H
g = WPy + Wil + (h — e%) Z—L]ﬁmz — i) — (h% — %) erhrs (B.24)
L
and
il = WP+ W — (B €b) g—ﬁmz — i) — (W) — €)) e he, (B.25)
L
where
[ - - > Q 2 > Q.
a aa w% (n%)2 (TL% - 2) ab w%b (an) (an - 2)
hy = |wi'= 1) T(72)2 _ ~a WL 1 2 >0
(g —1) [(7g)" — A +1] (7% =1) [(39)" - 7> +1]
e§ = -w“a il Eoa + WP 5 €
L - L (1—}—5“) s L (1+Sab) sab
[ N2 /= 2 ba
v | @G-y e @ ar-2) |
L L("—l) “p\2  ~p L(ﬁba 1) ~ba\2 _ ~ba
i L (A%)" —nf +1 L (Af)" —Ag +1
r b ba
b S ba S
eL - L(1+Sb)6sb+ L<1+Sba> S :|

Here . denotes the 6 elasticity of s¢(m%,m%) and e, the * elasticity of s%(m%, mb).

The definitions of £, and €. are analogous.
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Using (B.19) and (B.20) and recognizing pj = —STaL,b%, we then obtain in matrix form:
H

€11
€21

€31

€12
€22

€32

€13 mH
€93 m“L
€33 m%
b b
Sy oy
w# —w?
WP

The elements of the Jacobian matrix are

€11

€12

€13

€21

€22

€23

€31

€32

€33

a

ba bb b
(.UL 5)\1”0% +wL5}\LP% - (hL - BL

pe
&0

—wh —pli (5
w b
P ALpi Hpb )\LpL

aa ab a a
WEOnpg T WL 0N b — (hy —eg)er

b

)<

[1 - (w%ém%pcﬁ + w?{(Sm%pz}{)] =1-—-why

5yapi dya

5ybpzidAyb

6)\leLAH

a b — a PL b Pli
— (wHém%P"H + wH(Sm%p%> = <WHE57”%/’GL —FwHEém%pli
(e b — (o rL b PL
(WHém’ip‘;{ +wH5ml]’:pii_I) = (pr‘}{(;mliP(i —i—prI;I(szipzz
_ aa ab _  .a
— |:CUL m‘}{p% _'_wasmc}qpli] :(.ULL
_ 1— aa + aba _(ha_ a)iuLk
= WL Omgpp WL Omg ol L~ Cr
Hpy

o aa ab a a
= - (WL mbpe T W, 5mgpg> + (h7 —€})

and w(;{va%L7w%L € (07 1)

By inversion we obtain

> a
m
S a —
my

~ b
my,

1

Drs

(622633 -

— (W0, + Oy ) + (1l — e

{1 — (g + 1)

632623)

—(621633 - 623631)

(621632 -

622631)

Hrg

Hryf

bb ba — b
(wL(Smalei‘i_WL(SmaHpaL) :CL)LL

) B
Hryf

—(Rh — et Hik
(L 6L)/M:f

(612633 - 632613)
(611633 - 631613)
(611632 - 631612)

PL

a
—W
HpaH

b
(5)\ a — wb p—L(S b
LPT, Hp?{ )\LPL

(612623 - 622613)
—(611623 - 621613)

(611622 - 621612)

aa ab a a
Wi, 5)\Lp‘£ + wr, 6)\Lpli - (hL - eL) Er

ba bb b
(JJL 5)\LP% +(—L)L5)\Lpli - (hL — €

29

b
L

)<

AL

5yapaL dya
5ybpli dyb

5)\pri)\H



When w4, = b, , the determinant is given by

Dis = (1 —-why —wip) X

(1—wL—wL (5mp— )—(h“ €%+ hb — )“Lk>.

Kry

The first term in the determinant is unambiguously positive. We assume that the differen-

tial competition- and price effect (h —e$ +hY —e ) and the differential impact of (m§, m})
on ph (Gt oo — O 0 ) are not too large to change the sign of the determinant ensuring the

determinant is positive.

