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ABSTRACT. This paper extends the finite-population asymptotic approach by Abadie et al.
(2014, 2020) to the generalized method of moments (GMM) estimator for moment condition
models. Motivating examples include instrumental variable regressions and regression ad-
justments under randomized controlled trials. We study asymptotic properties of the GMM
estimator and propose conservative variance estimators. Notably, even though the optimally
weighted GMM estimation is infeasible under the finite-population asymptotics, the regres-
sion adjustment estimator in a randomized controlled trial is shown to be asymptotically
equivalent to the optimally weighted GMM estimator. A simulation study and empirical

example illustrate usefulness of our GMM theory.

1. INTRODUCTION

Since the seminal works by Abadie et al. (2014, 2020), there has been growing interest
in inference methods under finite-population setups accounting for design-based uncertainty.
The design-based perspective for investigating econometric or statistical methods has been
prevalent in randomized experiments (e.g., Neyman, 1923; Rosenbaum, 2002; Freedman,
2008a, 2008b). However, this literature does not consider sampling-based uncertainty de-
riving from not observing the entire population since it is common to assume that random
assignment is the only source of uncertainty in an experimental setting. On the other hand,
extensive statistical literature exists on finite-population asymptotics, taking into account of

sampling variation (see, Praskova and Sen, 2009, for an overview) although this body of work
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omits consideration of design-based uncertainty. Abadie et al. (2020) developed an alterna-
tive inference framework in observational study settings by incorporating both design and
sampling-based uncertainty. While their framework is restricted to the case of linear regres-
sion, recent literature considers design-based uncertainty in different settings; M-estimators
(Xu, 2021), spatial correlation (Xu and Wooldridge, 2022), and network (Sakamoto and
Shimizu, 2025). Our paper closely relates to the work by Xu (2021), which extends Abadie
et al. (2020) to the M-estimation setting.

In this paper, we extend the above existing results on finite-population inference to the
situations where estimands of interest are defined by overidentified moment conditions. In
conventional empirical economic analyses using the infinite-population asymptotics, moment
condition models are ubiquitous, and there is a rich literature on applied and theoretical
econometric analyses for these models typically using the generalized method of moments
(GMM) (see, e.g., Hall, 2005, for an overview). Therefore, it is of substantial interest to
develop the GMM theory for finite-population inference problems.

We study the asymptotic properties of the GMM estimator for moment condition models
under the finite-population asymptotics. We derive the consistency and asymptotic nor-
mality of the GMM estimator. In particular, we find that its finite-population asymptotic
variance takes a different form from the conventional infinite-population asymptotic vari-
ance, which is an analogous finding in just-identified models (e.g., Abadie et al., 2020; Xu,
2021). Since our asymptotic variance for the GMM estimator involves a component that is
not consistently estimable, we propose two asymptotically conservative variance estimators:
one is the conventional variance estimator, and the other is an adapted version of Abadie

et al. (2020) variance estimator to the GMM context. Furthermore, we discuss the choice



of the GMM weight matrix under the finite-population asymptotic framework and suggest a
feasible data-dependent weight where the associated conservative variance estimator shows
a desirable property.

Our primary motivating examples are instrumental variable (IV) regression models and re-
gression or covariate adjustments under randomized controlled trials. The recent design-based
literature has focused on experiments with noncompliance (e.g., Kang, Peck and Keele, 2018;
Jiang et al., 2024; Ren, 2024; Rambachan and Roth, 2025). In this setting, our contribution
is to extend the design-based framework to allow for non-binary and multiple instruments,
and incorporate both sampling and design uncertainty in a unified GMM setting. Further-
more, the finite-population asymptotic analysis of the GMM estimator and the development
of feasible inference methods are open issues in the literature. In contrast to M-estimation
problems as studied by Xu (2021), the GMM requires a weight matrix, and currently there
is no guidance on its choice under the finite-population asymptotics.

Another important implication of the proposed GMM theory is that it provides a frame-
work to evaluate the efficiency gain by the regression adjustment to estimate the average
treatment effect under a randomized controlled trial. Regression adjustments for baseline
covariates are widely applied in practice and also highly encouraged by regulatory agencies
to achieve more credible and efficient inference on the causal effects. Under the design-based
setup, Lin (2013) suggested to run a regression of the observed outcome on the treatment vari-
able, covariates, and their interactions to guarantee efficiency gain over the simple difference
in means. Negi and Wooldridge (2021) established an analogous efficiency gain result for the
regression adjustment under the sampling-based (or super-population) setup. As emphasized

in the literature, such efficiency gain for the regression adjustment is guaranteed regardless of



correct specification of the linear model, called the no-harm property. Indeed the regression
adjustment estimator for the average treatment effect can be interpreted as a GMM estimator
for certain (plug-in) moment conditions, and an application of our GMM theory reveals a
new no-harm property of the regression adjustment under the finite-population asymptotics.
Even though the optimally weighted GMM estimation is generally infeasible under the finite-
population asymptotics, the regression adjustment estimator for the average treatment effect
in a randomized controlled trial turns out to be asymptotically equivalent to the optimally
weighted GMM estimator.

The rest of the paper is organized as follows. Section 2 presents the basic setup and
GMM estimator. In Section 2.1, we discuss the regression adjustment estimator as an ex-
ample. Section 3 presents our main theoretical results, asymptotic properties of the GMM
estimator under the finite-population asymptotics. Furthermore, Section 3.1 extends our
finite-population asymptotics to the situation where the moment conditions are misspecified,
Section 3.2 discusses the choice of the GMM weight matrix and the power property of our
recommended estimator, and Section 3.3 considers overidentifying restriction testing. In Sec-
tion 4, we apply the proposed GMM theory to investigate the properties of the regression
adjustment estimator in a randomized controlled trial. Section 5 illustrates the proposed
GMM theory by a simulation study for the regression adjustment estimator (Section 5.1)
and an empirical example to study the effect of institutional quality on income across former

European colonies based on Acemoglu, Johnson, and Robinson (2001) (Section 5.2).



