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ABSTRACT. Randomized experiments have been widely applied in empirical research. In modern
applications, researchers often have access to a large number of covariates, and the methods of
covariate adjustment are commonly employed. Although the theory of point estimation for causal
effects with many covariates has been well-studied in recent literature, theoretical analyses on co-
variate selection and uncertainty quantification are still under-developed. In this paper, we propose
a Mallows type optimal covariate selection criterion to minimize the approximate mean squared
error of a cross-fitted point estimator for the average treatment effect, and develop a higher-order
accurate standard error under moderately large number of covariates. Numerical studies based on
Monte Carlo simulation and a real data example illustrate excellent finite sample performances of

the proposed methods.

1. INTRODUCTION

Randomized experiments have been fundamental and powerful tools for empirical researchers in
a variety of fields of natural, social, and biomedical sciences (e.g., Imbens and Rubin, 2015, and
Rosenberger and Lachin, 2015). In randomized experiments, adjustments for baseline covariates are
widely applied in practice and also highly encouraged by regulatory agencies to achieve more credible
and efficient inference on the causal effects. Since Freedman’s (2008a,b) critiques on the practice
of using covariate adjustments, Lin (2013) suggested to run a regression of the observed outcome
on the treatment variable, covariates, and their interactions, which guarantees efficiency gain over
the simple difference in means. This covariate adjustment approach was generalized by Cohen and
Fogarty (2024), Guo and Basse (2023), and Negi and Wooldridge (2021) to nonlinear settings. Also
Ye et al. (2023) extended the analysis on covariate adjustments to covariate-adaptive randomized
experiments.

In addition to these remarkable progresses, there have been several attempts to study statistical
properties of covariate adjustment methods when researchers access to a large number of covariates
at their disposal. To cope with such settings, Bloniarz et al. (2016) and Wager et al. (2016) studied
covariate adjustments by machine learning techniques in high-dimensional setups, where the number
of covariates may grow faster than the sample size. On the other hand, for moderately large number
of covariates, where the number of covariates grows slower than the sample size, Lei and Ding (2021)
developed a bias correction method for the covariate adjustment estimator, and Chiang, Matsushita
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and Otsu (2024) showed a desirable bias property of the cross-fitted regression adjustment estimator
adapted from Aronow and Middleton (2013).

Although the presence of (higher-order) bias terms under many covariates and the remedies for
point estimation are thoroughly studied in these papers, there remains two open issues to be ad-
dressed for empirical applications of regression adjustments with many covariates. First, the finite
sample properties of estimators are sensitive to the choice of covariates. Although there is rich lit-
erature on model selection methods and their optimal properties (e.g. Claeskens and Hjort, 2008),
to the best of our knowledge, there is no study on optimal covariate selection in randomized exper-
iments, where the role of adjustment models is rather different from the one in regression analysis
for observational studies. Second, although Lei and Ding (2021) and Chiang, Matsushita and Otsu
(2024) investigated properties of the heteroskedasticity robust standard errors and some modifi-
cations, their simulation studies present severer under-coverages when the number of covariates is
relatively large (see, e.g., Figures 1 and 2 of Lei and Ding, 2021). Therefore, it is of substantial in-
terest to develop a higher-order accurate standard error for reliable inference that takes into account
for the higher-order terms due to many covariates.

To address these open problems, this paper makes two contributions. First, we develop an op-
timal covariate selection criterion for randomized experiments to minimize the asymptotic MSE of
a covariate adjustment estimator. In particular, we consider the cross-fitted estimator by Aronow
and Middleton (2013) and Chiang, Matsushita and Otsu (2024) as a point estimator for the average
treatment effect and characterize its asymptotic MSE. Then we develop a Mallows type criterion to
approximate the asymptotic MSE and establish asymptotic optimality of the covariate selection rule
which minimizes the proposed criterion. Our optimality result can be considered as an extension of
the ones in Li (1987) and Shao (1997) for regression models and Donald and Newey (2001) for in-
strumental variable regression models. Second, based on the stochastic expansion for the cross-fitted
estimator, we develop a higher-order accurate standard error. Our standard error is constructed by
estimating higher-order components of the asymptotic variance due to many covariates, which is
achieved by a cross-fitting approach. We also establish the asymptotic uniform validity of the post
selection inference using our covariate selection and standard error. Therefore, this paper provides
a comprehensive toolkit for empirical researchers conducting randomized experiments: point esti-
mation by the cross-fitted estimator, covariate selection by the Mallows type criterion, and interval
estimation or hypothesis testing by our higher-order accurate standard error.

This paper is organized as follows. In Section 2, we introduce our basic setup and point esti-
mators for the average treatment effect. Section 3 presents our covariate selection criterion and its
asymptotic optimality. In Section 4, we investigate stochastic expansions of the point estimators
and develop the higher-order accurate standard error. Section 5 assesses the finite sample properties
of the proposed methods by Monte Carlo simulation. Section 6 illustrates our proposal by a real

data example.



2. SETUP AND ESTIMATOR

We first introduce our basic setup. Consider a treatment-control randomized controlled trial for a
binary treatment. Let Y;(1) and Y;(0) be potential outcomes of unit ¢ = 1,...,n for treatment and
control, respectively, and T; be an indicator for assignment (7; = 1 corresponds to the treatment,
and T; = 0 corresponds to the control). A researcher randomly assigns 7; for each unit with given
assignment probability 7 = P(T; = 1), and wishes to conduct estimation and inference on the average
treatment effect 7 = 1 — po with py = E[Y;(¢)] based on the observed outcome Y; = Y;(7;) and
pretreatment covariates X; = (X1, Xj2,...). This paper employs the super population perspective
and regards {Y;, T3, X;}" ; as an independent and identically distributed (iid) sample of (Y, T, X) ~
F'. In this paper, we are concerned with an optimal selection method for a subset of X to estimate
the average treatment effect 7.

The simplest estimator of 7 is the difference in means
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where ny = Y " T; and ng = Y ;- (1 — T;) are the sizes of the treatment and control groups,
respectively. Although this estimator is unbiased and asymptotically normal, Lin (2013) showed
that a regression adjustment using the covariates yields a more efficient estimator than 79 from the
finite population perspective.

Let X(,); be a subset of X; selected by the researcher, where p indexes different subsets. Those
different subsets can be nested or non-nested. Let Z,); = (1,X€p)i)' and (Bl(p)?BO(p)) be the OLS

estimators for the regression of Y; on Z;); by the treatment (T; = 1) and control (7; = 0) groups,

p)i
respectively. Then the regression adjustment estimator based on the selected covariates X(,); can

be expressed as
1 n
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70(p) = iV (p) — gV (p),  where  V(p) =~ Z(Bip)- (1)
i=1

Lin (2013) and Negi and Wooldridge (2021) showed that 724 (p) is consistent, asymptotically normal,
and more efficient than the difference in means 79, It should be noted that these results hold true
without assuming correct specification of the linear model.

In addition to the regression adjustment estimator 724 (p), this paper considers an alternative
estimator by Aronow and Middleton (2013) via cross-fitting. Let
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be the leave-one-out counterparts of the OLS estimators Bl and Bo(p), respectively. The cross-
fitted estimator for 7 based on the selected covariates X, is defined as #t(p) = a5t (p) — g (p),

where
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of . iy [ Li , (4) ~cf _r iy i / (2)
(o) = ; {le < - 1) (Z(p)iﬁl(p))} » fo(p) = ; { Vi < T 1) (Z(pﬁﬁo(p))} .
(2)
Intuitively, compared to ,uadj( ), which can be rewritten as uad‘]( y=1i%" {EYZ' — (% - 1) (Zép)i/gl(p))}7

n
the component <— — 1) (Zé )i (Z() )) in (2) removes a bias term in the component (— - 1) (ng)iﬁl(p))
due to correlation between 51 (p) and the i-th observation.
Although the cross-fitted estimator #<(p) may appear to be computationally demanding, in prac-

tice, one can utilize the identity for leave-one-out OLS estimation

B = B — (Zhi) Ze) ™ Zpyiceipyin

for i € {1,...,77, : Tz = t}, where ét(p)i = (E - Zép)th(p))/(l - Pt(p)ii) for ¢ with Tz =1, Pt(p)ij is
the (7, 7)-th entry of the matrix Pt(p) = Zt(p)(Z;(p)Zt(p))_lzg(p),

consists of rows of matrix Z ¢y = (Zpy1, ..., Z(p)n) with Tj = t. This identity significantly lessens

and Zy(, is the sub-matrix that

the computational burden to implement the cross-fitted estimator.

3. OPTIMAL COVARIATE SELECTION

In this section, we derive approximate MSEs of the estimators 724 (p) and 7°f(p) for the the
average treatment effect, and propose Mallows type covariate selection criteria for the cross-fitted
estimator 7¢f (p) to minimize its approximate MSE. Furthermore, we establish asymptotic optimality
of the covariate selection rules minimizing our selection criteria in analogous senses of Li (1987), Shao
(1997), and Donald and Newey (2001).

To proceed, we introduce some notation. For t = 0,1, let ¢g¢(-) = E[Y (¢)| X = -] be the conditional
mean, and S,y be the population OLS coefficients defined as

Bup) = argmin E[(Y (t) — Z{,b)*] = argmin E[(g,(X) — Z(,,b)"]. (3)

Also define k;, = dim X, (the number of covariates selected by p), &, = sup,, lzgll, €(t) =
Y (t) — g:(X), and ryp) () = ge(z) — (1, x’(p))ﬁt(p). Note that g;(-) and €(¢) do not depend on p. For

each index p of selected covariates, we impose the following assumptions.

Assumption.

1.: {Yi(0),Yi(1), T3, Xi}7y is an iid sample of (Y (0),Y (1), T, X) with fourth moments bounded
by a finite positive constant C. T € {0,1} is independent of (Y (0),Y (1), X). All the eigen-
values of ¥,y = E[Z(p)ZEp)] lie in [C,C] C (0,00).

2.: inf, E[e(t)?|X = x] > ¢ for some ¢ € (0,00). sup, Ele(t)®|X = 2] < C for some C € (0, 00).
Epkp log kp d Elry () (X)4] 0.
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Assumption 1 is a standard condition on the sample although requiring the fourth moments is
slightly stronger in the literature (e.g., Ye et al., 2023). We note that neither a model between the
potential outcomes and covariates nor a distributional assumption on potential outcomes is imposed.
Assumption 2 is on the error term €(¢) from the conditional mean function and the number of selected
covariates kp. Analogous assumptions on the eighth moment of €(t) are also employed in the model
selection literature, such as Li (1987, (A.2)) and Donald and Newey (2001, Assumption 5).

