NONPARAMETRIC INSTRUMENTAL REGRESSION WITH
ERRORS IN VARIABLES
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ABsTRACT. This paper considers nonparametric instrumental variable regression when the en-
dogenous variable is contaminated with classical measurement error. Existing methods are
inconsistent in the presence of measurement error. We propose a wavelet deconvolution estima-
tor for the structural function that modifies the generalized Fourier coefficients of the orthogonal
series estimator to take into account the measurement error. We establish the convergence rates
of our estimator for the cases of mildly/severely ill-posed models and ordinary/super smooth
measurement errors. We characterize how the presence of measurement error slows down the
convergence rates of the estimator. We also study the case where the measurement error density
is unknown and needs to be estimated, and show that the estimation error of the measurement
error density is negligible under mild conditions as far as the measurement error density is

symmetric.

1. INTRODUCTION

This paper is concerned with estimation of the nonparametric instrumental regression function

where the explanatory variable is measured with error

Y

m(X*)+U,  E[UW]=0, (1)
X = X"+¢ e L (X", W).

We wish to estimate the function m based on the observables of (Y, X, W), where Y is a response
variable, X is a mismeasured version of the explanatory variable X* due to the measurement
error €, and W is an observable instrumental variable. The variables (X*, U, €) are unobservable.
The disturbance U may be correlated with the error-free but unobservable X* so that E[U|X*]
may not vanish (i.e., X* may be endogenous). However, we can access an instrumental variable
W that is observable and satisfies mean independence E[U|W] = 0. The measurement error e
enters additively and is independent from X™* and W, but it is allowed to be correlated with Y.

When X* is observable, the structural function m can be identified by solving the integral
equation E[Y|X* = ] = m(-) under certain conditions. This is typically an ill-posed inverse
problem that calls for some regularization scheme to obtain a useful estimator for m. Several
regularized estimators have been proposed in the literature, such as Newey and Powell (2003),
Hall and Horowitz (2005), Blundell, Chen and Kristensen (2007), Darolles, Fan, Florens and
Renault (2010), Horowitz (2011, 2012), and Gagliardini and Scaillet (2012). However, these
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existing methods are generally invalid when the explanatory variable contains a measurement
error.!

On the other hand, when the disturbance U satisfies mean independence E[U|X*] = 0, then
the estimation problem of m turns into one of nonparametric regression with errors in variables.
This is another kind of ill-posed inverse problem and various deconvolution estimation methods
are available in the literature, such as Fan and Truong (1993), Hall and Meister (2007), and
Delaigle and Hall (2008).2 However, these estimation methods are generally inconsistent when
the explanatory variable is endogenous.

In reality these issues, i.e. endogeneity and measurement error in X*, can occur at the same
time. Currently there is no valid estimation method for m in the model (1), that is available in the
literature. In this paper we propose an estimation method for m based on the orthogonal series
estimation method (Horowitz, 2011, 2012) and the wavelet deconvolution technique (Pensky and
Vidakovic, 1999, and Fan and Koo, 2002) to deal with endogeneity and measurement error,
respectively. In particular, we propose a wavelet deconvolution estimator for the structural
function m that modifies the generalized Fourier coefficients of the orthogonal series estimator to
take into account the measurement error. An advantage of our approach is that a single tuning
parameter is shown to be sufficient to characterize the mean squared error (MSE) risk under
both endogeneity and measurement error. We establish the convergence rates of our estimator
for the cases of mildly/severely ill-posed models and ordinary/super smooth measurement errors.
Furthermore, we characterize how the presence of measurement error slows down the convergence
rates of the estimator. Indeed we find that it does so in a fashion that is strikingly similar to the
way ill-posedness of the instrumental regression model also affects the rates.

We also study the case where the measurement error density is unknown and needs to be
estimated, and show that the estimation error of the measurement error density is negligible
under mild conditions as far as the measurement error density is symmetric. In particular, we
find that the convergence rates under known and unknown error distributions are equivalent if
either the joint density of (X*, W) is smoother than the error density, or the error density is
supersmooth.

The rest of the paper is organized as follows. Section 2 introduces the setup and wavelet
deconvolution estimator. Section 3 studies the asymptotic properties of the estimator when the
measurement error density is known. Section 4 considers the case where the measurement error
density is unknown and needs to be estimated. Appendix contains the proofs of our theoretical
results.

Notation. Throughout the paper, let |-| be the Euclidean norm for the Euclidean space R% and
complex space C%, || f|l, = ([ |f(z)|?dz)'/? be the Lg—norm of a function f : R? — C, Ly(R%) =
{f : IIflly < 0o} be the Lo-space, and (f,g) = [ f(x)g(x)dr be the inner product in La(R?),
where ¢ denotes the complex conjugate of ¢ € C. Also, let i=+/—1and f) = [ € f(x)dx be

the Fourier transform of f.

10n the other hand, for the case where X ™ is correctly measured but the instrumental variable W is mismeasured,
we can apply the conventional estimation methods using noisy measurements of W as far as the measurement
error in W is independent from other variables.

2See Meister (2009) for a review on deconvolution methods.