In general, with w%; # wh  the determinant is

wit—wi [phy PHL Pire
== 5 O, = o) + (5 = T ) Omi g
wb
[2he (hg — ) + (nh — e} | 22
LL

1593

Dis = (1-why—wip)

Omb pa ( Wh, WLL +wi (1= W?{H))
W%L b b
ol +5m’ipg (WH Lwip +wi (1 - wHH))
— (1 —whp) (b —ef) H1&

Krf

We assume the determinant remains positive. With w?® + w% < 1 and p%;/p% < p%; /0%,

b
we are guaranteed that 1 — & > 0; as before we assume that the competition (h$,h})
LL

and price (%, e}) effects (in differences) are not too strong.

Change in trade cost for high quality goods We make use of the following results
below:

ab, b bb, .a _ aa ba pHL
(WL Wrpp —wWpw LL) = _(WL - L) p
PrL,
pb
aa, b ba, a _ aa ba\MHL
(Wi'wyp —wiwir) (Wi —wr )_b
Pr
aa, bb ab, ba __ aa ba __  bb ab.
Wp Wy —WpWy = Wp —Wp =Wp —Wr;

and we recall that an increase in ), is associated with a decrease in transportation cost (7).

Associated with an increase in Ay, we obtain:

b
b PL __,,aa _ ,ba a PL ab bb
prI;{ |:1 Wy 6m‘ip“ wr, 5mpraL:| + Wy [dem%Pi + wy, (5 b pa
m A b
H _ HPp, b b\ KLk b PL _,aa a PL, ab
5\ N DIS (hL ) KLy prl}{ 1 wL 6map% + 5mb pa + wH anL 5map‘i + 5mb pa
H b
P P
— (b —€f) Gk Wit |1 —wp (5m 208+ Ot )] + W et (5m 0pt + Oy )}
H
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WI;JTHWQLL +(1 - wHH)wL + Ot b pa (WaL wl}Ja) [W?{pm +w ?JPPZL + (1 —whp)

P

m4 5)\

L HPT, b b\ KLk /’L
— = - (hL - 6L) . WLLWH + (1 — Wy ws
Ay Dys Lf

— (hi —e7) M_i: W%LWH pL + (1 - whp)w?
and
b b
b PL . b bb ba b PHL a PHL a

X 5 WHEWLL_‘_(l W)Wy — Oma pe (wL —wL) [WH +wh e +(1—why)
m Ay pb

L _ HPY, hb b\ KLk a b AL ab
— = ——={ — —e7 ) =R Wty + (1 — w
A Dis ( L L) o |YLLYH g ( W)W

b
- (0 — ) 22wyl 2 (1=t

Change in income An increase in income in country b, is easily obtained as by propor-

tionality:
iy _ gy Oyl
dyb ;\H 5>\lei
myo My Oybph
dyb 5\H 6>\sz
iy _ m% Oyl bof,
dyb a /\H 6>\HP

An increase in income in country a, gives rise to comparable relations. Specifically

w%ZGL [l—w%bémapb—w%dm%p%]—wa pr [wCL‘“ b+wL5 b b
~ H
ma 5 a Ha
H _ "Yrp . b _ b\ MLk a PL _,,ab b P
e - Dis (hY —€}) iy |WH 1 —wp (Omgpg + 0 +wpy HwL Oms pg =+ Ot o
b
a a\ MLk a PL bb b PL, ba
_<hL—€L)m MHE (1 Wi, <5m apt —|—5 b ))"‘WHTHCUL (6mipi+5m%p%>]
a PL 1— aa 5 _ PHL a PI}IL 1 — W
5 WH pa wir + ( Wy )W + mb po W WL % +WH_,)1;{ + ( WhE)
ma a Ha
L _ “YPL b b\ KLk pHL /’ LL
dr Dis ) (hy —el) iy |WLLWh e+ (1 — whp)wt’
— (h —ef) L1E W%Lw%pm +(1 - WHH)W%L_%L
KLy P1,
and
b b a .a
iy ey + (1= wHHm O (w30 — ) [ S e 4w 2t (1 — )
mb S aa Pa PL PH PL
L _ YyPr Ky a PL aa
b D | V) i (1 )
a KL a PL ba
—(hg _eL)_ LwH - + (1 — whp)wr
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Change in trade cost for low quality goods An increase in A\, :