Hereafter we focus on estimation of p; = E[Y(1)]. The analysis for the case of ug = E[Y(0)]
is completely analogous. We first obtain an approximate MSE in a similar way to Donald and
Newey (2001). Let X = (X3,...,X,) and D = diag(Th,...,T,). For the regression adjustment
and cross-fitted estimators, Theorem 1 below derives decompositions

~ A~

n(if (p) — m)? = Q™ (p) + R™(p), (4)
for m = adj, cf, where Qm(p) and Rm(p) satisfy

R™(p) +T™(p) »
S )

for some S™(p), T™(p), and V (D, X) = E[1)?| D, X] with ¢ = %e(l) + (g1(X) — p1). Note that the
first term V(D, X) does not depend on p, and the third term 7™ (p) is dominated by the second

E[Q™(p)|D, X] = V(D, X) + 5™ (p) +T™(p),

term S™(p). Thus, we focus on S™(p) as the dominant term that depends on p, and construct a
covariate selection criterion by estimating this term.

Let Z( ) = (Z(p)lv ceey Z(p)n)/7 P(p) = Z(p)(Z/(p)Z(p)) (p) P(p)” be the (Z ’L) th element of P(p),
Py = (DZy))[(DZ ) (DZ )| (DZ ), 01 (Xi) = Elei(1)?| Xi], @ = diag(o7(X1), -, of(Xn)),
and () = (r1(p)(X1),- .-, 71(p)(Xn))’. The MSE expansions for the estimators 12Y(p) and it (p)

are obtained as follows.

Theorem 1. Suppose Assumptions 1-2 hold true. Then

S*i(p) = Ss(p) — Si(p) + S2(p), (6)
S%p) = Si(p) + Sa(p), (7)
where
S0 =T i(Pp®), Salp) = St (D~ Py,

sg(p)=<1_”) (ZP i) )2.

This theorem characterizes the dominant terms of the MSEs of i Aad‘] (p) and $f(p) that depend
on p. Analogous results can be obtained for No ( ) and Mo( ) on the control group. First, for
the regression adjustment estimator [fi‘dj (p), as indicated by the stochastic expansion in Theorem

3 (i) below, it typically contains a bias component, which corresponds to S3(p) in this theorem.



If %Sg(p) — 00, then S24(p) is of larger order than S°(p), so we recommend to employ /St (p)
and conduct covariate selection by our criterion defined below. Even if S2%(p) is of same order as
S°f(p), it is not clear how to obtain an unbiased estimator of S (p), so it is difficult to derive an
optimal covariate selection for ﬂ?dj (p). Although it is an unrealistic scenario, if the researcher a priori
knows that the bias component S3(p) is negligible, then the dominant term of the MSE of ﬂ?dj (p)
becomes the variance component —Si(p) +.S2(p). Since this variance component is decreasing in k),
the largest model minimizes the approximate MSE of ﬂ?dj (p). Given these points, the rest of this
section focuses on optimal covariate selection for the cross-fitted estimator St (p).

The dominant term S (p) = Sy (p) + Sa(p) for § (p) does not involve the bias term S3(p), and is
associated with the variance of i$(p). As k, increases, S1(p) increases but Sz(p) decreases so that
S (p) takes a U-shape in the number of selected covariates kp. It should be noted that compared
to S24(p), the sign of the term S;(p) in S°(p) is opposite. To see this, note that an inspection of
the proof of this theorem yields

S*i(p) = S3(p) + {2Q7 7 (p) + S1(p) + S2(p)},
Sty = {2Q%(p) + S1(p) + S2(p)},

where
adj(> _ 1 n ”T‘ E—l (Z/ 2 7 ) (X) —S()+ l+2
o= e 2 TG i S Zwi)71(Xi)” = =51(p) + 0, L+ )
i=1 j=1
4\P) = n2m2 ZZ I\ 1 ()i = (p)? ()i )91\ A5) = Op o +¢
i=1 j£i

are cross terms corresponding to “Q4(p)” in Appendices A.1.2 and A.1.1, respectively, and c?, =
]E[r%(p) (X)]. Therefore, the variance components in the curly brackets take analogous forms. Com-
pared to [ffdj (p), the cross-fitted estimator iS'(p) eliminates the bias term S3(p), but inflates the
variance term by 2(QS (p) — Zdj (p)) = 251(p) + op <%” + cf,). Consequently, the signs of S1(p) in
the MSE expansions become opposite. This relationship of S2¥(p) and S°f(p) is analogous to the
one of the two stage least squares estimator and limited information maximum likelihood estimator
for instrumental variable regression (Donald and Newey, 2001).

We now develop Mallows type criteria to estimate the dominant term S (p) of the MSE expansion
for 4$*(p). In the case of heteroskedastic errors (i.e., € is arbitrary), our covariate selection criterion

is defined as

1 & . 2 o e
S(p) = ;1 ZE(YZ- - Zép)iﬁl(p))z + atr(zls(p)z(p1)7 (8)
=1

where 216@) = n "0 Ti(Y — Yian)QZ(p)iZEp)i, VAl is the OLS fitted values using all the co-
variates available to the researcher, and fl(p) =n! Sy Z(P)iZZp)i' Note that the second term

n%tr(ille(p)i](;s) is an estimator of n%tr(Pl(p)Q). In a special case of homoskedastic errors (i.e.,



Q = o?I with 0% = E[¢(1)?]), our selection criterion becomes

. 1 « R 2 .
Shom(p) = T ZTZ(Y; - Zzp)iﬁl(p))2 + 70_%]%’ (9)
=1

n ni
where 67 = n ' Y0 Ti(Y; — V12, Then the optimal covariate selection rules are defined as
p=argminS(p),  Prom = Argmin Shom(p), (10)

and their optimality properties are established as follows.
Theorem 2. Suppose Assumptions 1-2 hold true.

(i): Suppose the error €(1) is homoskedastic. Then

S (Phom) 2
min, S°(p) '

(ii): Suppose the error €(1) is heteroskedastic and m{tr(ile(z))i(—;ﬁ) —tr(Pr )} 2.
Then o
_5T0)_p
min,, S (p)
This theorem says that the researcher using the cross-fitted estimator fif(p) for py can select the
covariates by minimizing the criterion S'(p) or S'hom(p) to achieve the optimal MSE property. Al-
though the additional condition on tr(f]le(p)fi(_p;) in Part (ii) is high level, this is typically satisfied
under mild primitive assumptions, such as Liu and Okui (2013, Assumptions 2.4-2.7). Furthermore,
for this theorem, Assumption 2 can be relaxed to accommodate the case of finite k, by imposing an

alternative assumption inf, nR(p) — oo, where R(p) is the risk term defined in (27) or (32).
So far we consider optimal covariate selection for estimating p; = E[Y(1)]. Analogous optimality
results can be established for estimating 9 = E[Y (0)]. Also to estimate the average treatment effect
T = 1 — Mo, one may wish to select the same list of covariates for both the treatment and control

groups. In this case, our Mallows type criterion can be modified as
S(p) = 5'(p) + 5°(p),
where S(p) is S(p) in (8) for the treatment group and

. 1 & . 2
() = — Y (1 =T)(Yi — Z{py:Bop)* +

—tr
no “— ni
i=1

& &—1
(EOE(p)E(p )a

with 205(])) =ng 'SP (1 - T)(Y; — YiaH)QZ(p)iZEp)i for the control group. Then the covariate

selection rule is obtained as p = arg min, S(p), and this satisfies an analogous optimality result in
the sense that

S (p) +5M0(p)
min, {S1(p) + ST (p) }




where S (p) is Sf(p) in (7) for the treatment group and S0(p) is a corresponding term for the

control group. We employ this selection rule in our numerical studies below.

4. STOCHASTIC EXPANSION AND ACCURATE INFERENCE

In this section, we derive stochastic expansions for the regression adjustment and cross-fitted
estimators, and develop a higher-order accurate standard error. To simplify the presentation in
this section we suppress the subscript “(p)” and use the notation Z = Zipys Zi = yis Bt = ,Bt(p),
B = Bi)), 3 =), and Pyj = P)i;. Define V(1) = Y (1) — Z'3;. Note that due to E[ZV( )] =
it holds p; = E[Z]'B;. We impose the following assumption.

Assumption.

. fglogkp
3.: 22

— 0 and the eighth moments of the elements of Z; are uniformly bounded.
Assumption 3 is on the number of covariates k, and their moments. For instance, &, = O(\/kp)

if the basis functions are a spline or Fourier series, and &, = O(k,) if the basis functions are a

polynomial series. Based on this assumption, stochastic expansions and asymptotic variances for

the estimators are obtained as follows. Let p;; = Z/X71Z;, and

Li = V1) = T0Vi(0)+ (2 — BIZ) (51— o)

Wy =~ (1) g+ V0 + e (T2 1) V) + 100,
ad'__inﬂ E_ 1" E_
B = > (W 1>pm > ;1_77( — 1>pum(0). (11)

Theorem 3. Suppose Assumptions 1 and 8 hold true.

(i): Stochastic expansions of the estimators are

ek loghy, \
S a2

i=1 j=i+1
1/2
X 1 & 1 < & &4k, log k
TCf—T = ﬁZLzJ’_EZZWZ]—FOp % y (13)
i=1 i=1 j=i+1
and their stochastic orders are

%ZLi =0, (\/15) , % Z Z Wi = 0O, <%> , B =0, <£p\7{@> ' (14)
i=1

i=1 j=i+1



(ii): The asymptotic variances of the estimators and are characterized as

. , okplog k
V(Va(E* =1 = B™)) = of + oy + 0, (ép ,,n;)g p>,
Ay log k
V(Vn(ET=1) = ol +ofy + 0, (W) (15)

where

1—m

2 =V (Vlﬁ ZM) = V(1) + = V(V(0) + (1~ o) V(Z)(61 — o) = O(1),
=1

1 n n §2

i=1 j=i+1

Epkp log kp
2

(iii): If we additionally assume — 0, then the asymptotic distributions can be ob-

tained as

Vr(#4(p) — r — By 4 N (0, 02), V(e (p) — ) 5 N(0,0%).