2. ESTIMATOR

2.1. General construction. Suppose we observe a random sample {Y;, X;, W;}7™ , of (Y, X, W) €
R x R x R.3 For simplicity we focus on the case where both X and W are scalar. See Section
2.4 below for the generalization to the vector case. Let fx«y be the joint density of (X*, W),
and define the integral operator A : Lo(R) — Lo(R) as

(Ag)(w) = / o(2) few (@, w)d. (2)

Denote r(w) = E[Y|W = w|fw(w), where fy is the density of W. If m,r € Ly(R) and
fxsw € La(R?), then the relation in (1) may be described by the following integral equation
(which is a Fredholm equation of the first kind)

Am =r. (3)

In order to estimate the function m of interest that solves (3), we replace the operator A and
the function r with some series estimators and then solve the empirical counterpart of (3).
More precisely, we choose a complete orthonormal basis {¢ }rc7 of real-valued functions for
Ls(R). For standard orthonormal bases such as splines or cosines, we set J = N. In the next
subsection, we argue that a wavelet basis is particularly suitable for deconvolution problems.

Based on the basis {1 }re7, we can expand

r= Z ik, m = me, fxw = Z Cr R, (4)

keg leg kleJ
where ap = (r,¢¥y), by = (m, ), and ¢y = (fx=w, ¥rtr). We note that {11}, res forms a
complete orthonormal basis for Ls(R?). Since the generalized Fourier coefficient ay, is written as

ar, = E[Y ) (W)], we estimate it by the sample counterpart
1 n
i == S Yihp (W5). 5
= DoY) )

On the other hand, the coefficient c;; involves the joint density fx+ of the observable W
and unobservable X*. Therefore, its recovery requires a deconvolution technique. From the
assumption € L (X*, W), we can see that fif, (t,s) = fit.;, (¢, s)f(¢) for all t,s € R, where
fi is the Fourier transform of f., the density of e. Assuming f* does not vanish anywhere on
the real line, fﬁg*w may be identified by fft*W = )%W f%. Thus, using the Plancherel isometry
(see, e.g., Meister, 2009, Theorem A.4), the coefficient ¢;;, can be expressed as

L1 = 1 f;(t'W ¢ft¢ft (6)
RN A

Suppose that f is known (the case of unknown f will be discussed in Section 4). Then

by estimating f)fliw(t,s) with the sample counterpart fﬁ}w(t, s) = %Z?Zl el (tXitsWi) - we can

3In the literature of nonparametric instrumental regression, several papers assumed that X and W are compactly
supported (e.g., Hall and Horowitz, 2005, Horowitz, 2011, 2012, and Darolles, Fan, Florens and Renault, 2011).
However, since X contains measurement error in our setup, the compact support assumption is restrictive.



estimate ¢y as follows

ékJ :( 1) <f}(f?/7 k > ka (7)

where (X)) = f eltX ;fﬁ 0] dt. Based on these estimators of the generalized Fourier coefficients,

the functlon r and operator A can be estimated as

I, Jn Jn
=N aw),  (Ag)(w) =3 grértu(w
k=1 k=1 1=1

for g € L2(R), where g, = (g, 1) and the integer .J,, is a smoothing parameter satisfying J,, — oo

at a suitable rate. Then our estimator of m in the model (1) is obtained by solving the sample

analog Arn = 7 of (3) with respect to 7. In particular, the solution 7 may be explicitly written

as
Jn A
= bet(), (8)
k=1
where the coefficients b = (by, ..., by, ) are given by

b=(WX)"'W'Y,

where Y = (Y1,...,Y,)’, and W and X are n x J,, matrices whose (i, k)-th elements are 9, (W;)
and &k (X;), respectively.

Note that the above formula for b is identical to the conventional instrumental variable esti-
mator. Our estimator takes the same form as the sieve estimator of Horowitz (2011, 2012) except
for the matrix X. If there is no measurement error, the (7, k)-th element of X becomes ¥y (X;).
To deal with the measurement error, we replace the elements of X with their deconvolution

] ft
counterparts gk(Xz) = % feltXi ifkt((lf)) dt.

2.2. Wavelet deconvolution estimator. In order to implement our series-based estimator in
(8), we have to choose a basis for La(R). In this paper, we suggest employing the wavelet basis.
In particular, the band limited Meyer-type wavelet is suitable for deconvolution problems (see,
Pensky and Vidakovic, 1990, and Fan and Koo, 2002).

Define the functions
Sjn(z) = 2202z — k), ppa(z) =202 s — k),

for j,j' € Nand k € Z, where ¢, p € Ly(R) are chosen to satisfy some particular properties so as
to make them father and mother wavelets, respectively. Take some j € N. The multi-resolution
expansion theorem states that {¢;.x, ¢j .k} j/>jrez form an orthonormal basis for Ly(R) and thus
any function f € Lo(R) can be represented as
[= Z Cjk®jk + Z Z djr g Pjr k-
keZ §'>7 keZ
Intuitively, the index j accounts for the resolution (fine scale structure) captured by the wavelets

while £ is simply a translation term.



We still have to choose the father and mother wavelets, ¢ and . Following Pensky and
Vidakovic (1999), ¢ and ¢ are defined using their Fourier transforms as

¢t () = (Plt—mt+ )2 QM(t) = e A(PIt/2 — m, [t] - w])'/2, (9)

for some probability measure P compactly supported on [—7/3,7/3]. We choose P such that its
density is symmetric around 0. This ensures that ¢, , and the orthonormal basis {¢;.k, .k } /> kez
are all real valued. In addition, we may take P smooth enough so that ¢ and ¢t are ¢ times
continuously differentiable. We call the wavelets satisfying the above properties as wavelets of
order q.