2. SETUP AND ESTIMATOR

We first introduce our basic setup based on Abadie et al. (2020) and Xu (2021). For each
unit ¢ = 1,..., M with population size M, consider the population {X;, z;, Y;},, where X;
is a vector of assignment variables, z; is a vector of i’s attributions, and Y; is a vector of
outcome variables. We are interested in the effect of X; rather than z;. For example, X;
refers to a treatment status of an experiment or indicator for a policy intervention, while
z; includes age, gender, and socioeconomic status of the unit i. Throughout the paper, we
assume that z; is non-random, and the outcomes are written as Y; = y;(X;) for a potential
outcome function y;(+). Although these variables depend on the population size M to conduct
asymptotic analysis for M — oo, we suppress such dependence to simplify the presentation.
From the finite population {X;, z;, Y;}X |, we observe a random sample by Bernoulli sampling.
Let R; be a Bernoulli random variable, which equals one if 7 is sampled, and zero otherwise.
Let N = Zf\il R; be the sample size, which is random.*

This paper is concerned with the situation where the estimand of interest is defined as
a solution of just- or over-identified moment conditions. Let ¢;(X;,0) := g(X;, 2z, v:(X5), 0)
with a k-dimensional vector of moment functions g and a p-dimensional vector of parameters

. The estimand of interest 0}, is defined as a unique solution of

Z gz X“H* ]_ > (1)

We note that in the finite-population asymptotic framework adopted in this paper (as well as Abadie et
al., 2020, and Xu, 2021), the sample size N and also the number of treated units Zi\il R; X, are treated
as random. On the other hand, in much of the statistics literature on design-based analysis (e.g., Neyman,
1923, Lin, 2013, and Li and Ding, 2017), the asymptotic analysis is typically conducted conditionally on the
number of treated units.



for k > p. Note that the expectation E[-| is taken with respect to the assignment variables
X;. It should be noted that the existing papers such as Abadie et al. (2020) and Xu (2021)
only cover the case of k = p (just-identified).?

Therefore, we mainly focus on the overidentified case and consider the GMM estimator

9 (Wn) = argmm{ ZRgz X;,0) } N {%ZRz’Qi(Xu@)}a (2)

where O is parameter space of 03, and Wy is a k X k weight matrix. The choice of Wy will
be discussed in Section 3.2 below. Before presenting its theoretical properties, we mention

some motivating examples below and in the next subsection.

Example 1. [IV regression] An important example of the moment condition model (1) is
IV regression. Kang, Peck and Keele (2018) studied estimation and inference methods for
(just-identified) IV regressions under the design-based framework. To fit into our notation,
let X; € {0,1} be a binary IV with P{X; = 1} = p, y{(x) be the potential treatment for the
instrument value « € {0, 1}, and y9(x,t) be the potential outcome for the instrument value
z € {0,1} and treatment value ¢. Then the moment function for the IV regression estimator

considered Kang, Peck and Keele (2018) can be written as

X; 1-X;
0:(Xo, 00,) = (— _

P I—p

){ (X, (X)) — O3 (X)),

Kang, Peck and Keele (2018) proposed a randomization-based inference method by using the

IV estimator. This paper provides an alternative inference method for the parameters 63,

2
2For the just-identified case, the method of moments estimator is written as arg ming H % Zf\il R;9:(X;,0) H
and this cannot be covered by the setup in Xu (2021) who studied the M-estimator
arg ming + Zgl R;Q(X;, zi,yi(X;),0) for some criterion function Q(-).
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by extending the finite-population asymptotics to this context. Furthermore, our framework
accommodates the case of continuous and multiple instruments which implies overidentified

moment conditions.

Example 2. [Auxiliary information| Another motivating example is the situation where the
researcher has auxiliary information on the population moments as investigated in Imbens
and Lancaster (1994). Under the finite-population asymptotic framework, the proportion
of the sample size to the population size is non-negligible and it may be plausible that re-
searchers have access to some population moments. Examples include large-scale experiments
where sample representativeness is important (Muralidharan and Niehaus, 2017; Duflo and
Banerjee, 2017) and the Integrated Public Use Microdata Series (IPUMS) data, which is the
10% sample of the U.S. Census. In these cases, researchers may incorporate moments based

on the entire states or counties to improve point estimation and associated inference.

2.1. Regression adjustment. An important application of our GMM theory under the
finite-population asymptotics is regression adjustment to estimate the average treatment
effect under a randomized controlled trial. In this subsection, let X; € {0,1} be an indicator
for assignment (X; = 1 corresponds to the treatment, and X; = 0 corresponds to the control),
and y;(x) be a potential outcome for the treatment x € {0,1}. For each unit ¢ with R; = 1,
we observe the randomly assigned treatment X;, the observable outcome Y; = y;(X;), and a

vector of pre-treatment covariates z; (without a constant term) treated as non-random.



In this setup, we wish to conduct inference on the average treatment effect 0%, = Zf\il{yi(l)—

y;(0)} using the observables {X;,Y;, z; }i.r,=1. Let

M M
_ 1 _
i = EZRZXZYZ, Yo——OZRZ(l—XZ)Y,,
i=1 i=1
1 Y 1 U
= 7 RzXz 79 = 7 Rz]- X 9

where N; = Zf\il R;X; and N, = Zf\il R;(1 — X;) are the numbers of sampled treatment

and control units, respectively. Popular estimators of 03, are:

oy = Yi— Yo, (difference-in-means)
. _ RO 21—z
Ora = Y1 —Yo— (81, —055) : (regression adjustment) (3)
50— 7

where

(ZRX zi — Z1)( —zl) ZRX
BOZ (ZRI(l_XZ —Zo) Zi — 2o ) ZR 1— —Zo)Y;.

Under the design-based setup, Lin (2013) showed that the regression adjustment estimator
éRA is asymptotically more efficient than the difference-in-means estimator éDIM without
assuming correct specification of the linear regression model. Under the sampling-based
(or super-population) setup, Negi and Wooldridge (2021) established analogous efficiency

guarantee for the regression adjustment. It is of substantial interest whether such efficiency



improvement for the regression adjustment continues to hold under the present setup of the
finite-population asymptotics.