Theorem 3 (i) decomposes the estimation errors into a first-order dominant linear term, = >7 | L;,

and a second-order quadratic term, # Sy Z;L:Z 41 Wij. Also the regression adjustment estimator

72di(p) contains an additional term B2Y associated with estimation bias. Since B*¥ is of order

(4]

. , 724 (p) may yield a large bias when ky is large. Note that the linear and quadratic

terms are identical for the both estimators, and the difference is attributed to the bias term. We
also note that the remainder terms are of smaller order than these linear, quadratic, and bias terms.
Theorem 3 (ii) characterizes the asymptotic variances of the estimators. The first term o% is identical
to the conventional variance term for the regression adjustment estimator. This theorem takes into
account of the additional variance component a%,v of the second-order quadratic term. Since §,
typically diverges as k, grows, the second-order variance component 012,[, of order O (%) becomes
more important under many covariates. Finally, Theorem 3 (iii) presents the first-order asymptotic

distribution of the point estimators 724

(p) and 7!(p). However, as we illustrate by a simulation
study below, this first-order approximation combined with a variance estimator of a% may exhibit
severe size distortions under many covariates.

We now develop our higher-order accurate variance estimator. First we note that under Assump-

tions 1 and 3, the variance component 012,[, can be written as

2 2 2
oW = Ow1 + Oa,



where

oy = :L {?E[Pii%(l)ﬂ + (1_7;)2}3[%‘/2(0)2]} ,
7'('2
s = Z;{ Bl VOV 0] + Bl O 0) — 2BV O (1)}
=1 j#i

In order to estimate O‘% + U%,V, we employ the cross-fitting approach. In particular, we propose the
following variance estimator
n

. 1 T; A(i 1-1T; A N G
a%c_CanZ{ﬂm—Z;ﬁP)— I_W(E—Zéﬁé)H(Zi—Z)/(ﬂf)—Bc()))} + 6y (16)
i=1

where

I

n n —TT 2 > ¥ T % ’
= L3S { LTI PRV (1) + e (1= T) (1 = T3) PAVA(0)V;(0) }
— i (1= T) T PAVI(0)V;(1)

and Vi(t) = Y; — Z{Bti) for t = 0,1. The first term of 6% _p estimates the variance component
o*% + U%,Vl, and the second term &IQ/VQ is added to estimate the remaining component 012,‘,2. For a

comparison, we also consider the conventional HCO estimator

n ' . o ) B R . 2
oo = S Y= Z) — T Zif) + (2= 2V (6~ o)}

, s
=1
Our main result on the variance estimator is presented as follows.

fp og kp

Theorem 4. Suppose Assumptions 1 and 3 hold true, and — 0.

(i): 63c_cp = 0hc_cr(1 +0,(1)), where 65 is defined in (39) and
El6fic_crl = 01 + oy (1 + o(1)). (17)
(ii): 6o = 0Fco(1 + 0p(1)), where 63 is defined in (40) and

E[6icol = 07 — o1 (1 + o(1)). (18)

This theorem depicts the means of the variance estimators &%Cch and 6%1607 taking into account of
the higher-order terms. Theorem 4 (i) shows that the mean of the dominant term of the cross-fitted
variance estimator 612_IC_CF matches to the estimation variance O'% + 0‘2,[, up to a higher order. On
the other hand, Theorem 4 (ii) shows that the conventional HCO variance estimator 6%, tends to
under-estimate the estimation variance due to the negative higher order component, —012/1/1. This
result provides some explanation for severer under-coverages of inference based on the HCO estimator
under many covariates reported in the literature (e.g., Figures 1 and 2 of Lei and Ding, 2021). Our
simulation results also illustrate this point.

We close this section by showing that the t-test based on the proposed standard error 612{0—01?

achieves the uniform size control in the sense of Romano (2004). Its proof is similar to Belloni,

10



Chernozhukov, and Hansen (2014). Let z,/, be the (1 — a/2)-th quantile of the standard normal

distribution.

Corollary 1. For each n > n with some large enough n, denote P, for the set of data generating
processes such that any sequence {Py}n>n with P, € Py, P, satisfies Assumptions 1 and 3, and
gglngkp — 0 asn — oco. Then the estimator #X(p) using p in (10) and the standard error 6uc_cr
in (16) satisfy that for each a € (0,1/2),

. cof /s ouc—cr | | _,
T}LngoﬁeugnP{T € [7’ (p):l:za/Qi\/ﬁ ]} =1-a.

5. SIMULATION

In this section, we compare the finite sample performance of the point estimators and the coverage
properties of the confidence intervals proposed in this paper with those of existing methods in the
literature.

The data {Y;(0), Y;(1), T;, Wy;}', are generated according to the following data generating process
(DGP):

Y;(0) = WiB0 + WaiBo + Vo,
Y;(1) = 7+ W81+ W51+ Vi,

where 7 = 1, Wy; ~ N(0,1;), and Wy;; = Wfij for j = 1,...,d. The error terms Vpy; and Vj;
are mutually independent, following N (0,1) and N(0,2) distributions, respectively. The coefficients
are specified as f81; = Bo; = 0.5 (1 — d%rl)a for a € {1,2,4}. The treatment indicators 7T; are
independently and identically distributed, satisfying E[T;] = 0.2. The sample size is fixed at n = 700,
while the number of covariates for the DGP varies over d € {10, 20,30,40}. Each simulation DGP
is replicated 1000 times.

We compare the point estimators and the coverage probabilities of 95% confidence intervals based

on the following working model:
Yi(0) = WiiBo+ Vi,
Yi(1) = 74+ Wib+ Vi,

which are misspecified due to the omission of nonlinear covariate terms included in the true DGP.
Figure 1 displays the relative RMSEs relative to the simple difference-in-mean (SDM) of (i)
regression adjustment estimator (RA), (ii) cross-fitted estimator (CF), (iii) cross-fitted estimator
with the proposed Mallows type covariate selection (SCF) and (iv) Lasso-regularized estimator
(LASSO). For the lasso penalty choice, we use default cross-validation via the cv.glmnet function
in R. To implement SCF, we set ¥, = - DT —t Z(p)jZEp)jé?p)j(t), where é?p)j(t) =Y, - Zép)jBt(p) is
the residual from the regression adjustment estimation. We find that the SCF method consistently

outperforms all other approaches, except in a setting where the model is (approximately) sparse (i.e.,

11



a = 4) and the number of covariates is large (i.e., d = 40), in which case LASSO outperforms SCF.
Furthermore, we observe that RA and CF can perform even worse than SDM when the number of
covariates is large.

Figure 2 displays empirical coverage probabilities of 95% confidence intervals of (i) simple difference-
in-mean with the conventional standard error (SDM), (ii) regression adjustment estimator with HCO
standard error (RA), (iii) cross-fitted estimator with HCO standard error (CFucp), (iv) cross-fitted
estimator with HC-CF standard error (CF), (iii) cross-fitted estimator with the proposed Mallows
type covariate selection with HC-CF standard error (SCF), and (iv) Lasso-regularized estimator with
HCO standard error (LASSO). We find that the SDM, CF, and SCF methods yield more accurate
empirical coverages than LASSO, RA, and CFycg across all evaluated scenarios. Importantly, the
CF and SCF methods employ the HC-CF standard error, while LASSO, RA, and CFycg use the
HCO standard error. These results suggest that HC-CF provides more accurate inference than HCO
by better accounting for variability, particularly when the number of covariates is large.

Overall, these simulation results highlight the strong and robust performance of the SCF procedure

relative to alternative methods.
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6. EMPIRICAL APPLICATION

In this section, we apply the proposed cross-fitted estimator with the proposed Mallows type
covariate selection (SCF) and the HC-CF standard error to real data and compare the results with
existing alternatives. We use the dataset from the Student Achievement and Retention (STAR)
project, a series of RCTs for evaluating academic services and incentives on first-year undergraduate
students at a satellite campus of a large Canadian university. For more details on the STAR project
and related empirical work, see Angrist, Lang and Oreopoulos (2009).

The set of predetermined covariates includes gender, age, high school GPA, mother tongue, an
indicator for whether the student lives at home, the frequency of putting off studying for tests,
parental education (mother’s and father’s), student’s education intention, whether the student is at
their preferred school, as well as the squared terms of age and high school GPA, and interactions
between age, gender, high school GPA, and all other variables.

The treatment consists of three arms: (i) whether a student is offered a service strategy called
the Student Support Program (SSP), (ii) an incentive strategy known as the Student Fellowship
Program (SFP), or (iii) both combined (SFSP).

We consider the three treatment arms separately, setting the treatment variable to one of the
three and restricting the sample to individuals who received either the treatment of interest or were
in the control group. Our focus is on how each treatment affects students’ official GPAs at the end
of the first year.

Table 1 displays the point estimates and standard errors (in parentheses) of the following esti-
mators: (i) simple difference-in-means with the conventional standard errors (SDM); (ii) regression
adjustment estimator with HCO standard errors (RApcy); (iii) cross-fitted estimator with HCO stan-
dard errors (CFpcy); (iv) cross-fitted estimator with HC-CF standard errors (CF); (v) cross-fitted
estimator with Mallows type covariate selection and HC-CF standard errors (SCF); (vi) Lasso-
regularized estimator with HCO standard errors (LASSOpco).

A few comments are in order. First, the SDM estimator yields results that differ from those of
the other regression-based methods, particularly for the SFSP treatment group. On the other hand,
all methods that incorporate covariates produce estimates with relatively lower standard errors,
indicating a higher degree of precision. The standard errors of SCF are lower than those of CF,
suggesting that SCF, by incorporating covariate selection, provides better precision than CF. Second,
HCO standard errors are notably smaller than those of HC-CF. Based on our simulation studies,
inference based on HCO may be overly liberal when the number of covariates is large. Therefore,
significant findings (at 5% level) for the SFSP treatment from RApco and CFyco may be overly
optimistic. Third, the SCF estimators with HC-CF standard errors appear to support the empirical
findings in Angrist, Lang and Oreopoulos (2009).
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TABLE 1. Treatment effects on first-year GPA

SSp SFP SFSP
Sample size
n 1064 1072 974
ny (treated) 208 261 118
Estimated treatment effects (standard errors in parentheses)
SDM 0.014 (0.071)  -0.033 (0.064) 0.119 (0.090)
RAnco ~0.001 (0.061) -0.053 (0.058) 0.154** (0.081)
CFhco 20.001 (0.061) -0.055 (0.058) 0.156** (0.081)
CF -0.001 (0.065) -0.055 (0.061) 0.156* (0.091)
SCF -0.009 (0.064) -0.063* (0.060) 0.121 (0.086)
LASSOnco  -0.001 (0.062) -0.050 (0.059) 0.132* (0.084)

Notes: * significant at 10% level. ** significant at 5% level. *** significant at 1% level.
Significance is based on approximate t-values calculated as estimate divided by standard error.