In this paper we use only the linear part of the multi-resolution expansion. In other words,

(n)

we employ the sieve space L & spanned by {¢;, .k }x|<L, for some resolution level j, and series

length L,. Thus, our wavelet estimator of m is given by (8), where {;};c, is replaced with
{Djsk Hk<Ln-
The linear wavelet space E((z)n) based on (9) is particularly convenient for deconvolution prob-

lems. Let J,, = 47277 /3. Indeed the space Eg)n) satisfies

Eé)n) C{he Ly(R): 't is supported on C, = [—Jn, Jn] },

for any L,, (see, Meister, 2009, p. 17). Therefore, any function in Eg)n) has a compactly supported

Fourier transform (known as the band limited property) and .J,, plays the role of a smoothing
parameter. This property is important to control the estimation variance of the deconvolution
estimators whose upper bound typically involves the term {minmg g | fR (7f)|}_1 (see, Theorem
1 below). Thus, without the band limited property, it is not easy to control such term without
additional smoothing, such as a ridge parameter.

We present two approximation properties of the linear wavelets, which are generalizations of
Pensky and Vidakovic (1999, Lemma 2 and Theorem 3). These lemmas are used to establish the
convergence rate of the wavelet deconvolution estimator for m. Let Pj, : Lo(R) — £((¢)n) be the

projection operator onto the space spanned by {;,, . }kez-

Lemma 1. Suppose f € La(RY) satisfies [(1+[t|>)|f%(t)2e211"dt = C < oo for some a, p,v >
0. Then for some ¢ > 0,

|f = P fll, < cC279 exp{—p(2m/3) 2"},

Lemma 2. Suppose f € Lo(R?) satisfies sup,ega |2|FM/2|f(x)| < oo for some n > 0. Then
for wavelets {$j.i, 0k }jr>jkez of order ¢ > (1+n)/2, it holds

d
Z Z ’Cjn;kl...,deZO(Qj"d/LZ)_

h=1 |kp|>Ln,

Lemma 1 bounds the approximation error from leaving out the nonlinear part {y;.}i>j rez
from the multi-resolution expansion. This error depends on the smoothness of f characterized
by the decay rate of its Fourier transform. Lemma 2 bounds the approximation error from
truncating the linear wavelet estimator after a particular number of terms, L,. In this case the

approximation error depends on the decay rate of the function f in the tail. In the next section,



we will see that to derive the convergence rate of our estimator for m, there is no constraint on
the upper bound of the rate at which L,, is allowed to diverge to infinity. Therefore, theoretically
we can choose L, as large as possible. Only practical considerations prevent us from taking L,
very large. On the other hand, j, (or equivalently .J,,) plays the role of a standard smoothing

parameter and should be chosen carefully to take into account the bias and variance trade-off.

2.3. Other estimation methods. The wavelet based estimator is not the only estimation
method that is conceivable. The main advantage of the wavelet method presented in Section 2.2
is that it provides a unified and simple framework to tackle both endogeneity and measurement
error issues with a single tuning parameter J,,. Here we provide a brief summary of other possible
methods and their relative merits and drawbacks.

Hall and Meister (2007) provided a ridge parameter approach to density deconvolution. We
may adapt this approach to the series estimation method of Section 2.1 to obtain an alternative

estimate, ¢, of ¢y

Gy = 1 S pltft
T (2m)2 \ max{fff,n} F

Here h is the ridge parameter function of the form h(t) = n™°|t|%, where ¢ > 0 and a > 0
are tuning parameters. In contrast to the wavelet series approach of Section 2.2, this approach
remains valid even if feft(t) = 0 at some t, and for arbitrary orthonormal bases including wavelets.
However such an estimation method requires choosing two or more tuning parameters (i.e.,
the series length J,, and other ridge tuning parameters), which increases the complexity of the
estimation.

An alternative approach to sieve based methods for nonparametric instrumental variable re-
gression is using kernel methods (Hall and Horowitz, 2005, and Darolles, Fan, Florens and
Renault, 2011). Supplementing them with the deconvolution kernel (e.g., Stefanski and Carroll,
1990, and Fan, 1991) can enable us to extend these methods to allow for measurement error.
However the essential difficulty in this case seems to stem from the fact that the kernel methods
suggested so far are based on the assumption of compact support for X* and W. Extensions of
the kernel methods to unbounded support, as we require here, would necessitate the presence of

a trimming function in the kernel density.

2.4. Vector case. For the theoretical analysis in the next section, we concentrate on the case
where both X and W are scalar for simplicity. However, it is possible to extend our estimation
approach to the case where X and W are vector valued. For example, if X and W are bivariate,
we need to prepare an orthonormal basis for Lo(R?). Take some j € N. Using the basis
{Bjks @jrek tir>jkez defined in the last subsection, a multi-resolution formula for Lo(R?) is given
byt

3
f($1a$2) = Z Cj;k,l¢j;k,l(xl,$2) + Z Z Z dgfi)k,lgpgfl;)k,l($1,x2),

klEZ d=1j'>j kI€Z

4Indeed we employed such an expansion in (4) for fx=w.



where

Gjki(T1,22) = Gje(T1)dju(T2), 802?1271(351,%2):¢j;k($1)¢j;l(~"32),

(2)

ki@, m2) = @ik(x1)dju(z2), soﬁ,k’l 1, T2) = @ik (T1) 5 (22).

By using the linear wavelet space spanned by {¢;,.x1} k|, i<L., We can also construct the series
estimator of m in the bivariate case. An extension to the case of d-dimensional X and W follows
in the same manner.

It is also possible to extend our estimation approach to the case where the model contains

some additional exogenous explanatory variables Z, i.e.,

Y =m(X*,Z)+U,  E[UW,Z]=0.