The GMM theory in this paper provides a unified framework to study asymptotic properties
of Opn and fra under the finite-population asymptotics. In particular, letting @ = N; /N,

we consider the moment function:

XY,  (A-Xy)Yi 0*
M

* T 1-7

Then the difference-in-means estimator fppy and an asymptotically equivalent counterpart
of the regression adjustment estimator fra can be interpreted as the GMM estimators with
suitably chosen weight matrices. In Section 4 below, we apply the GMM theory under the
finite-population asymptotics to show that éRA is asymptotically more efficient than O

and is indeed optimal in the class of the GMM estimators.

3. GMM UNDER FINITE-POPULATION ASYMPTOTICS

We now study large sample properties of the GMM estimator éN(WN) in our asymptotic

framework. We impose the following assumptions.

Assumption.

(1) {X;}M, is independent but not necessarily identically distributed. {R;}M, is an in-
dependent and identically distributed sequence of Bernoulli random variables with
pv = P{R; = 1} satisfying ppr — p € (0,1] as M — oo. Furthermore, {X;}},

and {R;}}L, are independent.



(2) © is compact. Wy converges in probability to a positive semi-definite matriz W.
limM_,ooﬁzij\ilE[gi(Xi,Q)] = 0 is uniquely satisfied at 0 = 6* = limp_00 0.
gi(, 0) is continuous at each 0 € © for almost every x, and sup; 5, E[supgee ||g:(Xi, 0)|*] <
oc. There exist functions hi(-) and byi(-) such that lim, o hy(u) = 0, sup; 5, E[by;(X;)] <
oo, and |[g;(Xi,0) — gi(Xi, 1) < b1i(Xi)ha(||0 — 6:]) for each 6,6, € ©.

(3) 0* € int(O). g;(x,0) is continuously differentiable on int(©) for almost every x, and
G = limy oo ﬁ Zf‘il E [W} has full column rank. There exist functions ha(+)
and by (+) and a neighborhood N around 6* such that sup; y; E[supgep ||09:(X;, 0)/00']|?] <
00, limy0 ha(u) = 0, sup; » Elbei(X;)] < oo, and [|0g:(X;,0)/00'—0gi(X;, 61) /00| <

bQZ(Xz)h2<||0 — 01”) fO?" each 9,91 € N

Assumption (1) is on the sampling framework, which is also employed by Abadie et al.
(2020) and Xu (2021). This implies the sample size N = S°M R, is random, and its expec-
tation E[N] = M p,,; diverges at the same rate as M — oco. Assumptions (2) and (3) collect
regularity conditions on the weight matrix Wy and the moment function g;. These are natu-
ral adaptations of the conventional GMM theory to our finite-population setup. Assumption
(2) is used to derive the consistency of the GMM estimator, and Assumption (3) contains
additional conditions to establish asymptotic normality.

Under the above assumptions, the asymptotic properties of the GMM estimator éN(WN)

are obtained as follows.

Theorem 1.

(1) Under Assumptions (1)-(2), it holds On(Wy) — 6%, 2 0.
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(2) Under Assumptions (1)-(3), it holds
VNOx (W) = 031) = N0, Vo (W), ()
where

Vau(W) = (GWGE)'GW(Q — pAWG(GWGE) L,

M
. 1 * * \/

M

Theorem 1 (1) says that the GMM estimator Oy (Wy) is consistent for the population
parameter 6},, and Theorem 1 (2) derives its asymptotic distribution. Compared to the con-
ventional infinite-population asymptotics, the main difference is the presence of the additional
term “pA” in the asymptotic variance. Letting Vo(W) = (G'WG)'GWOWG(G'WG) ™! be
the asymptotic variance of the GMM estimator under the conventional infinite-population
asymptotics, and Va(W) = p(GWG)'GWAWG(G'WG)™! be an additional component,
the finite-population asymptotic variance can be written as Vo (W) = Vo(W) — Va(W).
Since A is positive semi-definite, V(W) is also positive semi-definite and Voum(W) is
always smaller than the conventional variance V(W) in the matrix sense (denoted by
Venm (W) <pa Ve(W)). Although V(W) can be consistently estimated (as shown below),
the component A and thus the variance Vgym (W) cannot be consistently estimable in gen-

eral.
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Asin Abadie et al. (2020) and Xu (2021), we propose conservative estimators for Vo (W).
The first variance estimator is a consistent estimator of the conventional variance Vi (W),
that is

Ve(Wy) = (GWrG) TG WAQWNG(G WG,

where G = £ S Ri0gi(Xi,0n(Wy))/00" and Q = L M Ryg,(X;, On (W) gi(Xs, O (W)

The second variance estimator is constructed by estimating a lower bound for A, that is
M
Az= > RP'zzP,
i=1

. -1 A
where P = (Zf\il Rzzzz;> (Zf\il R;zg:( X, QN(WN))). Then the second variance estima-

tor is written as

~ ~ ~ ~

Vz(WN) = (G/WNGA)_IGA,WN(Q — ,Oﬁz)WNG<G,WNG)_1.

The asymptotic properties of these variance estimators are presented as follows.

Theorem 2.

(1): Under Assumptions (1)-(3), Vo(Wy) 5 Vo(W).

(2): In addition to Assumptions (1)-(3), assume that limp;_ e 17 SM Elgi(Xi, 05,)] 2
exists, limps—oo 77 Zf\il ziz; exists and non-singular, and sup; 5, ||| < oo. Then Ay
converges in probability to a positive semi-definite matriv Ay such that Ay <,q A.

(3): Vo (W) <pa Vz(W) <pa Ve(W), where Vz(W) = (G'WG)'G'W (Q—pAz)WG(G'WG) ™.
Furthermore, Vz((Q2 — pAz)™1) <pa Vz(Q71).

12



The proof of the second statement of Theorem 2 (3) is provided in Appendix A.2. Since
proofs of the other parts are similar to the ones in Xu (2021, Theorems 2.2 and 3.1), they are
omitted. Theorem 2 (1) says that the conventional variance estimator Vo (Wy) is still consis-
tent for the variance component V(W) under the finite-population asymptotics. Theorem
2 (2) guarantees conservativeness of the second variance estimator Vz(Wy) for Ve (W).
Theorem 2 (3) clarifies the relationships of the limits of the variance estimators. Although
we cannot consistently estimate the asymptotic variance Vgyw (W) of the GMM estimator,
we can provide asymptotically conservative estimators VC(WN) and VZ(WN). We recom-
mend using the second estimator VZ(WN) under the finite-population asymptotic framework

because it is less conservative than the first one VC(WN).