my | Oy Yy Ol N L
:\\L 5yap% dy 5ybp% dyb D[S
( a b )
—(hf —e9) e, <w‘}{5maLpg{ + WO e
— (B} —€h) e, (w?ﬁm%p(ﬁ + wi’qém%pz}J
b a a
— 0 — ep)er (o + o) = ) (oSt~ Doyt o)
b a
— (kY —€}) e, ((p%wl}{ + Z—ﬁw%) Wi — ppTIL{w%J <5m%/f£5m’ipi - 5m%p%5m%p%)
a a b b K PL Py
[0 = o) (b = ) i | (5 (my, + Oz, ) + 5 (S + Syt ))
my _ 5>\Lﬂlaq mry, 6>\LﬂbL my, 4 L y
>\L (Syap% dy (Sybpti dyb DIS
- ( aL - 6%) Er ((1 - w(}{H) <1 - wlia(sm%pi - wl}?ém%p%) + W%L [Wcllfém%p‘;[ + wll)tl(sm%pl}{]>
— (kY —€}) e, ((1 —why) (waLa(Sm’iP‘i + w“Lb(szipzi) —wi [w%ém%p% + wl}ldm%p%])
2 (0 — ) (B — ) ] B (1 - wiy)
AL _61/“{)2 dy“ 5ybpli dyb Dig
y
— (h} —ef)er ((1 — W) <wli“ ms p + w%m;pg) —wip [W%Csmng + w?ﬂm%pg])
= (hh —et)e, ((1 — W) (1 g gy — WP e ) . [wg{(smip% + w’;{(sm%pzﬁb
|+ 2008 — ) (b — b) 255 ] (1= wiy)

B.2 Complete specialization

B.2.1 Decision process of H firms in ¢ and L firms in b

Given complete specialization we can make use of the analysis of the decision process of

H firms in a in the incomplete specialization setting for both H firms in a and L firms in

b. The conditional probability for low quality goods in country a and b when countries are

completely specialized simplifies to

(Apnp)res (mp)' ¢ (y, nr

Pt

b

= ([(AHnHwa ()

]) (B.26)

rak g (y, )] + [(Apnp !5 (my)ree gy (y, ny)

Hes(mp ) erdp (y, )

PL

£ <[()\H71H)“Hf(mH)

) )
( (
[(Arnz) ]
( (

NHk¢H

) (Ba)

)] + [(Aznp )= (mp)#eegp (y, ni)]

where \; = exp[—7q;/ ;] (contrast with (42) and (43)).
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B.2.2 Short-run analysis

We determine the optimal range of products per firm by total differentiation of the first

