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Abstract

This paper analyzes nonlinear pricing in yellow page advertising. First, we de-
velop a model that incorporates some features of the industry such as a free minimal
advertisement size offered to all businesses. The model structure is then defined by
the distribution of businesses’ types, the inverse demand function and the publisher’s
cost function. Under the assumption of a multiplicative inverse demand function,
we show that the structure is nonparametrically identified up to the cost function,
which is identified through its marginal cost at the total amount produced. Next,
we propose a simple nonparametric procedure to estimate the type distribution and
the inverse demand function. We establish the asymptotic properties of our two-
step nonparametric estimator, whose first step converges at the parametric rate.
The method is applied to analyze nonlinear pricing data in yellow page advertis-
ing. The empirical results show an important heterogeneity in businesses’ tastes for
advertising. Some counterfactuals assess the cost of asymmetric information and
the gain or loss of nonlinear pricing in presence of asymmetric information relative

other pricing rules.

Key words: Nonlinear Pricing, Nonparametric Identification, Nonparametric

Estimation, Empirical Processes, Advertising.



Nonlinear Pricing in Yellow Pages

[sabelle Perrigne & Quang Vuong

1 Introduction

When firms face heterogeneous consumers, offering different prices across purchase sizes
is profitable by discriminating consumers according to their preferences. This practice
is often referred to as nonlinear pricing or second degree price discrimination. Nonlinear
pricing is a standard practice in electricity, celllular phone industry and advertising among
others. See Wilson (1993) for additional examples. Economists analyze nonlinear pricing
as an imperfect information model with adverse selection. Seminal papers by Spence
(1977), Mussa and Rosen (1978) and Maskin and Riley (1984) provide nonlinear pricing
models for a monopoly. The basic idea is to consider the consumer’s unobserved taste
(type) as a parameter of adverse selection. The principal or firm designs an incentive
compatible tariff through which the consumers will reveal their types. Revelation occurs
because the firm gives up some rents to consumers. The principal will induce all consumers
except those with the highest type to consume less than the efficient (first-best) amount.
The resulting optimal price schedule is concave in quantity implying quantity discounts.
Extensions to oligopoly competition and differentiated products include Oren, Smith and
Wilson (1983), Ivaldi and Martimort (1994), Stole (1995), Rochet and Chone (1998),
Armstrong and Vickers (2001), Rochet and Stole (2003) and Stole (2007).!

The economic importance of nonlinear pricing and the substantial theoretical devel-

opments have given rise to an increasing empirical literature. Early empirical studies by

'In these extensions, the optimal schedule becomes less tractable and closed form solutions can be

obtained for some simple specifications only.



Lott and Roberts (1991), Shepard (1991), Clerides (2002) and Verboven (2002) focus on
showing evidence of nonlinear pricing. Other studies by Borenstein (1991), Borenstein
and Rose (1994) and Busse and Rysman (2005) document the impact of competition on
patterns of nonlinear pricing. More recently, empirical studies evaluate the economic im-
pact of nonlinear pricing on profits, consumer surplus and economic efficiency. Starting
with Leslie (2004), a random utility discrete choice model for consumers’ preferences is
used to recover the consumers’ taste distribution while considering an exogenous price
schedule. See also McManus (2007) and Cohen (2008). A third trend in the empirical
literature on nonlinear pricing endogeneizes the optimal price schedule to recover the de-
mand and cost structure. See Ivaldi and Martimort (1994), Miravete (2002), Miravete
and Roller (2004) and Crawford and Shum (2007) .