APPENDIX A. MATHEMATICAL APPENDIX

Notation: Let a < b and a Sp b mean a = O(b) and a = O,(b), respectively. Pick any index
p for selected covariates. To simplify the presentation, in this appendix we suppress the subscript

“(p)” and use the following notation
Z = Z
Pt — Pt(

Zi = Z(p)i7 rtz(X) = TtQ(p) (X)a
Prij = Pyp)

p)’

) ijp P=Pp), P = Py

Bt = Bip)s Bt = Bipys 6752) - 5158;)-
Hereafter we normalize as E[ZZ'] = I without loss of generality. Let CI% = E[{(X)], Ui = % - L
Vi(t) = Y;(t) — Zjpy, and

. 1 & , . 1 & , . 1 " ,
S o= %%, Ei=2) T4z, Se= gD (1-T)4Z
=1 =1 i=1
) 1 ¢ (0) 1 ¢
o= 3127, 5 = Y (1 -T) 27
e n(l-m) =

We use the following lemmas.
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Lemma 1. Suppose Assumption 1 holds true. Then

& {2logk - Elogk
IS = Il =0p [\ ) 1B —TI=0p /] (19)

I=TH = 0,(1), 1155 = Op(1), (20)

%ZUiZi :0p< %’) (21)

n

%ZT,-Ziei(l) =0, ( i”) , Z T;)Ziei(0)|| = Op < ’Z’) : (22)
=1 =1

IS Tz ()| = Oglep) || S T Zio(X3) | = Opley), (23)
i=1 i=1

1< &2 1 &
- Z T;Z;Vi(1)|| = Op - - Z(l —13) Z;Vi(0)|| = Op W (24)
i=1 i=1

Proof: For (19) and (20), see the proof of Belloni, Chernozhukov, Chetverikov and Kato (2015,
Theorem 4.1). For (21), note that

2
1 & 11— k
—Y UiZi|| | = (77 =0 (p> ,
nizl n i n

and thus Markov’s inequality implies the conclusion. Similarly, (22) is obtained by

2
1 & T T k
E |- TiZe(1 = —E[e(1)?2'Z] < = supE[e(1)?|X = z]E[Z'Z] = O | -2
2> Tz | = TE1?2'2] < TswELOP|x = al5iz'z]= 0 (%)),
where the first equality follows from E[Z;¢;(1)] = 0. Thus Markov’s inequality implies the conclusion.
For (23), since 71 (X;) = TZZZ’ZAIIA% iy TiZir1(X;) is a sample projection of 71 (X;) on T; Z;, it holds

2 2

1 _1/21
— T:Zir1(X < T, Z;
n; 7”1( ~p Z Tl
= lirl( lz% 2<lir1(X-)2:O (c?)
niil " =1 ni:l Z e

where the first wave inequality follows from all eigenvalues of ZA}}/ 2 being bounded away from zero
with probability approaching one, and the last equality follows from Assumption 1 and Markov’s
inequality. For (24),
2
E |||X inzmu) = TE[V(1)272'Z) =0 <§5> :
ni n n

where the first equality follows from E[Z;V;(1)] = 0. Thus Markov’s inequality implies the conclusion.
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Lemma 2. Suppose Assumptions 1-2 hold true. Then there exists a positive constant ¢ such that

Si(p) > c%" for all n, and
1—m k,
Sa(p) — c?,—op<c+n>.

™

Proof: The statement on S;(p) follows by Assumption 2 and tr(P;) = k,. For the statement on

Sa(p), decompose

1—7
S o 2
2(p) T Cp
-7l (T 5 o
— = (X)) — E E T;T; (X)) (Z!Z;
T N <7TT1( D T n7r21 e ri(X iNZiZj)

l_ﬂliT X)ZUS! I)liTZ (X
T nm 1 1 nﬂ'j:l gt

=: Sy — S — 523-

1-7\%1
E[S%] = —E
s= (")
Markov’s inequality implies So; = op(c ) by Assumption 2 (i.e., %{:}DQ — 0). For Ss9, note
that

For Ss1, since

™ n

2
<T7"1(X)2 - ) ] < LE[m 0,

BlSa) £ = D0 D BIn(X)n(X,)(Z2) = LEIn(XP(Z'2)] § ~6 = o),

where the first equality follows from E[Z;r;(X;)] = 0, and the second equality follows from Assump-
tion 2. Thus, Markov’s inequality yields Soo = op(c%). For Ss3, Lemma 1 implies So3 = op(c%).

Combining these results, we obtain the conclusion. [J

A.1. Proof of Theorem 1. In this section, we first present the proof of (7) for the cross-fitted
estimator (Appendix A.1.1), and then provide the proof of (6) for the regression adjustment estimator
(Appendix A.1.2).
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A.1.1. Proof of (7). By using the definition of BY) and Y;(1) = g1(X;) + €(1), we decompose

Vi ®) i) = 23 B+ oo —m) - (1) @8 ax)
a5 (p) = m \/ﬁ;[ﬂ 9 m (W > V= ]

1 n |:T‘z 1 n ()1 1 n
= =3[ Fa)+ ) - )| - =3 ouz (507 L Y 1260
Vn =1 LT Vn i=1 iz

1 & -1 1 w—
+—= YU | (X)) = 280 N 1 2500(X)
Vn — <

1 n
= %Zwi + A§h + A
i=1

For A§\ and A$, we further decompose

1 n ) 1 n 1 n 1 ) 1 n
A = =Tz | =) TiZe(1) _721]1.21{(2@ -3 =) 1375601
N4D pat nm < 4D pot n
= A(if11+A(if127
and
4% = LS (mx) - 280 LS n g,
2 = \FZ i | m1(X) i1 Z 5Z5r1(X;5)
n < nm —-
i=1 jFi
1 n n
- %ZUZ ri(X;) = ZIS = Zm (X))
i=1 j#i
1 < -1l =T 1
—— =N Uz [ SPTEN H zm(X) -5 Y Zim (X))
Vn pot nizm i

n

1 R 1 N
— %ZUi r(X;) — ZI% 1azzjr1(xj) —%ZUZZ{E 1aZUijn(Xj)
i=1 j#i i=1 J#i
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where the first equality follows from 71 (X;) = ¢1(X;) — Z/51. Thus the expression in (4) is obtained

as

2
Q' (p) = ( Z i+ Aty + Afh + A122) ;

Rd(p) = (141112+1‘11212))2

cross terms of ( Z P + A111 121 + A122) and (A112 + A123)

Now consider E[Q°f(p)|D, X]. Decompose
E[Q“(p)|D, X]

2
_ g (ﬁ >lim1 W) + (Af1)? + (A§f21)2 f(A(I:fiQ)Z + \/2; Zi L AT + \Zﬁ Soimy YiASh D.X
\f Sy iAShy + 2450, A, + 2450 A, + 245, ASH,
= V(D,X)+ Q1+ Q2+ Q3+ 2Q4 + 2Q5 + 2Qs + 2Q7 + 2Qs + 2Q.

For 1, we have

Q1 = ZZUU“Z@ 1 ZTZGJ(I) Zz;lz;leh $17,.|D, X

n37T2
i=1141=1 Jj#i J1#£41

1 n n n .
— WZZUU“ZZ’Z [ DY 122500X5)7 | 271 2

i=1i1=1 G
-7 1 1 o rele el —m 1
= — tr(PlQ)JrnQWz;UiZiE S5z 2 — —tr(P)
=51(0) contained in T°f(p)
LSy ol I Y T:Z:Zio1(X;)? | 7' Z
o 2D UUWZET o Y TiZZ00(X;) i
i=1 iy i J#i i

contained in T<f(p)

= Si(p)+T1 + 13,

where ¥ = L =D IS VAV AT ?(X;). By Lemma 2, it is sufficient to show T3,7% = o, (%” —I—CZZJ).

First, we show T = o) ( ) By using E[U?] = , we decompose
T = 1 i(y? —RUNZI(ET8 87 =210 Zi + 1 i(U? —E[U)Z!%1.Z;
n2m P i i i n2m P i i i
1-7T 1 e e e 1—-m 1
+ ( ——— Z; ZETI ST - ——— (P9

=: Ty +Tio + Ths,
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where 31 = E[ZZ'03(X)]. For Ti1, note that

1 - 2 2 /
o, 2V ~EWU)Ziz
1=1

kp

|Tu| Sp = JRED IS JE )
n

where the equality follows from Lemma 1 and the law of large numbers. For 7115, note that

2
E[T%] S ! E[(U2 E[UA)E(Z/%1eZ:)%) < %z?'

Thus, Markov’s inequality with Assumption 2 implies T12 = o (Wp) For Ti3, note that

1— 1
Tisl = —5 |o(E7%00) — (A9
-7l <& 1 &
= |- D ot(X)DP; — > ot (X)) Py
J#i,01 j=1

2201 X)Z/(S - 1)Z;

=: Tiz1 + T132 + T133.

For Ti31, we have

- k
S5 ().
n
where the convergence follows from Lemma 1 and the law of large numbers. Similarly, we have

T132 = 0p <k ) For Ti33, we have

T3t Sp — -

n

1
E[T1233] = i ZE
i=1

S SE(Z'2)°) 5 22

(- 1) ooz

Thus Markov’s inequality with Assumption 2 implies Ti33 = o, (k > Combining these results, we
obtain 11 = o, (WP + cp).
Second, we show 15 = o, (%” + c?,). Observe that

1 n n n . o .
E[T2] < EZZZ [U2U2 Ty T3, |E[Z/57 23, 2103 (X ) S80S 2, 73 03 (X, ) 571 2]
=1 k=1k1=1

n 2
< LS EZS 805 12) = LEmE150) = (12 _ 1) by = o () |

where the second equality follows from (0 = 3 — %ZZ-Z{ and Y | P; = kp. So, Markov’s inequality
implies T3 = o, (%’ + c%).
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For 2, we have

1—-71
Q2 = 77’1(D P]_)
7-[- 7
=5(p)
2
st 1 1-71 ,
\fZU ri(X) — Z% ZZTl j) - Erl(D_Pl)Tl
J#l
contained in T°f(p)
= Sa(p)+T3.