In this case, similar to Horowitz (2011), we can modify the estimator 7 in (8) by introducing
kernel weights. In particular, to estimate m(-, z) at a given z, we replace ay, in (5) and ¢ in (7)

with

Dvnwy, = 23k (B2 acxpnm,

(A
=1
respectively, where K is a kernel function and h,, is a bandwidth. Then the estimator 7(-, z) is

given by the same formula as in (8) for each z.

3. ASYMPTOTIC THEORY: CASE OF KNOWN f,

We now study the asymptotic properties of the estimator m in (8) using the linear wavelet

space L’Ebn)

spanned by {¢jn;k}| k|<L,- In this section, we consider the case where the density fe
of the measurement error in X* is known. The case of unknown f. will be studied in the next
section.
Let us introduce some notation. Define the Sobolev space of order s as
SR 5) = { {h e Ly(RY) : [|(1 2)s/2pf () H2 < oo} for s € (—o0, 0)
’ {h € Ly(RY) : [ |h(2)|2%e C‘mdt < oo for some ¢,y > 0} for s = +00

Let f)(?*)w = 2, Il\<Ln cklgbjn;kqﬁjn;l and define the operator A, : La(R) — L2(R) such that

(An = [g(z (n) (x,w)dz. Also, denote the sieve measure of ill-posedness (Blundell,
Chen and Krlstensen, 2007, and Horowitz, 2012) to be
171l
pn = sup -
heLl:h0 [(A=A

where A* is the adjoint (or dual) operator of A defined in (2). Since A is assumed to be
nonsingular, the object p, is well-defined. Note that p, depends on the smoothing parameter
jn (or equivalently .J,, = 47277 /3) through the sieve space Eq(bn). Let ¢, = {min|t‘§Jn |f5ft(t)\}71
Specifically, we note that p, characterizes the degree of ill-posedness inherent in the integral
equation (3), while (, characterizes the same for the problem of deconvolution. We impose the

following assumptions.



Assumption 1. (i) fx«w € S(R%,5), m € S(R, s1), andr € S(R, s+s1) for some s € [2,00] and
51 € [2,00). (i) supyer E[Y2|W = w] < C < oo. (i) f(t) # 0 for allt € R. (iv) There exists
some n > 0 such that sup, yeg [2° + w?| DA fxop (2, w)| < 00, sup,eg |2|HTM/2|m(z)] < o0,

and sup,eg || T2|r(2)] < 0o.

Assumption 2. (i) The operator A is nonsingular. (i) p, = O(J%) for s € [2,00) and p, =

A—A, _
O(e77) for s = oo. (iii) pn supyec((;):y;éo W =O(J,; ).

Assumption 1 gives a set of smoothness and boundedness conditions. In particular, Assump-
tion 1 (i) requires that 7 = Am should be much smoother than m. Assumption 1 (ii) is a mild
condition on the conditional variance U given W that allows heteroskedasticity. Assumption 1
(iii) is a common requirement for deconvolution methods. Assumption 1 (iv) places some con-
ditions on the decay rates of the functions fx«w, m, and r in the tails (cf. Lemma 2). We
also note that some of our assumptions on m are weaker than those in Horowitz (2011) which
assumes compact support on data.

Assumption 2 collects conditions on the operator A in (2). Assumptions 2 (i) combined with
Assumption 1 (iii) identifies the function m of interest from the model (1). Assumption 2 (ii)
and (iii) are high level assumptions on the sieve measure of ill-posedness p,, that are commonly
used in the literature (Blundell, Chen and Kristensen, 2007, and Horowitz, 2011).5 For the case
of s € [2,00), Assumption 2 (ii) is satisfied for wavelet series of order greater than s if we assume
there exists some ¢ > 0 such that [|Ah[l, > c|[(1+]- \2)*5/2hft(-)”2 for all h € Ly(R) (Blundell,
Chen and Kristensen, 2007, Theorem 3). A sufficient condition for Assumption 2 (iii) is that A
is a mapping from S(R?,s) to S(R?, s + s1). Indeed, this follows by an application of Lemmas
1 and 2 after noting ||(A — Ap)v|, = ||(A = P;, A)v|, + O(J,;(Hsl)) for some choice of L,, that
is sufficiently large. Depending on the smoothness s of fx+ and associated sieve measure of
ill-posedness p,, we have two categories: (i) s € [2,00) and p, = O(J;) (called mildly ill-posed
case), and (ii) s = oo and p, = O(e“’*) (called severely ill-posed case).

The following theorem establishes the convergence rates of our estimator m in (8) using the

linear wavelets {¢;, .k }|k|<z, When the measurement error density fe is known.

Theorem 1. Suppose that Assumptions 1 and 2 hold. Consider the estimator m in (8) using the
linear wavelets {¢;, .k }k|<r, of order greater than si. Furthermore, assume PnCn(Jn/n)Y% = 0
and either (i) s € [2,00) and Jg(sHl)H/Lz — 0 or (ii) s =00 and n/Ly, — 0 as n — co. Then

o = mlly = Op (1™ + puGalJu/m)"/2) (10)

5Since we choose the order of wavelets ¢ > s1, it follows ﬁ;") C S(R,s1). Thus Assumptions 2 (ii) and (iii) are
equivalent to the corresponding assumption in Blundell, Chen and Kristensen (2007). Horowitz (2011) also makes

a similar assumption but further restricts the space to satisfy ||V gwp ,,) = H(l + |- 2=/ 208 ()

‘ < Cy for some
2

constant Co < oo. This is again equivalent to our definition: Indeed, since [|v||sx ,,) < oo for any v € Eé")’ it
follows
|4 -4 |2~ Awr 1w |2 -],
sup ———= sup = sup ————2.
ueﬁi"):u;éo ||V||2 VEL;;L)H./#O Hl// Hl/||9“2 VELSJL):U#O, HVH2
IVl s@®,s;)<1

A similar result also holds for assumption 2 (ii).