3.1. Misspecified case. When the moment conditions are overidentified (k > p), one may
be concerned with the situation where the moment conditions are misspecified, i.e.,

lim o0 77 M E[gi(Xi,0)] # 0 for any 6 € ©. Indeed, our finite-population asymptotic
analysis can be extended to allow for such misspecified models. To this end, we modify

Assumption (2) as follows.

Assumption.

(2)’: Assumption (2) except for the third sentence on identification of 0* holds true.

Furthermore, assume that

Hf/[(W) ‘= arg {ggg (% ;E[Qi(Xi, HL)]) W (% ;E[Qz(Xue*M)]) )

and 0% (W) = im0 07, (W) are unique.

13



(3)’: 0%(W) € int(O). gi(x,0) is twice continuously differentiable on int(©) for almost

every x. Define

M
o Dgi(X:, 0%)
# ] ) # #_ z 19
= A}%Mz.l Flod Xl 67 = 5 ZE e |7
M
1 ) dgi(X;, 0%
@# _ _ _ ZINTn M)
GO = m W ;E aefvec{ 06/ !

H = GYWG*, M= "W eGP

G* has full column rank. H and I — H'M are nonsingular. There exist functions

ho(), ha(+), bai(+), and bsi(+), and a neighborhood N around 6% such that

sup; y E[supgenr [|0gi(Xi, 0)/00'||?] < 00, sup; y Elsupgepr [[0vec{dgi(X;, 0)/00'}00'||?] <

00, limy 0 ho(u) = 0, limy o hs(u) = 0, sup; 5, E[by(X;)] < oo, sup; 5 E[bsi(X;)] <

Ovec{0g;(X;,01)/00'}JOO'|| < bs;(Xi)hs(||0 — 64]|) for each 6,60, € N. Furthermore,

assume
= Zij\il Ri{g:(X:,0%,) — Elg:(X:, 03]} Zg
) . / d
LM R {2 g [ Ly | S| 2 [~ NOV).
VN{Wy — W} Zw

Assumption (2)” introduces the pseudo-true values in our context and imposes their unique-
ness. It should be noted that in contrast to the correctly specified case, the pseudo true values
7. (W) and 6#(W) depend on the weight matrix W, and their interpretations need to be
clarified for each application (see, Hall and Inoue, 2003, for analogous results under the

conventional sampling-based framework). Assumption (3)’ lists additional assumptions to

14



derive the asymptotic distribution of the GMM estimator. These assumptions are adapted
from Hall and Inoue (2003, Theorem 2).
Based on these assumptions, the asymptotic properties of the GMM estimator éN(WN) for

the misspecified case can be presented as follows.

Corollary 1.
(1) Under Assumptions (1) and (2), it holds O (Wy) — 0%,(W) 2 0.

(2) Under Assumptions (1), (2)’, and (3)’, it holds

VN O (Wx) =61 (W) & (I—H M) "H'\GHW Z,4+(I—-H M) " H ' Ze+(I-H "M) " H'G# Zy,.

The asymptotic distribution is now centered around the pseudo true value QE(W), and
the asymptotic distribution is analogous to the one in Hall and Inoue (2003, Theorem 2).
However, the limiting variances Var(Z,) and Var(Zq) typically depend on the sampling
ratio p. For example, an application of Abadie et al. (2020, Lemma A.1) implies Z, ~
N(0,Q — pA). The asymptotic variance can be estimated by taking the sample counterparts

and estimating A by Ay as in the last subsection.

3.2. Choice of GMM weight. The asymptotic analysis in the previous subsection focuses
on the case where the weight matrix Wy for the GMM estimation is given. Given the different
form of the asymptotic variance Voy(W) from the one under the conventional infinite-
population asymptotics, it is interesting to investigate the choice of the weight matrix under
the current setup.

First of all, the variance Vgy (W) is minimized by Wy, = (2 —pA)~! in the matrix sense.
However, due to the component A, a consistent estimator of Wy is not available in general.
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Motivated by the discussion in the previous subsection, we can consider two feasible weights,

~

Q' and (Q — pA,)~!. Theorems 1 and 2 imply

VNONQY) —6;) 5 N, Ve (7)),

VN@ON(Q = pAs)™) =05 % N(O, Vann((2 — pAz)7Y).

We note that these asymptotic variances are not directly comparable.®> However, Theorem 2

(3) implies
Vanm ((Q = pAz) ™) <pa V2((Q = pAz) ™) <pa V(1) <pa V(7). (5)

Based on these relationships, to conduct inference on the parameters 63,, we recommend

~ ~

using the point estimator Oy ((Q — pA,)™) combined with the asymptotic variance estimator

VZ((2 = pAz)™H).
Remark 1. [Power property| To illustrate the power property of inference by using éN((Q —

~

pAZ)™1) and V(2 — pAz)™1), let us consider the case where 6%, is scalar, and compare the

t-ratios:

N

T _ On((Q—pAy)™) —c On(Q) — ¢

V(@ = pdg) N iz

for testing the null hypothesis Hy : 03, = c against the one-sided alternative H; : 03, > c.