In this paper, we propose a structural analysis of nonlinear pricing in yellow page ad-
vertising. We first modify the Maskin and Riley (1984) monopoly model to incorporate
an institutional feature, namely the publisher incorporates all the businesses by providing
basic information such as their name, address and phone number at zero price.? This is
equivalent to an optimal exclusion problem, i.e. an optimal threshold type below which
businesses will be offered the standard listing at zero price. The inclusion of such busi-
nesses has, however, a cost to the publisher which should be taken into account. Moreover,
in contrast to the theoretical and empirical literature which assumes a constant marginal
cost, we consider a general cost function for the publisher. The previous empirical liter-
ature relies heavily on parametric specifications of the structure. In a nonlinear pricing
model, the structure is defined by the business marginal payoff for buying advertising,
the business type distribution and the publisher’s cost function. The recent empirical
industrial organization literature has documented that identification of models with in-
complete information may or may not require particular functional forms.? In the spirit of
the structural analysis of auction data, we investigate the nonparametric identification of

the nonlinear pricing model from observables, which are individual advertising purchase

2This practice can be linked to the two-sided market /network effect of advertising. See Rysman (2004).
3See Laffont and Vuong (1996) and Athey and Haile (2007) for surveys on the nonparametric identi-

fication of auction models.



data and the tariffs offered by the publisher.

Our identification problem is reminiscent of Ekeland, Heckman and Neishem (2004)
and Heckman, Matzkin and Neishem (2010) who study the nonparametric identification
of hedonic price models. Both papers show that the marginal payoff function is not iden-
tified without further restrictions. In view of their results and Perrigne and Vuong (2011),
we assume multiplicative separability of the marginal payoff function in the business type
and the quantity of advertising purchased. Moreover, their identification results exploit
some exogenous variables that are independent of the term of unobserved heterogeneity
(the business type in our model). Because such variables are likely to be correlated with
the business type, we adopt a different identifying strategy which exploits the first-order
conditions of both sides of the market, i.e. optimal business choices and optimal pub-
lisher’s tariff. Following Guerre, Perrigne and Vuong (2000), we exploit the monotonicity
of the equilibrium strategy to rewrite the first-order conditions of the publisher’s maxi-
mization problem in terms of observables. The equilibrium strategy defines the unique
mapping between the business type and its purchase. Because the structure contains
multiple elements, the identification problem becomes more involved as in auctions with
(say) risk averse bidders. See Perrigne and Vuong (2007) and Guerre, Perrigne and Vuong
(2009). First, we show that the publisher’s cost function is identified only at the margin
for the total amount of advertising produced. Second, we show that the marginal payoff
function and the business type distribution are identified above the truncation introduced
by the optimal exclusion of firms. Below the threshold there is no variation in data that
can allow identification of these functions. Third, relying on Matzkin (2003), we show
that the type function aggregating the business observed and unobserved heterogeneity
is also nonparametrically identified.

Based on this identification result, we propose natural and simple nonparametric esti-
mators for the marginal cost at the total quantity produced, the marginal payoff function,
the type distribution and the aggregation type function relying on empirical processes and
kernel density estimation. We show the uniform consistency of each of our estimators and
derive their respective consistency rates. In particular, the estimator of the marginal

cost parameter is N consistent, while the estimator of the marginal payoff function is



v/ N-weakly convergent to a Gaussian process. In contrast to Guerre, Perrigne and Vuong
(2000), the type density estimator achieves Stone (1982) optimal rate despite the unob-
servability of the types.

Next, we analyze a unique data set that we constructed from a phone directory in
Pennsylvania and Yellow Page Association data. The data display a nonlinear pricing
pattern as previously documented by Busse and Rysman (2005).* The resulting data set
is unique because it contains (i) the full price schedule offered to businesses, (ii) the price
and quantity chosen by each business and (iii) the whole population of businesses.> The
price schedule provides several advertising categories and the purchase data show a large
number of different price-quantity conmbinations chosen by businesses. This allows us to
treat the price schedule as continuous as in the theoretical model. Our empirical results
uncover an important heterogeneity in businesses’ taste for advertising. The estimated
marginal payoff function is decreasing as expected. Counterfactuals assess the cost of
asymmetric information in terms of lost profit for the publisher relative to a complete
information setting. We also simulate the gain or loss in publisher’s revenue and firms’
payoffs of nonlinear pricing realtive to other pricing schemes such a linear price and third-
degree price discrimination based on the business headings.