It should be noted that the Lo convergence rate of the conventional series nonparametric
regression estimator (i.e., X* is exogenous and correctly measured) is O, (J,;*! + (Jn/n)l/Q).
Compared to this, it is clear that the additional component p,(, deteriorates the convergence
rate of the estimator. Obviously the component p,, is associated with the ill-posedness of the
integral equation in (3), and the component ¢, is due to the existence of measurement error in
X*.

The condition on the order of the linear wavelets guarantees that its sieve space E((bn) is a
subset of the Sobolev space S(R, s1). Note that the only requirement on the series length L,, is
JEL(S—FSl)—’_1 /L7 — 0. This condition is fairly weak since we can let L,, grow arbitrarily fast. Only
computational considerations prevent us from taking L,, too large.

Previous literature on nonparametric instrumental variable regression using the orthonormal
series approach (e.g., Horowitz, 2011, 2012) has sometimes used the additional condition that the
search space for m be restricted to a compact Sobolev ball {v : ||v|, < C'} for some C' < co. Using
a different method of proof than used previously, we are able to show that for the estimation
method proposed here, this restriction may be dispensed with. Whether this relaxation can
be extended to all possible orthonormal bases is however unclear since our proof is specific to
wavelet series.

In order to characterize detailed properties of the convergence rate of m, we consider some

special cases categorized by the tail properties of the measurement error density fe.

3.1. Ordinary smooth case. Suppose that f, is ordinary smooth of order «, that is
C1(1+ )™ < |[fH (1) < Co(1+]t))™ for all t € R, (11)

for some constants Cy > C7 > 0 and o > 1/2. Typical examples of ordinary smooth densities
are the Laplace and gamma densities. In this case, the component (, = {min‘ﬂg(]n |f€ft(t)|}_1
appearing in (10) is of order J¢.

For the mildly ill-posed case (i.e., s € [2,00) and p, = O(J3)), the convergence rate in
(10) becomes O, (Jgsl + (Jg(aJrs)H/n)l/z). Therefore, the optimal choice of J,, is given by

Jp = O(n!/Rlatsts)+1)) and the optimal rate of convergence is
it —mlly = Op(n~1/Glatstortl)), (12)

We can see that the presence of measurement error is equivalent to changing the smoothness
of fx=w from s to o + s. Intuitively, in the presence of measurement error, the degree of ill-
posedness should be characterized not by the smoothness of fx= y for the unobservable X, but
rather by that of fx  for the observable X.

For the severely ill-posed case (i.e., s = oo and p, = O(e“*)), the rate in (10) becomes
O, (Jrjsl + eCJg(J,%aH/n)l/Q). The optimal choice of .J,, is given by .J,, = (¢;logn)'/7 for some

¢ € (0,1/2¢) and the optimal rate of convergence is

i —my = Op((log m) /7). (13)



Therefore, in this case, the presence of measurement error no longer has any effect on the rate

of convergence. The optimal choice of J,, is adaptive to unknown « and s.

3.2. Supersmooth case. Suppose now that f. is supersmooth, that is
Crexp(—da|t]”) < |f(1)] < Caexp(—dat]), (14)

for some constants Co > C71 > 0, dy > dy > 0, and o0 > 0. Typical examples of supersmooth
densities are the normal and Cauchy densities. In this case, the component (, is of order e/ .

For the mildly ill-posed case, the convergence rate in (10) becomes O,, (J,; ¥ + e1/n (Jfﬁ“/n)lﬂ),
and the optimal choice of .J,, is J,, = (¢, logn)'/? for some ¢;, € (0,1/2d;), which yields the op-
timal convergence rate

i — mll, = Op((log n)~*4/7). (15)
In this case, the optimal choice of J,, is adaptive to unknown s and s;.

For the severely ill-posed case, the rate in (10) becomes O, (Jgsl + ecIntdiJy (J%/n)1/2>, and
the optimal choice of .J,, is J, = (¢ logn)'/ (") for some ¢; € (0,1/(2d; + 2¢)), which yields the
optimal convergence rate

I = my, = Op((logm)~*1/""7). (16)
Thus, measurement error affects the rate of convergence only if (,, (which may be taken as a
measure of ill-posedness of the deconvolution problem) dominates p,. In this case, the optimal

choice of J, is adaptive to unknown s7.

4. ASYMPTOTIC THEORY: CASE OF UNKNOWN f

The assumption of known measurement error density f. is unrealistic in many applications.
Thus this section considers the situation where f. is unknown and needs to be estimated. In
general, with single measurements, f. cannot be identified. Identification of f. can be restored
however if we have two or more independent noisy measurements of the variable X*. More

specifically suppose that we observe
Xi,j :X;‘—i—e,;’j fOI‘jZl,...,NZ‘ and:=1,...,n,

where X is the ‘true’ observation and {e; ;} are independently distributed errors from the
same error density f.. We thus have N; repeated measurements of each variable X}. We shall
assume that the number of repeated observations is bounded above (i.e., N; < C' < oo for all 7).
The boundedness assumption is not critical for our theory but allows us to simplify the proofs
considerably. Since in practice the number of repeated measurements is small anyway, we do not
pursue the generalization to growing C.

We impose the following assumptions on fe..