) TO:

Under the local alternative hypothesis Hy, : 6%, = ¢+ N~/2h for some h > 0, an adaptation
3To illustrate, consider the case of k =2, p =1, and p = 0.8 with
5 0.5 4 0.1 1
Q[0.5 5]’ A{0.1 5}’ G{l}’

which yields Vaym (271) ~ 0.91. On the other hand, Vaym ((2 — pAz) 1) varies with Az. For example, let

Ag = [ 0?1 Oél } for some ¢ > 0 satisfying 0 < Ay <p,q A. When ¢ = 1, it holds Vaum ((Q — pAz)™1)) =~

0.87 < Vanm(271). However, when ¢ = 3, it holds Vaama((2 — pAz) 1)) ~ 0.98 > Vaum (271).
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of the proofs of Theorems 1 and 2 implies

d d
Tp_>N(:up7‘/,0)7 TO %N(M(M%)u

h _ h _ Vomm((Q=pAz)~") _ Voum(Q@™hH
VVz((Q-pAz)~1)’ Ho = @y Vo = Vi@ and Vo Vz(@Qh)

where p, = =

Thus, if we employ the same critical value £, the limiting local power functions of the t-tests

by these statistics are written as

§— 1y € — Ho
P{szf}—ﬂ—@(\/vp), IP’{TOZS}—H—@(\/VO)a

where ®(-) is the cumulative distribution function of the N(0,1) distribution. Although the
non-centrality parameters satisfy p, > o, we cannot rank the variance terms V, and V. If
V, <V, the local power of the test I{7), > £} is always no worse than the alternative test

I{Ty, > £}. On the other hand, if V, > 14, the local power of I{7, > £} is no worse than

o

I{Tp > €} as far as ke < &4

The < S O

3.3. Overidentification test. Similar to parameter hypothesis testing, the asymptotic be-
havior of the overidentification test is also different from the conventional super-population

setting. In this subsection, we consider the following overidentifying restriction test statistic
1 & / 1 —
N(Wy) (N; 9i( X, On ( N))) N(N; 9i(Xi, On ( N)))

The asymptotic property of Jy(Wy) is obtained as follows.

Corollary 2. Suppose Assumptions (1)-(3) hold true.
(1) If Wy B W = (Q—pA)~" as M — oo, then Jy(Wy) A Xi—p-
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2) If Wy B W # (Q—pA)™' as M — oo, then Jy(Wy) N Z?;f)\jxij, where

{Xij}j-:f are mutually independent x3 random variables and {)\j}?;f are the non-

zero eigenvalues of (2 — pAWW — WG(G'WG)™'G'W}.

Corollary 2 shows that the limiting distribution of the statistic Jy(Wy) is characterized by
a weighted sum of the chi-squared random variables in general. Due to the component A, we
cannot consistently estimate the eigenvalues {\; }?;{’ . A practical approach is to substitute
Az and work with the eigenvalues of (Q — pAZ){W — WG(G'WG)'G'W}, denoted by
{A\z; }f;f . By Theorem 2 and the Courant-Fischer-Weyl min-max principle, we have Az ; > A;
for all j = 1,...,k — p. Thus, we can employ the estimated quantiles of Z?;f )‘Z,inj as
conservative critical values for testing the overidentifying restrictions (i.e., eq. (1) holds true

at some 0%, € O).

4. REGRESSION ADJUSTMENT

In this section, we apply the GMM theory presented in the last section to compare the
difference-in-means estimator éDIM and regression adjustment estimator éRA for the average
treatment effect under random assignment of the binary treatment. Recall the setup and

notation in Section 2.1, where the moment function is

X, (A=X)Y: 9;/[
% 7 1-7
gi<Xi7 QM) - ) (6)

(% - )=

with 7 = N;/N. Based on this moment function, we consider the GMM estimator for 6},:

M / M
A . 1 1
O(W) = arg Iun {N ;1 Rigz‘(Xi,e)} W {N ;1 Rigi(Xi70)} ,

18



where W = with scalar Wi. Let Zay = 57 > 2 2y Oy = 37 2oiq Yi(K), and
Wiy W,

v;(k) = yi(k) — 63, for K =0,1. Then mild regularity conditions guarantee

X“}Z(l) _ (1—XZ)UZ(O)

M
1 T 1—m
Rigi(X;,03) = R; + 0,(1), (7)
\/ Z N 22:1: (Xi—TE)(ZZ‘;ZM) P
m(1l—m

S RiX;

by using 7 = SR,

s iy RiXaY; = 031 +0,(1), and 5= 30, Ri(1-X,)Y; = 0310 +0,(1)
(due to the law of large numbers). By combining this and G = limp/—ec 77 Zf‘il E [%} =

(—1,0")" for (6), an analogous argument to Theorem 1 implies

A~

asyvar[VN(Oy(W) = 0%)] = (GWGE) 'GWUWG(GWG)™
Q) 1
= (17Wf1W{2>
O, O Wi Wis

where

M M
o1 vi(1)*  v;(0) .1 5
%= A}@m;{ T on g T gy 20 - uO)
M
I | (20 — Zm)”
% _A}IL%OMZZI =)
M
* 1 (Zz - 2M>Ui(1> (Z - ZM)U1<O)
QlZ—A/lIgnooM;{ ™ 1—7

QF O
Although we cannot consistently estimate the (inverse of ) optimal weight Q* =
O 9

(especially €7), an inspection of the above asymptotic variance reveals that éN(W) can
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achieve the same asymptotic efficiency as the (infeasible) optimally weighted GMM estima-

tor On (1) when the weight W satisfies

W1_1W1,2 - _Q%Q;_l- (8)

A key observation is that the condition (8) does not involve Qf, which is typically impossible
to estimate consistently under the present setup. Indeed, we can show that the (probability
limit of) weight

-1

M . X\ 2 _
! ¥ Lo B (5= =) Vils - 2)

WRA = ;
) X\ 2 _ ) _x.\2 _ _
FE R ) 4R (S~ ) - -

satisfies the condition in (8) so that the resulting GMM estimator Oy (Wga) is asymptoti-
cally as efficient as the optimally weighted GMM estimator QAN(Q**l). We can also see that
éN(WRA) is asymptotically equivalent to the regression adjustment estimator fga in (3).

Moreover, since the difference-in-means estimator fppy corresponds to 6y (Wpn) with

1 0
Wpmi = , we can conclude that the difference-in-means estimator is less efficient

00

than g, for all p € (0,1] under the finite-population asymptotics. These results are sum-

marized in the following proposition. Recall Vo (W) = (WG '\GWQWG(G'WG) L.