order conditions, which are

( <ALnL)“Lfm‘L‘Lk¢>L<y) >
—1 RHf ”Hk Ay YHLf MLk
qr (nL —np+ 1 L NbE? ¢r (y)]
[((Amn) “Hfm“HkasH( )|+ i 6L ()]
(B.28)
( HHf ”‘Hk d)H( )] )
—1 HHF Hk Arn #Lfm/"Lk
v P — L [ 2(nH ) } ¢H(y)]HI£( Lule $1(v)] —0
qH (nH —ny+1 L NVEY )\HnH) Fmy " o (y )]
(s I m % 6y (y)|+ [T mY P o (y)]
(B.29)
We make use of
~a n pHLA PHL~ PHL ~ B PHL ~
Pr = Hrf (1+ m) p ~ Hmy <1 + G 1)2) pa —a H Tt g P ML = fy o mu
pa
thLy Llar — qul dy*
14 i3
b b
PL = My (1 + o2 ) }zI)L = Huy (1 + (n—;fl)2) }zI)L”H L =
PrL PL Pl PrL
P} P}
—Hrf HL)\H + HL lar — qul dy’,
PL IOL
where as before \; = —T;quf #p and Ay = f;f m- Recognizing that p}, = —%ﬁ% and
o = —;’%ﬁ’g, the total differential of the first order conditions for the range of products
H
per firm for ¢« = H, L, can then be written in matrix notation as
mr _ L em e o
M Dg —CH1  Cr1
_ e -
NP
ny
€3 Cra Crs —Cre Crr —Crg Crg Crio Ny
CH3 CH4a —CHxs CHe —CHtr Cgs —ChH9 —CHIO AL
An
lqL — qu] dy”
9z — qu] dy" ]
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cr1 = (1—wiy)
— HHE, ,a
cr2 = i
Cr3 = (.UaL
Crq4 — 1— w%
2
_ a MLf _ ni (n—2)
€L [wLLﬂLk (1 + (”L 1) ) (n—nr+1)(ny—1)
100
cre =wi;—+ (1
L6 LL ppy T ( H*1)2
aPhL
CLT = HpfWr e
o
HL
CL8 ,UHf(1 —WL) ot
_ aPHL
b
crio = (1 —wg) =k
L10 L b

and

The determinant Dy, is positive.

which exceeds 1 — [w H

_ MLk, ,a
C — LRk
H1 PHE HH
cm2 = (1 — wiy)
cHs = W

— a
CH4—1_WH

CHs = WHHM
CH6 =

CHr = MLfWH

CHg =

BLy

(1+

(nr— 1)2)

n2 (ng—2)
CL’HH ( ) Ry y oy
p b
,UHf(l - WH)%
a pHL

CHg—pr

CHio — (1 — wH)

Dg [1 - W%L] [1 - W?{H]
1 —wip —why

+(1

wHém?{ H

Specifically, Dy is given by

a a
—WriWhg

b
Pur

—wy) ot

b
PHrL

b )
PH

since puy; and pug

€ (0,1). The latter can be shown to be positive, as usmg their definitions, it is equivalent

to showing

[N“p§ +
- [N “Phr

Npf —

+ Nbpl}{L} [Na/?aHL

(N“ph + Ny )] [N“o%
+ Nbpl}m} > 0.

+ Nply —

This difference can be decomposed in four parts, where

N*N*[pyp7 —

N°N® [} ply

NN |
[

NPN©

Pup
PP

a
L
b

L

PHPHL —

PLOY L]
pH/OHL prHL]
PHP?{L prHL}
pale}IL prHL}
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(Np
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- pl}{L] >0
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The sum of the latter two terms is positive as well, as rearranging yields
P~ b — PLPL) + (PhPL — PP — PLpir)
PL = PurPi = Ppin) + (PhPL — Pisel — Piro)
3
a a 2
i — o) (07 = p7) = (01 —p2)” > 0.
It follows that Dg > 0.

Change in number of brands: The effect of number of firms on the product range is

given by

ffLL . 1 n a n2 (np—2) u
L prrDs [(1 * (”L_LIP)'ULJCWLL B (n%_TfL“rl)(nL—l)luLk(l - UJHH)]
fﬁ/H — waHH _nrL n2 (nL_Q)
ﬁ_L - _MHkDS [(1 + (nL_L1)2),ULf o (nzL—nLL+1)(nL—1)MLk}

ﬁ’LL W%L n n2 (ng—2)

E o _MLk;-DS [(1 + (anl)Z )/’LHf - (n%[_fH+l)(nH—1) ,LLHk:|

/fle o 1 n a n2 (nH_2) .

N B tirDs [(1 + (”Hfl)2)NwaHH - (n%*:H+1)(TLH71)MHk (1 - WLL)] .