Assumption 3. (i) fc is symmetric around 0. (ii) There exist some § € (0,1) and M < oo such
that P(|e| > L) < M(log L)~ for all L > 0.

10



Assumption 3 (i) implies that ff is real-valued for all ¢+ € R and can be estimated as follows
(Delaigle, Hall and Meister, 2008):
1/2

fft _ NZ Z exp{it(Xij, — Xij.)} ’

i=1 j1,j2=1

where N = 2 3™ | N;(N;—1) and we ignore all the observations with N; = 1.5 Assumption 3 (ii)
is a mild condition on the tail decay of f. and is required for establishing uniform convergence
of feft to ff* over some expanding interval. In particular, it is a much weaker condition than
assuming bounded moments for e.

Using the estimator feft in place of ff, we can estimate the coefficients ¢k, in (6) using the

linear wavelet basis {¢;, .} k<L, as

- L[ fw
Ck,l = (271')2 fft 7w w ? (17)
where f)fg—w(t, $) =, Zj_ (X, +sWi) Based on &, the estimator 77 in (8) is defined in

the same manner as in the previous sections.
As in the last section, we consider both the cases where feft is ordinary smooth and super-

smooth. For the ordinary smooth case, we add the following assumption.
Assumption 4. f satisfies (11) for some a > 1/2. Also, assume s > a.

Note that in the context of (univariate) density deconvolution, Delaigle, Hall and Meister
(2008) impose the condition s > a+1/2 in order to show that blind deconvolution with the opti-
mal smoothing parameter achieves the minimax optimal rate of convergence under the pointwise
mean-squared error criterion. Here we are able to relax the condition on s even further.” The
following theorem shows that the estimation of f. does not change the convergence rate of the

estimator m for the case of known fe.

Theorem 2. Suppose that Assumptions 1-4 hold. Consider the estimator m in (8) using the
linear wavelets {¢;, .1} k<, of order greater than s1 and the estimated coefficients ¢y in (17).
Then for s € [2,00), a choice of Jp satisfying Jn(s+a Jrl/n — ¢ < oo and J%logn/n — 0
achieves the convergence rate in (12). Also, for s = oo, a choice of J,, satisfying J, = O(logn)™

for some T < 0o achieves the convergence rate in (13).

The condition Jn(era )+1

choice of J,, for ordinary smooth f. with s < oo is J,, = O(nl/(2(8+51+0‘)+1)). Thus, Theorem 2

/m — ¢ < oo is not stringent since as shown in Section 3.1, the optimal

6For more general situations where f. could be asymmetric, we can still estimate the Fourier transform f via
Kotlarski’s identify as in Li and Vuong (1998). Li and Vuong’s (1998) estimator takes a more complicated form
and the asymptotic analysis using their estimator is beyond the scope of this paper.

"The intuition for this relaxation is as follows. For standard density deconvolution, to show that blind

N R 2

FRw{€72 =72 dtdty =

O,(JET2*/n). By contrast, in our case, as the proof of Theorem 2 makes clear, we only need to show
N - 2

Joyeen )i, {2 7671/2}I/ftdt1‘ dtz = Op(Jat2*/n) for all v € Cgbm satisfying ||v|ls = 1. The square

integrability of v essentially seems to provide an additional half a degree of ’smoothness’ that allows us to relax
the conditions further.

deconvolution does not affect the rate of convergence, we need ft2 cc ‘ftl
n

11



demonstrates that we can achieve the same rate of convergence using blind deconvolution under
a few additional assumptions.

We now consider the case of supersmooth f.. Because of the slow rate of convergence, the
variance term is dominated by the bias and consequently blind deconvolution does not affect the

convergence rates. We formalize this in the next theorem.

Theorem 3. Suppose that Assumptions 1-3 hold and f, satisfies (14). Consider the estimator m
in (8) using the linear wavelets {¢;, .k } ki<, of order greater than s1 and the estimated coefficients
¢gy in (17). Then for s € [2,00), a choice of J, satisfying J, = (cp logn)'? for some ¢, €
(0,1/4dy) achieves the convergence rate in (15). Also, for s = 0o, a choice of Jp satisfying
Jn = (cplogn) (™) for some ¢, € (0,1/(2dy + 2(c Ady)) achieves the convergence rate in (16).

Compared to the results in Section 3.2, we note that Theorem 3 imposes more restrictions on
the values J, can take to achieve the same rate of convergence. For example, for the case of
s < o0, we require .J,, = (¢, Inn)Y/? with ¢, < 1/(4d;) for blind deconvolution whereas we only
need ¢, < 1/(2dy) if fe were known. This distinction is of course not relevant if we are only
interested in the rate of convergence, though it might matter in practical applications. Delaigle,
Hall and Meister (2008) also impose the same restrictions on the values that ¢, can take in order
to arrive at the similar conclusion that blind deconvolution does not affect the rate of convergence

if the error distribution is supersmooth.
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APPENDIX A. MATHEMATICAL APPENDIX

Hereafter, “w.p.a.1” means “with probability approaching one”. Also let Hpr =([1f(x) Pdzx)t/P
denote the Ly-norm of a function f: R? — C.