Proposition 1. Consider the setup of Section 2.1 and this section. Suppose (7) holds true

Xivi(1)  (1-X;)vi(0)
e 1—m

and §;(X;,0%,) = satisfies Assumptions (1)-(8). Then
(Xi*T)(ZiSEM)
m(l—m

(1) VN(On(Wra) = 03) = N (0, Vaane(2 1)) and VN (B (Wra) — fra) = 0,(1).
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(2) VN(On(Wona) — 6%,) 4 N (0, Vana(Woi)) and Vet (W) > Ve (2°71).

The proof of this proposition follows by an adaptation of that of Theorem 1 to g;(X;,03%,)
combined with (7). The proof of the statement /N (On(Wga) — Oga) = op(1) follows by
applying the same argument in Tsiatis et al. (2008) to the finite-population asymptotic setup.
In contrast to the general case discussed in Section 3.2, we can achieve the asymptotically
optimal variance Ve (€2°71) by the feasible regression adjustment estimator O (Wga) (or
éRA). Given this optimal property of éN(WRA), we can also conclude that the regression
adjustment estimator is guaranteed to be asymptotically more efficient than the difference-in-
means estimator regardless of correct specification of the linear regression model and for any
sampling ratio p € (0, 1]. For the case of p = 0 (i.e., the sampling-based or super-population
setup), Negi and Wooldridge (2021) derived such efficiency gain. Our result shows that
such efficiency gain continues to hold for any value of p € (0, 1] under the finite-population
asymptotics.

Note that even though the point estimator éN(WRA) or éRA achieves asymptotic optimality
in the class of GMM estimators, its asymptotic variance Voan (2*71) = (G'QQ*7'G) ™! involves
Q)*, which cannot be consistently estimated in general. Thus, the resulting inference methods
are conservative as in the general case.

Finally, the above results can be extended to stratified randomized experiments (e.g.,
Wang, Wang and Liu, 2023) with a finite number of strata, where for each groupg =1, ..., G,
the assignment mechanism satisfies P{X; = 1|G; = g} = 7, with the group indicator G;. In
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this case, the moment function is replaced with

G N, Y, -Xi)Y; *
29:1 ~HG: = g} (X;:/Z - (1177%3, > — 0y

(X, 04) = ;
’ ) {]I{Gi =g} (% - i:f;) Zz‘}G

g=1
where Ny is the size of the g-th stratum and 7, is the estimated assignment probability. An

analogous argument yields efficiency guarantee of the regression adjustment estimator.

5. NUMERICAL ILLUSTRATION

5.1. Simulation. This subsection illustrates our theoretical results on the regression adjust-
ment estimator through Monte Carlo simulation. Our simulation design is motivated by Lin
(2013) and Negi and Wooldridge (2021). For each population size M € {500, 1000, 2000},

we generate finite population of M units with covariates z1; ~ U[—4,4] and zy; ~ N(p,X),

1 0.25
where = (0.5,1) and ¥ = . Potential outcomes are generated as

025 2

exp(z1;) + exp(z1;/2
y;(0) = Xp(211) 4xp(1/)+2’§iﬁo+uou

—exp(z1;) + exp(21:/2
yi(1) = p(1)4 p(z1i/ >+Z§iﬁ1+uu,

where 3y = (=2,-2), f1 = (2,2), and ug;,uy; ~ N(0,1) independent of {z}M,. The
estimand of interest is the average treatment effect 6%, = M~ 3" {5:(1) — 5;(0)}. In each
Monte Carlo replication and for each sampling ratio p € {0.25,0.5,0.75}, we implement
Bernoulli sampling with the indicator R; ~ Bernoulli(p) from the population, and let S =
{i : R; =1} with N = |S|. Within the realized sample, treatment is assigned independently
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as X; ~ Bernoulli(r) with 7 = 0.75. In our preliminary simulation, we also consider the
cases of m = 0.25 and 0.5, but the results are similar.

As a point estimator for 63,, we consider the difference-in-means estimator éDIM and regres-
sion adjustment estimator in fgs in (3) with (21, 2};). Furthermore, we consider the GMM
estimator Oy (Wga) with the weight matrix Wy, in (9), which is shown to be asymptotically
equivalent to éRA. The results are based on 10000 Monte Carlo replications.

Table 1 reports the absolute biases and standard deviations of the point estimators, average

standard errors, and coverages of the 95% confidence intervals by these standard errors.

We also report the standard deviations \/ Varm (Wpn ) /N and \/ Vamm (Wra)/N based on
knowledge of the data generating process.

First, we compare the point estimators. In all designs, fOra and éN(WRA) are slightly
biased compared to éDIM, which is expected due to unbiasedness of éDIM. The magnitudes
of the biases generally decrease as M and p increase. The Monte Carlo standard deviations
show efficiency gains by the regression adjustment. The standard deviation of Ora is about
17.32 — 40.21% smaller than that of éDIM, and the standard deviation of éN(WRA) is about

18.19 — 40.58% smaller than that of éDIM. Moreover, the Monte Carlo standard deviations

of Oppy and Opa (or éN(WRA)) are close to the standard deviations \/ Vanm (Wpma) /N and

\/ Vamm (Wra) /N, respectively.

Next, we compare the variance estimators. For both Wppy and Wga, the reported standard
errors are typically close to, but slightly above, the Monte Carlo standard deviations. Across
all (M, p), the regression adjustment yields smaller standard errors than the difference-in-
means by 12.39 — 14.55% under Vi and 14.83 — 23.38% under V7, respectively. In addition,

the design-based standard errors V are uniformly smaller than the conventional ones V(.
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The relative reduction in standard errors is about 7.22 — 25.06% for Wpny and 9.43 — 32.63%
for Wra, and the reduction becomes larger as p increases.

Finally, Table 1 reports the empirical coverages of the 95% confidence intervals. In general,
the coverages are above 0.95 and increases with p. Comparing V, and V, the over-coverage
is notable in Vo compared to Vz under both Wpp and Wry. For instance, Vz(Wga) moves
coverage closer to 0.95 by about 1.51 — 3.08 percentage points than Vo(Wga). Comparing
weights Wgra and Wpny, Vz(Wra) typically attains larger coverage than Vz(Wpn) by about

0.38-1.28 percentage points.