We show T3 = o, ( +c ) Decompose

1 R [ 1=
T, = ﬁri <DUDU— — >r1—2 ZZrl by 1<nZU,-2Zﬂ“1(Xi)>

];ﬁz i=1
n n 2
1 1 1—7 1
oYU 2R Y zm(x T P
i=1 ji
+— SN U, | (X)) - Zis > Zi(X5) | [ (X)) - Z, 5 > Zir (X))
i=1 1% j=1 =1

=: Ty1 — 2150 + T33 + T34 + T35,

where Dy = diag(Uy, ..., Uy,). For Ts1, we have

5 1-—m 2
Vit

where the second equality follows from Assumption 2 (i.e., % — 0). For T3g, note that

Ty = (1 > Zz'ﬁ(Xz')) »! (:L > UZ?ZH“l(Xi)>

1

E[T5] =~ Elri(X:)"] = o(cp),

i=1 =1
1 (1 1 ' 1
= S—1
- <n Z; Zir (XZ)> ( z; U; erl(XZ)> + (n z; Zm(XZ)> (71— <n Z; U; Z,rl(Xl)>
=: T391 + T322.

For T391, we have

Elfsn) = E R4ZZZZUfUiZészAZﬁrl(Xi)m(Xilm(xj)n(le)
1= 1] 111 1]1 1
| 1 = 4
S E| 5> D (ZZ) X (X)) | § e,
i=1 j=1
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where the first inequality follows from E[Z;r1(X;)] = 0. So, Markov’s inequality with Assumption 2
implies T391 = op(c]%). For T35, Lemma 1 implies T390 = op(c%). By similar arguments, we obtain
133,134,135 = o) (%” + 012)) and thus T3 = o, (%’ + c%).

For )3, we have

1 n n . n . n
Qs = > D UUZE | Y UiZim(X)) | Z, 57" | Y UpnZmi(Xy)
i=1i1=1 G J17#i1
n
- v S n0n) | A5 (3 in06)
Jj#i J1#i

1 ™ n . n
+$ZZUU11ZZE ' ZUijrl(Xj) Zz{1E ' Z Uji Zj,m1(X,)

=1 i#i i
1 n n n
= —> > > URUULP; Py (X)ri(Xj)
i=1 j#i it

contained in T<f(p)
1 D
oD 0> D UlnUsUs PPt (Xp)ra (X)
i=1 a1 jF#i ji17a

contained in Tf(p)

= T4.

It follows that T = o, <%” + c?,) by the similar argument as T39; with Markov’s inequality.
For 4, note that

Qi = -E|— QZZZTM (W)U Tye;(1) (21271 2,)| D, X

=11i=1 j#i

~E n2 ZZZ 91(Xy) — m)UiTie;(1) (21271 Z)| D, X

k=1 1=1 j#i

= —nw ZZT]-UZ-(Z{i}*lzj)al(xj)2 .= Ts.
i=1 j#i

We show T5 = o, (%” + 072,). To see this, note that

2

1 n n .
E _WZZTJUKZ@{E Zj)o1(X;)? Z 2 N%,

i=1 j#i i=1 j#i

Thus Markov’s inequality implies T5 = o, ( +c )
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By applying the same argument as (4, we obtain @5, Q¢, 7, s, Q9 = 0p (%p + c%). Therefore,

combining these results, we have

“(p)

S<t(p)

E[Q (p)|D, X] = V(D, X) + 5% (p) + T (p) with 2.

It remains to show Scfép ; = 0. Since other parts are similar, here we only show

Scfl( ) (Af1y)? B0, Scf( ) (AShs)2 5 0.

To this end, by Lemma 2, it is sufficient to show (A$},)?, (A%53)? = o, (’%” + c%). Lemma 1 implies

(s N n 2log k k
(i)—1 -1 H 1 7 kp kpfp g Kp D
by -2 — E T.-Z D =0 = . — | = £
H 1 nm = J JE]( ) P n n Op n ’

1 n
1> vz
n <
=1
kp

where the second equality follows from Assumption 2. Thus, we have (Af{fu)Q = 0p (; —1—0}27).

Similarly, Lemma 1 implies

ZUZ’

where the second equality follows from Assumption 2. Thus, we have (A$;)? = o, ( +c >

A 1 n T. k§2logk

-
s s[5 D] <o 5222 <
j=1

n

A.1.2. Proof of (6). By using the definition of 3; and Y;(1) = g1(X;) + €(1), we decompose

V)~ ) = \}ﬁiil[fexl)ﬂgﬂxi)—m)—(f}'—l) (2 - (X))
— \}ﬁzn; [2@-(1) + (g1(X;) — m)] —vn (iizn;mzi)/ifl éjﬁ;szjej(l)
Zn: - zZjst ilTijgl(X
=: Z Wi+ AX A2

dj dj
For A}’ and A7y, we further decompose

/ /
~ 1 s [ 1 1 ¢ 2 e [ 1%
A = _/n (nZUiZZ) S Y 12 (1) —ﬁ(nZUiZZ) -5 [ Y Bz
=1 J=1 =1 Jj=1

_ . 4adj | gad]
- A111+A112’
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and

R 3 LR s e
i=1 Jj=1
1 & a
- T Z Uz Tl(Xz) - Zz{zili Z erl(X])
et Jj=1
1 & 1T 1<
_%ZU@’ ST 2z (X)) =BT =) Zimi(X))
i=1 =1 j=1
1 & " 1 < -
B TZUz n(Xa) = Zi57 Y Zir (X)) _TZU%ZZIZ_I*ZUJZJ”(XJ)
L j=1 N4 j=1
1 . 1/ —1 —1 1 - T]
\/ﬁileZZZ(El - X )lezlﬂ'ZJrl(X])

. adj adj adj
= Ajy + Ajgy + Apgs,

where the first equality follows from 71 (X;) = ¢1(X;) — Z/1. Thus the expression in (4) is obtained

as
2
~adi 1 O dj dj dij
Q*Y(p) = (\/ﬁ Z ¥i + AT+ Al + AT |
i=1

Hadi adj adj
RM(p) = (A1) + AN +

Now consider E[Q*¥(p)| D, X]. Decompose

E[Q*Y(p)|D, X]
E 2 n adj adj 4adj adj jadj adj sadj
+ 7 D i1 YiAlgy + 2AT71 Ajgy + 24771 ATy + 2A751 Aoy
= V(D,X)+ Q1+ Q2+ Q3 +2Q4 +2Qs5 + 2Q6 + 2Q7 + 2Qs + 2Q.
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1 & . . . . .
cross terms of (\/ﬁ Z i+ AX 4 A 4 A?g%) and (A% 4+ A3
i=1

n 2 adj adj adj n ad]j n adj
(ﬁ >im1 %‘) + (AT1)% + (43502 + (A755)* + % Dliny YiAyyy + % >lim1 YiAla)



For 1, we have

Q1 = ngﬂzzzz ViU Ty(Z/271 2,)(Z2571 2;,) o7 (X))
=1 j=111=1
L= 1 po)

™ nm

1-m1 A
= — " u(P9) +fZUQZ’ TEETZ -

T nm

=51) contained in 724 (p)
1 < .
S S 258,57, L S s 2
1=1 i17#1 i=1

contained in T'2dj(p)

=: Sl(p) + T1 + Tg,

where 31, = L DI VAV AT 2(X;). By Lemma 2 and the assumption (S3(p) — S1(p) 2, ij) it is
sufficient to show T1,T> = o, (? + cp). First, we show T1 = o, (W + cp>. By using E[U?] = 177”,

we decompose
n

o= Y (U -EWAZE ST - S Zi+ o (U~ U225

i=1 i=1

=: Ty +Tho + T1s,
where 31 = E[ZZ'03(X)]. For Ti1, note that
Fp| 1 Zn:(U,? —E[UA)Z.Z;
P nk ) 7 1

P =1

15 5T - B

k.
- (%)

where the equality follows from Lemma 1 and the law of large numbers. For Ti9, note that

2 < 1 2 21\2 / 2 < gkp
E[T] S gE[(Ui —E[U;7 ) |E[(ZiZ1eZi)7] S o

IT11] S

Thus, Markov’s inequality with Assumption 2 implies T12 = o ( ) For T3, note that

1-71 A=
Tis| = s tr(2 1216)—’51"(1319)’
-7 |1 & 1<,
- =2 |n Z Ul(Xj)Dijj_ﬁzal(Xj)Pljj
JFii1 j=1
BN 1 & T; 1 & T
i=1 -1 —

=: Ti31 +Ti32 + T133.
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For Ti31, we have
g Z7; ’E 1 IH =
nk, p o

where the convergence follows from Lemma 1 and the law of large numbers. Similarly, we have

Ti32 = 0p (k ) For Ti33, we have

T133 4 Z E

Thus Markov’s inequality with Assumption 2 implies 7133 = 0, (k ) Combining these results, we

Ti31 S <

Ekp

1 / 2
< SE(Z12:)°) £ 25

(-1 ey

obtain 11 = o, (;” + cp>.