A.1. Proof of Lemma 2. The proof is a generalization of Pensky and Vidakovic (1999, Theorem
3). Denote k = (ki,...,kq), z = (z1,...,2q), and ¢¥(z) = ngl ¢(xp). Without loss of
generality we may assume 1 < d. Since we assume that ¢ is a father wavelet of order ¢ > (1+7)/2,
it follows sup,ega{|z|1F1/2|¢@ (2)|} < co. Thus we obtain

O e ] < 200 [ (20— k) - 2 (DD (2 — )| (o)l o

< €2 sup (2] 216D ()] / f (@) |de
zeRd
+C, 29 Hn=D/2 guqpy {|2]AFD2| £ ()]} (16|
r€RY
S C2jnd/2’

where the second inequality follows from |(2™x — k) — 2mz|(1F7/2 < €, {|2m2 — k|01+M/2 4
]2mw|(1+77)/ 2} for some constant C,, > 0 that depends only on 1. Therefore, it holds

d d
an 2 — n - = n nlo
Do D a2y Y kT = 02/ L)

h=1 |kp|>Ln h=1 |kp|>Ln

where the equality follows from |k|~1 < d—1/2 H‘ii:l |kg| /.

A.2. Proof of Theorem 1. Since the proof is similar, we only show the statement for the
mildly ill-posed case (i.e., s € [2,00) and p, = O(J;)). In this case, we show |7 —m], =
Op (Jo** + Cu s (Jn/n) ).
Define my = 325 1< 1, (M @jik) @ik and rn =32y <p (1, @j,0) @5, At the end of this proof

we shall show that

s [[(A= v =0, (GulIn/n)'?) (18)

QR 2

veLl, v]ly=1

Assumption 2 (ii) implies inf Avlly = p, ! for all n large enough. Assumption 2

el vll,=

(iii) implies Supvell;"):\\v\b:l I(A—An)v|, = Op(J;(s+51)). Thus, the condition p, = O(J3)

guarantees

inf  [|Auwlly > /2, (19)
veLlV:|vll,=1

for all n large enough. Combining this with (18) and p,Ca(Jn/n)Y? — 0, we have

inf HAI/H > pnt/4, wp.a.l. (20)
veLlV:|vll,=1 2

Thus, the inverse operators A~! and At of A and A,, exist w.p.a.1 over the space L’((;) , and this

allows us to write m = A~17 w.p.a.l.
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By the triangle inequality,
n—mylly < ;lrn — My, + A_lf - A_lrn = ||T1|| + ||T2H .
Hm m ”2 < HA H2 n 9 2 2
First, consider the term 77. Note that

HTle < 2pn|lrn — Anmn”Q

< 2o {llrn = 7lly + [A(m —mn)l; + [|(A = An)manlly}

where the first inequality follows from (19) and the second inequality follows from the trian-
gle inequality. Lemmas 1 and 2 with r» € S(R,s + s1) (Assumption 1 (i)), and the condition
JTQL(S+51)+1/LZ — 0 imply

I = rally < llr = By, rlly + 1Py, r = rally = O(J; SF).
Similarly, we have ||m —my,|l, = O(J,*') and by the Cauchy-Schwarz inequality,

sup [[(A = Avly < | frew = £ |, = O,

vll=1

Thus, we have

JA(m —ma)lly, = (A= An)(m—mn)l,
< HSHupl (A = Ap)vlly [|m — my|, = O(J; 1),
v 2=

where the first equality follows from A,,(m —m,) = 0 (because m —m,, belongs to the orthogonal
space of E;n)). Also, Assumptions 2 (ii) and (iii) guarantee ||(A — Ap)myll, = O(J{(S+Sl)).
Combining these results, we obtain ||T} ||, = O(J, ).

Next, consider the term T5. By the triangle inequality and (20),

T2l AN =)

IN

2 + HA_I(A” B A)A’:lrnﬂz

)

w.p.a.l. By analogous arguments as in the proof of Meister (2009, Proposition 2.4) along with
Aytral, <
Ml +[|T1]|s = Op(1). Combining this with (18) and p, = O(J;;) (Assumption 2 (ii)), we have

T2y = Oy (Can(Jn/n)l/z). Therefore, the conclusion follows.
(n)

IN

Apn { I = rally + || (A0 = D) (A7 70)

Assumption 1(ii), it follows |7 — 7|, = Op((Jn/n)'/?). Also, by earlier arguments,

satisfying ||v||, = 1. Note that v € Egbn)

It remains to show (18). Pick any v € £ is expanded
as v =3 i<, Vk@jnk With vg = (v, ¢j,:x) and we can write
2

H(fl — An)VHz = Z Z (Ckg — Cri)Vk

[H<Ln ||kI<Ln

14



Define fg}w(tl, to) = %Z?Zl el Xi+t2Wi) " Then by the definition of ki,

. Flw (i, t2) = fRw (it
Z (Chy—Cck)ve = // XW (1) X ( )¢§-tn;k(tl)gbi;l(tg)vkdtldtg
K[ <Ln \k\<L '
tla fxw( 1" ) ot ft
= t1)dt1, o5 () ),
CnE < [Pttt (t)dtn, 6%
where U = ZIkISLn Uk®j.:k- Using the facts ¢§tn,l is compactly supported on C,, = [—Jy, J,,] for

all [ € Z, and the orthogonality of the wavelet series, it follows

2 2
Yz < jm > = ez <h]I{- € Cnt, ¢§a;l> < (2m) ||hI{- € Cn}Hg, where the inequality follows
from the fact that we left out the nonlinear part {¢;..1};>;rez of the wavelet basis. Thus, we
have

2 . 2

ft _ ft
ST (- en g(;r)g / . / Lxw(tute) = Sew(ts o) 5res )
t2€n

ft
<L |[k|<Ln fét)

dts.

By taking expectation,

o 2 2
E|(4- An)vH2 =\ G /tzecn

where the equality follows from ||77||, = ||v||, = 1, and the fact that 7 is compactly supported

_ 2
/ei(t1X+t2W) MO )dtl dty| = O(G2Jn/n),

fE(t)

on C, since v € Egb). This proves (18).