5.2. Real data example. In this section, we present an empirical illustration of the pro-
posed GMM method. We revisit an influential work by Acemoglu, Johnson, and Robinson
(2001) to study the effect of institutional quality on income across former European colonies
by using settler mortality as an instrument for contemporary institutions. Their main specifi-
cation relates log GDP per capita in 1995 to an index of protection against expropriation risk,
instrumented by log settler mortality and reports large and statistically significant effects of
institutions of former European colonies on income.

In our implementation, motivated by their robustness checks, we augment their baseline
specification with a set of geography and health controls to address the concern that disease
environment and related fundamentals may directly affect economic performance. Specif-
ically, we include absolute latitude, the malaria index in 1994, life expectancy and infant
mortality in 1995, continent dummies (Asia and Africa), and the share of a country’s terri-
tory within 100 km of the coast. In all specifications, we estimate the model controlling for
these covariates.
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We view the dataset as a sample from a finite population of countries. Specifically, the data
contain N = 163 countries while the United Nations has M = 193 member states, so we set
the sampling ratio to p = 0.84 and vary the instrument set. We consider three specifications:
(1) uses log settler mortality only, (2) adds yellow fever presence and democracy in the first
year of independence, and (3) further adds European settlers in 1900 and constraints on
the executive in 1900. For each specification, we report two GMM point estimates (i.e.,
On (1) and O ((Q — pAz)~1) in the previous section). We also report three corresponding
standard errors: the conventional variance Vo(Q71), the design-based variance Vz ('), and

the design-based variance using the updated weight V((Q — pAz)™").

TABLE 2. Empirical illustration (with p-value in parentheses)

RS 2 o RC
On(Q7Y) | On(Q7Y) ON((Q—=pAz) ) | On(Q7") On((Q2—pAz))
Average risk protection 0.7744 | 0.3843 0.3906 0.3045 0.3331
SE Ve (Q71) 0.4712 0.1646 - 0.0921 -
(0.1003) | (0.0196) (0.0094)
SE V(0 1) 0.4403 | 0.1465 - 0.0878 -
(0.0786) | (0.0087) (0.0053)
SE Vz((Q — pAz)~") - - 0.1463 - 0.0867
(0.0076) (0.0012)
Over-identification test
J-statistic - 0.9325 1.0023 2.9098 3.3000
5% critical value of X%_p - 5.9915 5.9915 9.4877 9.4877
(0.6273) (0.6058) (0.5730) (0.5089)
5% critical value of Z?;f AziXi - 2.0987 2.4900 2.1443 2.5343
(0.2544) (0.28393) (0.0136) (0.0168)

Table 2 reports the GMM estimates, standard errors, and p-values in parentheses. Column
(1) corresponds to the just-identified case with mortality as the only instrument. Column (2)
uses three instruments and reports results under both the conventional and finite-population
weights, and column (3) does the same with five instruments. Two findings are notable. First,
in Column (1), the design-based standard error is smaller than the conventional one Vi (€271),
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which is about 0.47, while V;(Q™") is about 0.44, a reduction of roughly 6%. The smaller
design-based standard error may change the conclusion: the coefficient is not significant at
the 10% level with the conventional variance, but it is significant at the 10% level with
the design-based variance. Second, in column (2), the point estimates are similar under
the two weight matrices, but the design-based standard error is approximately 11% smaller
than the conventional standard error. As in the just-identified case, this reduction changes
the conclusion: the coefficient on institutional quality, which is significant at the 5% level
under Vo (1), becomes significant at the 1% level under Vz(Q~ 1) and Vz((Q— pAz)~1). In
Column (3), we increase the number of instruments and the magnitude of the point estimates
changes little, but the standard errors fall sharply, by about 40.06-44.04% relative to column
(2).

However, the overidentification tests highlight the limits of adding instruments in finite
populations. We compute 5% critical values both for the standard chi-square distribution
with degrees of freedom equal to the number of overidentification restrictions and for the
design-based weighted chi-square distribution Zj’:f Az,j X%j? where one million Monte Carlo
simulation draws approximate the latter distribution. Using the conventional Xifp criti-
cal values, the overidentification restrictions are essentially never rejected, even in the five-
instrument specification. By contrast, when we use the correct weighted chi-square critical
values, column (2) continues to pass the overidentification test, but the five-instrument speci-
fication in column (3) is rejected at the 5% level although we use the conservative critical value
of Zf;f Az X%,j' This pattern cautions against mechanically adding instruments: additional

instruments may shrink standard errors but may fail the overidentification test.
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APPENDIX A. MATHEMATICAL APPENDIX

A.1. Proof of Theorem 1.

A.1.1. Proof of Part (1). 1t is sufficient to verify the conditions in Newey and McFadden
(1994, Theorem 2.1). Their condition (i) is satisfied due to the uniqueness of 6* and the
positive definiteness of W in Assumption (2). Their condition (ii) (i.e., compactness of the
parameter space) is directly imposed.

To verify their conditions (iii) and (iv), it is sufficient to show that

sup 50, (10)

0cO

1 g
N ;Rigi(Xiae) — Jm i ZE[%(X@Q)}

=1

and limy/o0 77 S M E[g:(X;,0)] is continuous at each § € ©. The continuity of
lim o0 77 S M E[gi(X;,0)] follows by the dominated convergence theorem and Jensen’s
inequality due to the conditions on g;(X;,6) in Assumption (2). For (10), we first note that

Abadie et al. (2014, Lemma A.2) implies the pointwise convergence
1 < 1 M
i P
N Z; Rigi(X;,0) A}ILHOO i ;E[QZ(XZ, 0)] = 0, for each # € O.

Then Newey (1991, Corollary 2.2) combined with the Lipschitz condition in Assumption (2)
implies the uniform convergence in (10).
Since we verify all the conditions of Newey and McFadden (1994, Theorem 2.1), the con-

clusion follows.