Second, we show 715 = o, (’%p + cﬁ). Decompose

n2 ZZUU“Z{ NS+ 2ZU2 12:)%03(X;) =: Ta1 + Ta.
=1 4171

Observe that

n n n

1 . P .
ET3] S == 2.> Y EUPUATWTy, E(Z)% 2 Z4ot (Xp) 27 80N 2y, Z) 0F (X, )2 Zi)
i=1 k=1k;=1
1 ¢ I—18(1) -1 1 S—1(i 1 1 kf)
< $ZE[ZZE SO$17] = —E[tr(S S0)] = S k=o( 5],
i=1
where the second equality follows from S0 =% - %ZZZ{ and 1" | P;; = kp. and
(1—7)2 o &p
E[Tos] = WEKZ{E 17?01 (X)) = O % :
So, Markov’s inequality implies T5 = o, (%” + CIQ)).
For 2, we have
1-71 ,
= —ry(D — P
Q: (D - Py
2(p)
2
—Zn: r (X-)—Z{f]_lliZ»r (X;) —1_”ir’(D—P)r
\/~ s 1 % i n =~ 371 J T o 1 1)1
contained in T'2di(p)
=1 S2(p) + Ts.
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We show T3 = o, ( +c ) Decompose

1— P 1 1—7 1
r <DUDU - 7TD) r1 — =1 PDyDyri + —ry PDy Dy Pry + —— — ¢, Piry
n n ™ nm

T2

S~

T =

1 n n 1 n )
+QZZU1U21 rl(Xi) _ZZIZ 1EZZjT1(Xj) Tl(X Z, E ZZ 'r'l

i=1 171 j=1
=: 131 — 2130 + T33 + T34 + T35,

where Dy = diag(Uy, ..., U,). For T3;, we have

1 1—7,\?
Birhl = 1B | (U2 - 1577 | Bln (X)) = ol
where the second equality follows from Assumption 2 (i.e., % — 0). For Ts2, note that
1 ' 1
— Zir1(X; 271 — QZZ X;
(r5znon) == (i Srrznen)
1 1 1 ' 1 &
=N Zir (X = U Zir (X N Zm(X) | &P =D | = UPZir (X,
<n; r1( )) (n; i Zir ( ))Jr(n; 71 ( ))( )(n; i Zir ( )>

=: T391 + T390.

For T391, we have

E[T5]) = E n4 ZZ Z Z UFU? 2221, Zjr (Xa)r (X ) (X)r(X5y)

=1 j=141=171=1

[
S E 722 (X (X5)* | S 256
=1y

where the first inequality follows from E[Z;r;(X;)] = 0. So, Markov’s inequality with Assumption 2

implies 1321 = op(c ) For T392, Lemma 1 implies T30 = 0p(c ) By similar arguments, we obtain
T33, T34,T35 = 0p (? + Cp> and thus T3 = 0p <W + Cp).

For @3, we have

Qs = (1_”> (meﬁ )2

-~

=S3(p)

=S
— T
D) Y U UL U, Py Py (Xg)r (X)) — < > — (Z Pir (X )

i=1 j=141=1751=1

contained in T2dj(p)

= S3<p) + Ty.
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We show T = o, (%‘7 + 012,

1

n

1 n

>

Ty

= n ZUZ-ZPn'T‘l(

2
XZ.)>

+711 YN URURPA{ri(X

=1 j=1

i)r

k
Ty + Tz + 0p (Tf +c§> :

For T41, note that

1 ¢ 4 1-7)\? 2 2
*Z Ui =\ — Piiri(Xi)” +
mn 1 T

Ty11 + Ta12.

1

n

For T411, we have

1 &K, e
Ty Sp 52(%2 ' X;)?
=1
1 & 1 &
= LUAZ G 4 5 3 (S
1= 1=
&1
S 5> n(Z) = o(cd),

where the second inequality follows from Zz’(fl

2. For T415, we have

E[Tho/X] <

ey

i=1 j#i

2 p2
Plle]rl

). By using Markov’s inequality, we can decompose

(

n

>

2 > Pz‘ﬂ“l(Xi)> 2

)+ (6 +o, (24

1—m

n n

2.

i=1 j#i

1 _
URU? — T

2
) }Paﬂjmxi)n(xj)

-

s

n

> (Zi=!

i=1

2

DZYr (X)) + —~ —DZ} Z! Zir1 (X;)?

“1_1)Z; < ||[>~'—1||Z!Z;, Lemma 1, and Assumption

by the same argument as for Ty11. Thus Markov’s inequality implies Ty1o = op(clz,). Combining these

k
results, we have Ty = o, (Wp + 0127).

For T4, Lemma 1 implies

Ty = SZZUW (ZiZ;) {1 (Xa)r
i=1 j=1
Also note that

SZZUQUQZ’ 2 (Xa)r (X5) +
i=1 j=1

T 22

S @GN )l s 22,

n2 = n
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where the first equality follows from |ri(X;)r1(X;)| < {ri(X;) + r1(X;)}*. Thus Markov’s in-
equality with Assumption 2 implies T2 = o, (%” —i—c%). Combining these results, we obtain

Ty = op (%” —|—c§).
For 2Q)4, note that

2 n n n
2Q¢ = -E 22 Z Trer (W)U Tie;(1)(Zi271 Z;)| D, X
i k=1 i=1 j=1
2 n n n
—E Tﬂz (91(Xx) — p1)UiTie;(1)(Z/%71Z;)| D, X
i k=1 i=1 j=1
- 22 ;;EU1<Z2 Zj)o1(Xi)
2 n o 9 n n .
= 250 - <n27r2 ZTiUi(ZZ{E ' Zi)o1(X;)? — 251@)) ) Z T,U;,(Z% IZj)O'l(Xi)Q
=1 i=1 j#i

= —=251(p) — T5 + Ts.

For Ts, by using E[T;U;] = 1 — 7, we decompose

Ty — 23 [T - EILUINZS  Z)on (X2 + (2(1_”) > (A B (X 2510y >)

n2m? < n2n? <
=1 =1

and we have T5 = o), (%” + c%) by the same argument for 7;. For Ty, we have
2
21 1T P.. . _
BT =B | e 2 TP (X0 0 | 5 5 303 BIPE] = )
1=1 j#i =1 j=1
Thus we have Ts = o, (%p + CZQ,) by Markov’s inequality.
By applying the same argument as ()4, we obtain @5, Q¢, Q7, s, Q9 = 0p (%P + c%). Therefore,

combining these results, we have

T2 (p) »
s

E[Q*Y(p)|D, X] = V(D,X) + 5™ (p) + T*Y(p) with

s
It remains to show ];adj(( )) 5 0. Since other parts are similar, here we only show

1

1 adj\2 P
F=0 Sadi(p)

adj\2 P,
S&T’(p)(AH? (A723)" = 0.

To this end, by Lemma 2 and the assumption (S3(p) — Si(p) Zp %”), it is sufficient to show
dj dj k
(AT, (4152 = o, (22 4 2).
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Lemma 1 implies

) 1 &
A3 < \/ﬁHn Y UZi
=1

where the second equality follows from Assumption 2. Thus, we have (A?Cf%)Q = 0p (%” —1—012)).

Similarly, Lemma 1 implies

adj 1 [ TPSETH B T} 9 kip&p log ky
[Ajg3| < vn ;ZUiZz‘ Hzl -2 H EZ?ZJTI(XJ') =0p Cp— = op(cp),
i=1 j=1

n

where the second equality follows from Assumption 2. Thus, we have (A?géﬁ = 0p (%” + cf,).

A.2. Proof of Theorem 2.

A.2.1. Homoskedasticity case. We first consider the case of homoskedastic errors, i.e., = O'%I.

Note that ppom = argmin, Shem(p), where Spom(p) = I_T”{S‘hom(p) — 0%} and

. 1 & . 2 .
Shom(p) = == > TilYs = Zif1) + =0tk
=1

So in this proof, we treat Shom (p) as a selection criterion for p. By Donald and Newey (2001, Lemma
A.9), it is sufficient to show that

i S(p)

o [Shon(®) = ST 5 (25)

where (for the homoskedastic case)

1—m

S(p) = Si(p) + Sa(p) =

1
- E{a%kp + (D — P)ry}.

Let Shom(p) = 1-7 {% S T(Yi — Z{Bl)Q + @ - 0%}. Observe that uniformly in p,

™

|Shom () — S ()] _ |Shom(p) = 5 (p)] Lolomhy 167 — 2| _ |Shom(p) — S (»)]
S<t(p) - S<t(p) ™ np SE(p) Set(p)

where the second equality follows from 62 5 % and Lemma 2.

+0p(1), (26)
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We next compute E[Shom(p)|D, X]. Let €1 = (e1(1),...,e,(1)), g1 = (g1(X1),...,91(Xy))’, and
g1 =(Z3,..., 7 B1). Note that

n n

D_TWi=ZiB)* = Y T(Yi() = ZiB)? = 3 Tilgr(X0) + (1) = ZiBy)®

=1 i=1
= {a - (@ —g)}D{e — (51 — 9)}
= & Der+ (51— 91)'D(G1 — 1) — 26,D(91 — g1)
— €€[D61 + (.@1 — gl>/D(g1 — 91) —2€&P1€1 +2€’1D(I _ Pl)gl,
—_—
bias term mean zero

where the fourth equality follows from the definition P, = (DZ)[(DZ) (DZ)]"'(DZ)' (the projec-

tion matrix obtained by the covariates for the treated observations). Thus, we have

_ 1—m 1 n A 20’2k
E[Suon(®)|D X] = — {nE S Ti(Yi— Zip)?| DX |+ T a%}
i=1
l—7 (1 R . 202k
— {E[e'lDel + (91— g1)'D(91 — g1) — 2€, Pre1|D, X + I S O'%}
7T niq niy
1—71 ) A
= —E[(¢1 —91)'D(g1 — ¢1)|D, X]
™ N
— R(). (21)

By applying Li (1987, Theorem 2.1) and Shao (1997, Theorem 1) for given D and X, we have

P{Sup |Shom (P) — R(p)] > 5} r [P{Sup |Shom (P) — R(p)] > 5’ D’XH S0, (25)

P R(p) p R(P)
for each 6 > 0, i.e., sup, W = 0.
Also observe that
1—-m71
R(p) = - TTE[( — Pig1 — Pie1)'D(g1 — Pig1 — Pre1)| D, X]|
1—-m1
= nTE[(Dgl — Pig1 — Pie1) (Dg1 — Prgy — Pre1)| D, X
1—71
= {Ulk' +7‘1(D Pl)rl}
T m
= st(p),
ni
which implies
R(p) _nm |R(p) — S(p)| _ |nm
= Pl oand M2 VL 110l B 29
S9p) " m ST S |m (29)

uniformly in p.
Therefore, by (26)-(29), we have

[Shom (P) = SF(0)] _ [Shom(p) — S (p)]
S<t(p) ~ S<t(p)

+op(1) =
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uniformly in p, and the conclusion follows.

A.2.2. Heteroskedasticity case. Now consider the case of heteroskedastic errors. Note that p =
arg min,, S(p), where S(p) = 1_7”{5'( ) — o2}, So we hereafter treat S(p) as a selection criterion for

p. By Donald and Newey (2001, Lemma A.9), it is sufficient to show that

1S(p) = 5 (p)| »
sup ——~—————> — 0, 30
where
1-n1

S (p) = Si(p) + Sa(p) = E{tr(PlQ) + (D — Py)r1}.