A.3. Proof of Theorem 2. For simplicity we restrict attention to the case N; = 2. For the
more general situation where N; is arbitrary but bounded above by C, the proof follows by
similar arguments after accounting for the dependence structure in f(¢). As before, we prove
the case of s € [2,00). The proof for the case of s = oo follows along similar lines but is
more straightforward. Recall the notation from the proof of Theorem 1. In addition, define
£(t) = (f8(t))? and £(t) = (f(¢))2. The claim follows from the proof of Theorem 1 if we show
that for all v € Egz) satisfying ||v|, = 1,
2
DD @ra— k| = O0p(Jy™/n).
[L<Ln [Ik[<Ln

Now by similar arguments as in the proof of Theorem 1, it follows
2

Z Z (Crg — Crp)ve| < (277)_3/

U|<Ln |[FI<Ln f26Cn

2
/hn(tLtg)ﬂft(tl)dtl dto,

where

ha(t1, t2) = Flw (t, t){€7 2 (1) = €2 (1) }{th, t2 € Cu}-
Now, denoting I,, = ftzECn ‘f hn(tLtg)Mdtlrdtg, the claim follows if we show that I,, =
Op(Jy 2% /).
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Notation: For the remainder of the proof we shall the drop the functional arguments 1, to.
These are to be inferred from the definition of the function and the context.

We now prove the following equalities which are used later in the proof:

/ |E1/2 — ¢1/2)20 = O(J1+22 /pd) for all ¢ > 1, (21)
Cn
£(t)
> -1 1 22
e | ot ()

First, we show (21). Expanding the expectations yields that F [fcn |£ - 5]2‘1] = O(J,/n?). Thus,
the elementary algebraic inequality |§:1/ 2l ’l<¢ -l 2!5 —¢| and Assumption 4 imply

A 2(]
E[ 5 ‘51/2 _51/2’211} < (ilénvft > [/ |£ £|2q] — (Jé+2aq/nq)’ (23)

and the claim in (21) follows. Next, to show equation (22), we use Theorem 6.3 of Yukich
(1987) which assures that for J, = O(n™°) for some ¢ > 0 and under Assumption 3 (ii),

Sup|y|<.g,, E(t) — f(t)) = O,(y/logn/n). Combined with the rate condition J2*logn/n — 0,
this ensures (min|t‘§Jn ‘é(t)’)i = 0,(J2%). Hence we obtain
¢ _ 4a1 1/2
sup §(t) <1+ sup M =1+0, <<Jnogn> =1+ o0,(1).
tl< 7 | €(T) H<a | &(1) n

This proves the claim in (22).
We now show I, = O,(J1T29/n). Recalling f,;, = fi., f, we may write

2

2
Mt eft NA—1/2  e—1/2\TR Iw s12 sy
Y TR e I R A @ - g
[ — 8wl e 120 Iew ’ 12 12yt |2 €
< 2/%%"&5 I |+2/Cnxcn B J@vm e[ S

= Iln + I2n

where we used the Cauchy-Schwarz inequality and the fact that ||7]|, = ||v||, = 1 to derive the
second inequality. By Assumption 1 (i) and Young’s inequality, we obtain
[few] < C{L+ (6 +3)} 2 < Ll A fel) M A [P 0) 7

Fxew | —

for some C, €y > 0 and § satisfying 0 < § < s—a. Consequently by Assumption 3, sup,, 4,eg ‘W =

O(1). Furthermore, by analogous arguments as used to derive equation (21), it follows
. 2
an ‘(51/2 - 51/2)17&‘ = 0,(J2*/n). So using (22) assures I, = Op(J:+2*/n). Next consider

the term I,, which can be written as

Ly, = 2/
CnXCnp

It follows after expanding the expectations that

3l 1w - fawl!| = 0wz,

16

R 2
New (f%w - f%w) ' €172 _ 51/2|2§
51/2 £

fw §




Consequently we obtain

ft 4 4(s+a)+2
Ixw fXW XW -0 In —0,(1).
CoxCn | €2 i 8 n? 8

Combining this with (21), (22), and Assumption 4, Cauchy-Schwarz inequality implies Iy, =

Op(Ji+2%/n). Therefore, the conclusion follows.

A.4. Proof of Theorem 3. The proof is similar to that of Theorem 2 with a few changes.

Instead of the bound in (21), we use the following

/C o, (Jn exp{4d1Jg}> | (24)

n
The result (24) follows by a similar argument for (21) after applying the elementary inequality
£1/2 — €1/2|2 < 9]¢ — ¢|. Next we note that the result in (22) is also applicable here by a similar

reasoning under the rate condition J,, = O(logn). Furthermore, by proceeding as in the proof

/2 _ g1/ 4
51/2

of Theorem 2, we obtain

an
CnXCn

So by Cauchy-Schwarz inequality and the fact ||7]|, = 1, the term I,, may be expanded as

Pt pft
In§2/ fxw = Jxw é:+2/ el
CpXCn, 13 CpxCr, §

51/2
From (24), (22) and (25), straightforward algebra enables us to show I, = O,(n™) for some

¢1/2 n2 (25)

A 4
Fow — flaw | o <Jz exp{4d1J;:}> |

2 £1/2 _ g1/2 2
§1/2

£1/2 _ g1/ 2
51/2

§

e > 0. However, this term is clearly dominated by the bias term of order .J, *'. Therefore, the

conclusion follows.
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