A.1.2. Proof of Part (2). Let Gy(0) = % M Riagigf’e). By the consistency of Oy (Wy)
and Assumption (3) (0* € int(©) and differentiability of g;(x,0)), the estimator Oy (Wy)
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satisfies the first-order condition
M
Gy (On(Wy)) Wy S Rigi(Xi,0n(Wy)) ¢ =0,
N i=1

with probability approaching one. By expanding g;(X;, éN(WN)) around éN(WN) = 0%, and

solving for O (Wy) — 6%, we obtain

M
VR(OWn) = 030) = [Gon (W) WaGrlT)] ™ Cox O (W)Y Wy = 3 Rig X ).

- (11)
where 0y is a point on the line joining Oy (Wy) and 0%,. Since On(Wy) — 6%, 2 0 and
On — 0%, 5 0, it is sufficient for the conclusion to show that

sup
0eN

vty - | 20 | (12)

. d
fzm X, 0) S N(0,Q-pA), (13)

for some neighborhood N around 6*.
For (12), Abadie et al. (2014, Lemma A.2) under Assumption (3) implies the pointwise
convergence Gy (0) — E [W] % 0 for each §# € N. Then Newey (1991, Corollary 2.2)
combined with the Lipschitz condition in Assumption (3) implies the uniform convergence in

(12). For (13), it follows directly from Abadie et al. (2020, Lemma A.1) under Assumptions

(2)-(3). Therefore, the conclusion follows.

A.2. Proof of V;((Q2—pAz)™) <,a Vz(Q7') in Theorem 2 (3). Let A = Q7 'G(G'Q'G)!
and B = (Q — pAz)ilG(G/(Q —pﬁz)flG)fl so that Vz(Qfl) = A/(Q — pAz)A and Vz((Q —
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pAz)™') = B' (2 — pAz)B. Observe that

Vz2(Qh) = {B+(A-B)}Y(Q—pAz){B+(A-B)}

= Vz((=pAz)™ ) + (A= B)(Q— pAz)(A - B),

where the second equality follows from

B'(Q2—pAz)(A—B) = (G'(Q—pAy)'G) ' — (G'(Q - pAy)'G) = 0.

Since (A — B)' (2 — pAz)(A — B) >,4 0, we obtain the conclusion.

A.3. Proof of Corollary 1.

A.3.1. Proof of Part (1). 1t is sufficient to verify the conditions in Newey and McFadden
(1994, Theorem 2.1). Their condition (i) is now satisfied due to the uniqueness of the pseudo
true value 6% (W) in Assumption (2)’. Verifications of the other conditions are identical to

those of Theorem 1 (1).

A.3.2. Proof of Part (2). The proof is an adaptation of that of Hall and Inoue (2003, Theorem
2). To simplify the presentation, denote Oy = On(Wy) and 0%, = 6%, (W). First, the same
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argument to (11) yields
. L 1
VN(@x - 0%,) = HﬁlGN(GN)/WNﬁ ; Rigi(X;,0%,)
= Hy'Gn(On)Wyn—= ZR {9:(X5,67)) — Elgi(Xi, 071}
N 1
+HY'VN{Gx(0n) — Gn(07,)} Wy Z RE[g:(X;,07,)]
i=1
. 1 <
+Hy'VN{Gy(03) — GN(Q}E)}/WNN Z RE[g:(X;,0%))]
=1
-1 #\/ 1 = #

M
—|—H 1GN 9# Z gz X@ae# ]

§\~

= Ty + - +1Ts,

where Hy = GN(éN)’WNGN(éN), 0y is a point on the line joining 6y and (9#4, and G’N(Gﬁ) =

1 \\M 09:(Xi,0%;)
¥ iz B [TM] :

By an expansion around Oy = 9}@, T5 is written as
Ty = Hy' My VN Oy — 67,

where My = (% Zf\il RE[g:( X, 07 )Wy ® I) G%)(QN), GE\Q,)(Q) =~ ZZ | Rz vee {W},

and @y is a point on the line joining 8y and 0?@. Also the first-order condition of 9#4 implies
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Ts; = 0. Thus, we obtain

VN@y —605) = (I—Hy'My)™{T) + Ty + Ty}
1 M
= (I-H'M)"'"H'G*W—=>" Ri{gi(X;,0%,) — Elg:(X,07,)]}
VNS

# #11)'
99:(X;, 0}) agi(XiveM)]} W

M
1
I-H'M)'H'— ¢ ——————= — K

+(I— H M) *H'GHVN(Wy — W),

o0y’

where the second equality follows from Wy 2 W (Assumption (2)’) and % Zf\il RE[g:(X;,07)] B

p#, Gun(Oy) 5 G#, and Gﬁ)(éN) 2 G@# (obtained by the uniform law of large numbers

b

under Assumption (3)’). Therefore, the conclusion follows by Assumption (3)’.

A.4. Proof of Corollary 2. Let gy(X;,03,) = ]lvzl]\il Rig(X;,0%,) and Gn(X;,0%,) =

% Zf‘il Ri%. Assumptions (1)—(3) imply Gn(X;,0%,) 5B G, Wy 5 W, and

VNGn (X, 05) % Z ~ N(0,9 — pA).
Thus, an expansion of the first-order condition of O yields

VN@Oy —05) = —{Gn(Xs,08)WyGn(X;,0)} Cn(X;, 0n) WV Ngn (X, 05) + 0p(1)

5 —(@wa)ytawz.
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Combining these results, we obtain

VNgy(Xi,0n) = [I — {Gn(Xi, 0n) WNGN(X:,0)} ' Gr(Xo, On) WV NN (X5, 03) + 0p(1)

S L - GGEWGE)'\GWZ.
Therefore, the test statistic satisfies
In(Wy) L Z{W — WG(GWG)'\GW}Z = Q(W).

For Part (i) of this corollary, let W = (Q — pA)~' and Z = (2 — pA)~'/2Z ~ N(0, I;). Then

we have Q(W) = Z'(I;, — P)Z, where
P = (Q—pA)V2G(G'(Q — pA)TIG) G (Q — pA) V2,

Since I, — P is the symmetric idempotent matrix of rank & — p, we obtain the conclusion

For Part (ii) of this corollary, Hansen (2021, Lemma 1) implies that if {)\j}?;f are the

nonzero eigenvalues of (Q — pAY{W — WG(G'WG)'G'W}, then Q(W) ~ Zj;f Aix3 -
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