Reduction in transportation costs: The effect of lower trade cost (associated with an

increase in \) on product range is given by:

0 R T %)

— = — <0

AL Ds ™ py

My [ry N
O L S LA
)\H DS " PI}{
e %w%—p?w

)\L S PL

mr, 120243 a pl}{L
mro_ o PHE ey PEL )
A Dg b
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B.2.3 Long-run analysis

Analogous to the long-run autarky comparative statics, we express p] and /p\i in terms of

the relative changes in n; and transportation costs:

o Prr 1 n2 (n,—2) ~
P = 0% D [MLf <1+ (np— 1)2) 'uLk(nL*”%L+li)(nL 1)} (B.30)

P 1 n (i —2) n
0% Ds g (14 ﬁ) b e P

Py 1 i, 1R
thry fiL Dg [DS + ,ULkwL L+ ,quwH o ] AL
p 1 ot b ~
Ry Ds [MLk(l WL)LI’ + pp(1 — WH)p L} An
PL PL Ph
~b pI;{L 1 1 nr, nL(nL 2) ~ B.31
P = D MLf + (nr,—1)2 — Hrk (nL_nL+1)(nL 1) nr ( . )
pHL 1 n2 (ng—2) ~
lOL D |:MHf (1 * (nH 1) ) ILLHk (nH*7I7:IH+1)(nH 1)i| ng

P} a N
thpy ;{L Ds [ﬂLkwL + Wy pHL] AL

pH 1 a l}{ a ﬂl}{L N
“HHF T o [DS + gy (1 —wi) £ 5 B (1—-wh) _] An
py, Ds L

Making use of (B.30) and (B.31), we obtain the total differential of

e (n; — 1) (n? —n; +1)
o (Hiy — Har) (i — 1)° + i pTi

for + = H, L. In matrix form we get

nr :L dong  —ding din, —dirg /)\\L
o Ds | —danr  dint —day, dany, A

] = N“E“[p}(y, ;)] + N°E*[p}(y, n;)]

where
B . n? (ny—2) _ _ waLL
din, = ¢rDs— wLL[ (1+ (12 ) (”%—”LL“)(”L_”} = vubs W?{Hd%L
_ a u n2(n 2)
dlnH - LL|: it ( (ng— 1 ) anTILJH;i Y — 1)]
_ Hry n2 (np—2)
donr, = WHH[ . ( + (np— 1)2> (nL—nLL+1)(nL 1)}
n n%; (ng—2 W
donr = puDs — Wiy [MHi <1 - (anl)z) N (n%—fffi)(”il—l)} = ¢uDs = wI‘delnH
LL

a

w9 w
Ds = (SOLDS — —LL d2nL) <S0HDS —
w w

HH LL

dlnH> - dQnLdlnH
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and

o Pk
din, = By wa%
PL
PI}{L
dirg = ,UHf(l - WQL)_b
PL
o Pi
don, = i
Pr
P?{L
dory = ppp(l —wi) =5~
Pu
Analogous to the previous stability discussion,
~ wY w$
Ds = Ds(prouDs — waLL donLPy — wlinlanoﬁ > 0.
HH LL

Change in transportation cost The effect of lower transportation costs on the number

of firms is given by

ﬁL ap(II{L
= = =@ DSH W Y
)\L DS H Lf*L Pl
h\H 1 ap?{L
=~ = —=¢Dspupwyp—0
A Ds = s

n

,\—L = —TQOHDsdl)\H

An s

n 1

/\—H = N—QOLDsdQ)\H.

)\H DS

The effect of lower trade costs on the product range yields:

T;n_LL = %%W%DS(PH <<PL - (n%fi(?fl)_(i)ﬁlJ

% _ —%%w?{%% (on - il )

%?L_; _ _“5_12”%(1 — w7 )Dspy (sOL - mgfzﬁﬁ)_(il—n)
?_;f — '%isf%(l — wY)Dspy, (SDH - (ng,f%}fﬁiiifA)) ’
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