The paper is organized as follows. Section 2 presents the data. Section 3 introduces
the model, while Section 4 establishes its nonparametric identification and develops a
nonparametric estimation procedure. Section 5 is devoted to the estimation results and
counterfactuals. Section 6 concludes with some future lines of research. An appendix

collects the proofs.

4Busse and Rysman (2005) use the Yellow Page association data for the one-color category to show

that larger competition is associated with a larger degree of curvature.
5Such nice data features do not exist in other sectors such as in telecommunications and electricity.

For instance, in telecommunications, marketing survey data contain information on purchased amount in
value but not always in quantity (minutes), while the price schedule offered to each consumer is usually

unknown. Moreover, part of the market is usually observed.



2 Yellow Page Advertising Data

We collected data on yellow page advertising in 2006 for Centre County in Pennsylvania.
The price schedule and the advertising options of the utility publisher (Verizon) were pro-
vided by the Yellow Page Association. The purchases by local businesses were constructed
directly from the Verizon phone directory.® We collected a total of 6,823 advertisements
over 1,193 industry headings. The advertisements bought by businesses generate a rev-
enue of 6 million dollars. Table 1 displays the top 10 industry headings that represent
29% of the total revenue. Not surprisingly, we find professionals, household services and
hospitality services.”

Other sources of advertising are available to businesses. First, the area is also covered
by a non-utility publisher distributing 72,000 copies of its phone directory. This is the
third of copies distributed by Verizon. Its directory is also much smaller than the Verizon
one. This second publisher charges a significantly lower price and has a revenue of about 1
million dollars.® Second, an increasing competitor to printed yellow pages is the internet
through search engines and internet yellow pages. Despite the predicted extinction of
printed yellow pages, the industry remained strong until 2008. See the Newsletter by the
Yellow Page Association (2008), which reports stable print usage and printed references
for 2006 and 2007. Moreover, the printed phone directory was still used by about 87% of
the U.S. population in 2007.° As a reasonable approximation, hereafter we assume that
Verizon Communications acts as a monopoly in the area in 2006.

A notable feature of the offered advertising options is the socalled standard listing,
which is free of charge to all businesses. The standard listing contains the name, address

and phone number in the normal (smallest) font size.'® In addition to the free standard

6 After a careful check, the price schedule is strictly enforced.

7A similar ranking is obtained based on advertisement size.
8Aryal and Huang (2009) analyze the competition between the two publishers using a Stackelberg

game and differentiated products within a parametric framework.
9Information on the generated revenue by Internet Yellow Pages in the State College area could not be

found for 2006. A comparison for the top 10 industry headings in 2008 shows that only a small proportion

bought advertising on the web.
10This practice became wide spread in the industry over the past ten years. In 2008, the twelve



listing, businesses can choose a large number of different advertising options. In particular,
4,671 businesses or 68.46% of all businesses decide to buy advertising.!! Each advertising
option is defined by the size, color and other special features.

In terms of size, the yellow page industry uses three categories, namely listing, space
listing and display. Table 2 summarizes the various options chosen by businesses as well
as the generated revenue for the publisher. The advertisement is measured in square
picas, which is the unit commonly used in the publishing industry. One pica corresponds
approximately to 1/6 inch. For instance, a standard listing is 12 square picas, and a full
page is 3,020 square picas. The listing allows businesses to add extra lines and/or choose
a larger font size to their standard listing. For instance, an extra line in normal font or
6 square picas is charged $100.8. The listing category is chosen by 2,471 businesses, or
52.90% of those buying advertising, generating 10.77% of the total revenue with a size
varying from 18 to 336 square picas. The space listing allocates a space within the column
in addition to the listing. There are five sizes available within this category. Although
the location of the advertisement on the page may contribute to its effectiveness, only
its size matters in the publisher’s price schedule in contrast to advertising in newspapers
and on the web. The space listing category is chosen by 1,486 businesses, or 31.81% of
those buying advertising, generating 18.82% of revenue with a size ranging from 54 to
612 square picas. The display provides a space beyond the column in which the listing is
located. There are nine sizes available within this category, which can go up to two pages.
The display category is chosen by 714 businesses, or 15.29% of those buying advertising,
generating 70.41% of revenue with a size ranging from 174 to 6,147 square picas. Table 2
shows a striking inequality in terms of generated revenues. We also note the heterogeneity
in demand. Conditional on buying, 91.61% of businesses buy a rather small advertising
size, i.e. less than 10% of a page, while 1.65% of businesses buy more than 50% of a page.