™

Let S(p) = = {n% S Ti(Y; — ZUBy)? 4 2 aotr(PQ) — 01} Observe that uniformly in p,

5() - S9w) 1S - SIw) -7 1 1 ey 1
S (p) = Set(p) +2 T S(p) 771‘51"(216E ) - tr(Plﬂ)‘
1S(p) — S (p)]
W + Op(1)> (31)

where the second equality follows from S(p) { tr(S 81 — n%tr(PlQ)} 20 and Lemma 2.
We next compute E[ ( )|D X} Let €1 = (61(1)7° : .,Gn(l))/, g1 = (gl(Xl)"' : 7gl(Xn)),a and
g1 =(Z,B1,..., 7 B1) . Note that

znjm@—Z{Bo? = ZT — Zip)? ZT 91 (X3) + ei(1) = Z{Br)?

= {61 — (1 — 1) Y D{er — (91 -g1)}

= € Der+ (g1 —91)'D(G1 — 1) — 26, D(G1 — 91)

= €1 De1+ (g1 — 91)'D(§1 — g1) —2€1 Prer + 26, D(I — Py)gy,
—_—
biaS term mean zZero

where the fourth equality follows from the definition P, = (DZ)[(DZ) (DZ)]"'(DZ)' (the projec-

tion matrix obtained by the covariates for the treated observations). Thus, we have

_ 1— 1 - . 2
E[S@)ID,X] = —— {mE D Ti(Yi— 2P| DX | + () - a%}
i=1
1 — T 1 / N / ~ / 2 2
= —E[e;Der + (1 — 1)’ D(g1 — g1) — 261 Prer| D, X+ —tr(P1Q) — o7
T n1 ni
1—71 ) A
= —E[(g1 — 1)’ D(91 — ¢1)| D, X]
™ n
= R(p). (32)

33



By applying Andrews (1991, Theorem 2.1) for given D and X, we have

]P’{supwp)_wZ(S}zE[P{supM25‘D,XH—>O, (33)
P R(p) P R(p)
for each 6 > 0, i.e., sup, % 2.
Also observe that
1—-71
R(p) = - WEE[(Ql — Prg1 — Pie1)' D(g1 — Prg1 — Pre1)|D, X
1-71 ,
= — nTEKDgl — Pig1 — Pie1) (Dg1 — Pig1 — Pre1)|D, X]
1-n(1 1
_ nj cf
- mS (p)a

uniformly in p.which implies

R(p) _nm p

D
_ and 2P 2 P)] 2, 34
St(p)  m " St (p) - (34)

uniformly in p.
Therefore, by (31)-(34), we have

1S(p) = 5 (p)| _ |S(p) = 5(p)]

+op(1) =

Stp)  ~ SUp) R(p)  59(p) S(p)
uniformly in p, and the conclusion follows.
A.3. Proof of Theorem 3 (i).
A.3.1. Proof of (12). We decompose
#0p) =7 = (V) = m) = (5" (p) ~ o)
_ I (T, ' — (L) 2B -
= SRR EAys - (1) 26 - )
1~ [1-T, 1-T, ;
- Z; —E[Z]) o — L 1) 2By —
S T v+ - EAy () 2G|
_ iy I (T g1 )i Ty,
SR EEIETH wE Tt
i=1 =1 j=1
1~ (1-T, e ) 1Im1-T5,
el EIE R =t
= M; + My + Ms;. (35)
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The central limit theorem yields

For Ms + M3, using the relation

=: Ma1 + Moo,

and

1 /1-T, et ] 1 =1-T;
My = {nZ(l_w”)Zi 2 A L TR A%

i=1 j=1

1 « 1-1T; / —1/¢ &1 )1 - 1T /.
{n;(l—w 1)21}2 (B0 - 255" { =~ > T 2ZV;(0)

=: Ms1 + Mso.

Then the term Ma; + Ms; correspond to
1 n n
Moy + Msy = B*V + ) Z Z Wi, (36)
i=1 j=i+1
Combining (35) and (36), we have
. R 1 e —
#V(p) —7 = B*V + ” ZLi T2 Z Z Wij + (Ma2 + Ms2).
i=1 i=1 j=it+1

Now the norm inequality and Lemma imply

1 /T,
Moy < 7§: 1)z
22 ni:1<7r ) 7

o5 o] o () ).

né— n3
J=1
n n 1/2
1 1-T; . . 1 1—T; &k, log k
e < 03 (525 1) 8 i o] o) =2 mmo <o | ($5°
32 < n;<1_ﬁ ) =74 120 — 2| |[Zg njgl_ﬂzjvj(m O, =

Therefore, we obtain the stochastic expansion in (12).
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A.3.2. Proof of (13). We decompose

)y -1 = (15w) — ) — (i (p) — po)
1 = E / E 0]
= @ -mays - (2 1) 260 - )}
=1
= T; / -1 10 A
> v + @ - wlzy s - (T2 1) 2 - o)
=1
Iy IIN(E N e ) IS,
- n;Ll {né(w 1>Zz}zl {n;ﬂ_ZJVVJ(l)}
I (1= N\ leo1)1Ig~21=T,
+{n;(l—7r 1)21}20 n#il—wzj‘/}m)
=: My + My + Ms. (37)

The central limit theorem yields

For Ms + Ms, using the relation

i—1
=: Moy + Moo,

and

n

v - {;z(llg}1)24}21{5113%@)}

i=1 J#i
I~ /(1-T; A N ()1 ) L= 1= T
A (R a)ss -ms (25
i=1 j#i
=: M3y + M3zs.
Then the term Ms; + M3y correspond to
1 n n
Moy + Msy = —5 o> wy, (38)

i=1 j=i+1
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Combining (37) and (38), we have

ZL + 22 Z Wij + (Maz + M3s).

i=1 j=i+1

Now the norm inequality and Lemma 1 imply

15~ (T (i) -1 |15~ T
i 1 & (i (1) -1 Jovs
Moz = nzl(W*) 7 g {557 = S| [=07 |1 22 2 2w
i= JF#
i tog k)
- 0 é-p p 108 Rp
= o | (2t ,
and
T S U max {56 - =] 507 |2 222 E 20
32 n\l-m 1<i<n 0 n#,l—w I
i= VED

iy logky |
N

Therefore, we obtain the stochastic expansion in (13).

A.3.3. Proof of (14). The first statement (1 37" | L; = O, (ﬁ)) follows by the central limit theo-
rem.
For the second statement (W := 13 3%, > imiv1 Wij = Op (%”)), using the fact that

1-1T;
wo= L3S (o) B+ 13y (R0 o
i=1 j#i =1 j#i
= W1+ W,

we have

E[W?] = E]W?] + E[W3] — 2E[WWs].
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For the term E[W?], observe that
1 n n n n T; T (T, T
VRIS 55 30 35 Dl - EE KL € E AR A

i=1 j#i i1=1 ji#i

i=1 ji jii

I o= (T} 2T Ty
= E|= = —1) 2L Vi(D)V; (1
H4ZZZ<W ) L2 iy Vi()Vi (1)
I K (T T; (T, T;
TE 2D <7T - 1) ks (75 - 1) S PaViVi(D)
i=1 j#i

v SS RV + Vi)V ZZ [PV,
=1 j#i

i=1 j£i
Ly 2 &
~ EZE[PMVQ(U ]=0 2
i=1
where the first wave relation follows from E[Z;V;(1)] = 0 and the wave inequality follows from

Vi(D)V;(1) < 2{V;(1)* + V;(1)%}. Similarly, we have

)= - Y B0 4 e 3 S s ool -0 ().

i=1 j#i 1=1 j#i

and

mww=E4zzzz( ) () o)

1-—m
i=1 j#i i1=1 j1#£h

_ & ;ZZZ@Q (=7 1) 22 om0

5 — — ™ T 1—
i=1 j#i j1#4

1 & (T T; (1-1T; 1-T; ,
+E TL4ZZ<7F_1>TF< —1> l_ﬂ_pijvj(l)vi(o>

i=1 j#i L—m
n n n n )
~ o BV < 5 Y Y BV (02 + V0P = 0 (;) |
=1 g i=1 ji

where the wave relation follows from E[Z;V;(1)] = 0 and E[T;(1 —T;)] = 0, and the inequality follows
2

from V;(1)V;(0) < 1{V;(1)? + V;(0)?}. Combing these results, we obtain EV?] = O (%), and

Markov’s inequality yields the statement W = O, (%’) in (14).

Finally, we show the third statement (B4 = O, (M> ). Since the proof is similar, we focus on

n

the first term B?dj = —% Yoy % (% - 1) piiVi(1). Observe that E[dej] =Lm LS Bl Vi(1)],

™ N
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and

adi 1 n 2 1 n o n Tz T,
E(BIY)] = o Z < - 1) 2p2Vi(1)? | +E i Z Z (W - 1) <7TJ - 1> ;T piipj; Vi(1)V;(1)
i=1 =1 j#i

= Vi+ V.

By the Cauchy-Schwarz inequality, we have

1 & 1 & 4
Vi~ > E[piVi(1)?) = - > EpiVi(1)Y =0 <n§> ,
=1 i=1

and

n 2
Vo o~ %Z pzz z ZEP]] ;(ZEPM i )
=1

J#i
(SR -o(8)

Thus, Markov’s inequality implies B?dj =0, <M)

n
A.4. Proof of Theorem 3 (ii). This part directly follows from Part (i) of this theorem.
A.5. Proof of Theorem 4.

A.5.1. Proof of (i). Let

1—
1—

~ E ~(i E ~(1 — AT A2
di= Y= ZB0) - T - 20 + (2 - 2Y (B0 - B0,

so that 612{C—CF = % Yoy 1@2 By using the relations

Al i1 [ 1 =T 5 (i sl [ I~ 1T
B = gy + 5 EZ;JZJ‘VJ(U c B =B+ 52 ——ZV0) |,
J#i el
we decompose
- T; 1-T;
Gio= Vi) = T Vi(0) + {Z{(B1 — fo) — 7}
T; A(i 1-T; A(i .
(E )z - o0+ (15 1) 2 - ) - G-

T; 1-1T;
_ {m)— vi<o>+<zi—E[Z]>’wl—/30>}
T 1—7
e@)-1 [ 1 = T, res(i)—1 [ 1 "1 - T; .
~U; Z% (nzﬂzjv]u)) - 1% (nz 2 ZVi(0) | = (7 - 1)
J#i J#i
=t i+ 711+ +rs,
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where U; = & —1 (so that =1t —1 =
Bo). Thus 6fc_cp = = Sor 1 (Wi 4715 +12; +13)?, and the conclusion follows by characterizing each

—-2-U;), and the second equality follows from 7 = E[Z]' (51 —

1—m

term.
For the terms 2 3% 42 and 1 37" 72 = 72, the central limit theorem implies 2 3% | ¢? =
0% 4+ O0p(n~1/2), and 73 = O,(n1).

1 n 2
For the term - > %" | 77;, we decompose

n
1 2
n T14
=1
/

Ly co-1 [ Ly RS (1) —1
= S UZEYT Yz | | YTz v | Bz
=1

J#i J17t
1 « /
= sziQZZ{Z_l *ZTZV ZTMZJth() 2_121'
i=1 J#i Jﬁéz
/
2 753 (%) 1 1 ¢ -1
IR L PR E AN | PP S AN

Nn#i

!/

\H‘M: ELM:

2 «— i 1 1 (1) =1 (i _
=y vzET ey - P W) > Tznva )| 20T E -2z
i=1 i
For A1, observe that
1 1 n n n
ElAn] = SE |5 SN U T pijpis V() V (1)

=1 G i

| I ¢\ 2 2 5122
= T3 E ﬁzzpzj‘/](l) (1+0(1)):O<n>’

i=1 j#i

where the second equality follows from E[Z;V;(1)] = 0. For Ajs and A;3, we have

2
n 2 6
1 (7, 1 _ é.p gplogp
Al 5 I e g [0 -2 [ T mavi] =0 SRR

J#

A Sp &2 1H 1oy

2
2 -1l | 1 = &2 & logp
207 |15 Y mzv) —@(pp-

— non
JFi

Thus, we obtain £ 3" | 12, = A1 (1 + 0,(1)).
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For the term % o wirti, we decompose

2
*Zd)irlz
n <
=1
2 o (i () -1
= —%ZMUZ’ 1ZTZV szUZE 1Y -2 S T Zvi(1) | (14 0p(1))
i=1 J#i J#i

=: (Ag1+ Ax)(1+o0,(1)).

For A, by the same argument as above, we have Ay = ——25 51" > 52 UiTiTipiVi(1)V;(1), and
E[A21] = 0, where the equality follows from E[Z;V;(1)] = 0. Since Az = 0p,(A21) by the similar

argument as above, we obtain

2 n 2 n n
EZ%TU = —szUiﬂz}Pij‘/i(l)‘/j(l) (1+0p(1)).
i=1 i=1 jAi

Combining these results and applying the same argument to = ZZ 1 7"22 and 1 ~ > i—1 YiT2i, it holds

6tic—cr = ohic_cr(l + 0p(1)),

where
512{C—CF = ng ZZ Z U 13T, pijpij Vi(1)V;, (1)
i=1 j#i 11#
—~ ZZ Z — T)(1 = T3,)pipigy Vi (0) V5, (0)
psiil
ZZ = UTTipiVi — ZZ 1=t~ T = T)UipiVi(0)V;(0)
i=1 ]#z i=1 gyéz
1 — 71' 9
I = L TITORELS ) e Ty (L T = TR VOV (0)
i=1 j#i i=1 j;éz
ZZ J PRV (O)V;(1). (39)
=1 j#i

Thus, by taking expectation, we have

. n—1[1—m
El6tic_cr] = of + 2 {ﬂE[P?jVj(l)z] T

1 - (1= i 2 )
#2530 S { B ROV ] + B OV 0] - 28OV )

i=1 j£i

and the conclusion in (17) follows by E[pfjvj(l)Z] =E[p;;V;(1)?] = E[p;Vi(1)?].
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A.5.2. Proof of (i1). Let
T;

P = —
T

1-1T;
1—m

7 (Y; — ZlB1) — (Y; — Z!Bo) + (Zi — 2)' (51 — Bo),

so that 650 = 2 >0, 1/312 By using the relations

A . 1 T} . . 1< 1-T;
_ -1 i _ -1 L RTe
p1=p1+ X7 njE—1 - Z;V;(1) |, Bo = Bo + X jE—l pe Z;V;(0) |,

we decompose

b= Vi)~ S0) {26 o) — 7
T T
T’i 1A 1_112 1( /A A
—<W—1>Z¢(ﬁ1—51)+<1_7r—1)Zi(50_50)_(7'_7)
T; 1-T; /
= {Tvo - 120w+ @ - By - m)
e [1 ST T et [ 1 =1-T; R
~UiZ{%y! n;;ww - Uiy ngl_;zjwm ~(F-7)

=1 i+ 11+ T2+ s,

where U; = £ —1 (so that 1=5 —1 = —Z_U;), and the second equality follows from T = E[Z]' (51 —
Bo). Thus &IQJCO = %Z?:l(wi 4+ 7r1; + 1ro; + 7'3)2, and the conclusion follows by characterizing each

term.
For the terms 23" 42 and > 72 = 72, the central limit theorem implies 2 37 | ¢? =

02 + 0,(n~12), and r2 = O,(n71).

For the term 2 > | r?, we decompose
n
1 2
- E Tl
n -
i=1

1 <& 1< 1< /
= D URZET | S Lz | | = D] Tz Vi () | 572
i=1 j=1 i

) ( ‘71:1
/
= YUz (Y TV | |- Y Tz V() | 2z
=1 7j=1 1=1
p 1 & 1 & /
S 2 UPZETI S =R | DSV | | 5 3D 12 V(1) | 2
i=1 j=1 Jj1=1
2 — 1< 1 & /
5 Y UPZETNE - (YL | (- D T Ve () | BTG - D22
i=1 Jj=1 J1=1

= Ap+ Apg+ Ais.
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For A1, observe that

1 1 n n n
Eldn] = SE ﬁzzZUZ2ETj1pijpij1‘/3(1)‘/}1(1) (1+0(1))
1=1 j#i j1#i
l—m |1 &, ) &
= —5 B EZZPMVJ'(U I+o(d)=0(-"],
i=1 ji

where the second equality follows from E[Z;V;(1)] = 0. For Ajs and A;3, we have

2
ez lle T | B &2 |&8loghk
Al S BT 1=0 | X navio)| =0 | 2y
j=1

2
2 le RTINS | Qe €2 ¢t ogk,
il S &1 PE -] 50| S mavio| =0, (;’pn -
j=1
Thus, we obtain £ 3" | 12, = A1 (1 + 0,(1)).
For the term % >y Yir, we decompose
2 n
*Z%’Tli
i
2 n
= —%mezf 1ZTZV ZwZUZE 1ZTZV (1+0p(1))
i=1

=: (A21+ Ax)(1 +0y(1)).
For Asq, by the same argument as above, we have Ay = —# S Z?Zl U;TiTjpi;Vi(1)V;(1), and
21 —7) 1 «— 21—7) 1 e~ 13
Elan] = -2 LS By - 2T LS S B vy ) = 0 (n> ,
i=1

i=1 j#i

=0

where the second equality follows from E[Z;V;(1)] = 0. Since Ags = 0,(As21) by the similar argument

as above, we obtain

2 n
;ZW“M: nzﬂ_z ZZUT 5 Vi(D)Vi(1) | (1 + o0p(1)).
=1

=1 j=1

Combining these results and applying the same argument to % Yoy 73, and % > i1 Yir2i, it holds

6trco = Fico(1 + op(1)),
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where

~ 1 1 n n n
Gfico = of+ 23 Z Z ULT;Ty, pijpij, Vi(1)Vi, (1)
i=1 j=1 ji=1

2 1 I
+(1 s 21 21 21 UF(1 = T3)(1 = Tj,)pijpijy V3(0) Vi, (0)
=1Lg=1n=

n n

n n
T 2

a2 2 (1= T = T)Uipy Vi(0)V;(0) (40)
Thus, by taking expectation with E[pV;(1)%] = E[p;;V;(1)?] = E[piV;(1)?], we have

El6fico) = 07 — % {?E[ﬂii‘@(lﬁ +— QE[p’i’i‘/i(O)2]}

i-m
_1l-z Vi(1)2] — 7 - 1:(0)2
i 2 [Psz(1> ] (1,ﬂ)2E[puVZ(O) ]

2| +BEUPT VO] + e BIUR (L= T pvic0)?] |

and the conclusion in (18) follows.

A.6. Proof of Corollary 1. First, notice that for each sequence {P,},>n with P, € P,, if we
restrict the set of covariates used in estimation to a realization p of the selected model by (10)
for each n, the conclusions of the asymptotic normality in Theorem 3 (iii) and consistency of the
variance estimator in Theorem 4 hold true. To see this, note that given each n > n, for any
subvector X; € RP of X;, {Yi(0), }Q(l),ﬂ,f(i}?:l is an iid sample of (Y (0),Y (1), T,X) with fourth
moments bounded by C, and T; € {0,1} is independent of (Y;(0), Y;(1), X;). Also, the eigenvalues
of E[(1,X)(1,X)'] lie in [C,C] C (0,00). Further, inf, E[e(t)?|X = z] > ¢ for some ¢ € (0, 00),
and sup, E[e(t)}|X = 2] < C for some C' € (0,00). Also, as n — 00, set &, = sup;. 3 [|Z]|, then
E”z’lngkﬁ — 0 and maxj<j<k, E[XS} < (' for some C' > 0. Hence, for any selected model, all the
assumptions for Theorems 3 (iii) and 4 are satisfied with X;.

Thus, for each {P,, }n>, with P,, € Py, regardless of the realizations of the model selection results,

Theorems 3 (iii) and 4 are applicable and together imply that

_ of ouc—cr | | _,
nll_)n;OIP’n {7’ € |:7' (D) £ 242 NG ]} =1-—a, (41)

for each a € (0,1/2). Then the conclusion follows from the proof by contradiction; suppose that the

claim of this corollary is false, i.e.,

) ef ) OHC—CF
1 PLre [#9(p) & =1—a.
o gop P{r € [0 £ 2n 2 -1

44



Then there exists a subsequence {PP,, }1 such that

: rof (1 OHC—CF _
kli}noloPnk {T € [7’ (D) £ 2472 = }} #1—a.

This violates (41), a contradiction. Therefore, the conclusion follows.
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