In addition to size, the different advertising options contain a color dimension. Five

color categories are available: no color, one color, white background, white background

publishers producing 82% of all printed directories in the U.S. proposed a standard listing free of charge

to all business lines. This practice can be linked to the two-sided market/network effect of advertising.
"Tn contrast to urban phone books, our data do not show businesses carrying multiple names and/or

name choices starting with an ‘A’ to be listed first in the heading as studied by McDevitt (2010).



plus one color, multiple colors including photos. These color options are not available
for all categories. For instance, the multicolor option is offered for displays only. In our
sample, only 0.7% of businesses choosing the listing category also choose some color. This
number slightly increases to 4.5% in the space listing category. On the other hand, 54.9%
of businesses choosing the display category have opted for some color. Color counts for
an important difference in the price. For instance, one display page with no color costs
$18,510 increasing up to $32,395 with multiple colors. Appendix C explains how the color
options are introduced in our empirical analysis by adjusting the advertisement size.'?

Regarding the special features, businesses can choose guide, anchor listing and trade
marks.'® Guide is offered to complement listing and space listing advertisements to indi-
cate the business specialty. This option is chosen by 206 businesses, which can increase
the price up to 30%. Anchor listing is provided for displays only. Under this option, a
business can add a solid star to its listing to make the reference to the display adver-
tisement more visible. This option is chosen by 105 businesses with a price ranging from
$366 to $832. When a business carries a national brand, it can have the brand logo (trade
mark) printed for a price ranging from $151 to $302.

To summarize, size, color and special features offer a large number of possible combina-
tions for firms to choose from. We observe in the data 245 chosen different combinations
leading to 245 different prices paid by firms. An interesting feature of the data is the
curvature of the price schedule in terms of size for each given category. Specifically, the
price paid by businesses per square pica decreases as the advertising size increases. For
no color displays, the price per square pica varies from $9.41, $6.80 and $5.68 for the
lowest size, half page and double page advertisements, respectively. This corresponds to a
reduction of 66%. The same pattern is observed for other categories.!* This corresponds

to an important discount for quantity with a notable curvature for the tariff.

12 Appendix C also justifies this procedure. Busse and Rysman (2005) consider only the price schedule

for no color display advertising in their study.
13Regarding the cover pages and the coupons, these options concern only 22 businesses. The Yellow

Page Association price schedule does not contain any information for these options. We have then
excluded them from the empirical analysis.

14See also Table 2 though it mixes various categories for a given size.



3 The Model

We rely on Maskin and Riley (1984) nonlinear pricing model. The principal is the pub-
lishing company and the agents are the businesses buying advertising. The latter are
characterized by a scalar taste parameter for advertising 6 € [0, 0] with 0 < 0 < 8 < oo.
This taste parameter is known to the business but unknown to the publisher. As indicated
in Section 2, a norm in the industry is to propose a (standard) listing at zero price to
all businesses. The problem relates to an optimal exclusion of consumers. The publisher
chooses optimally a threshold level 6y below which gy > ¢ is provided at zero price, where
q is the minimal possible quantity of advertising. Such a quantity is exogenously deter-
mined by the printing technology.'> Moreover, as in Riley (2011), we consider a general
cost function instead of a constant marginal cost. Doing so allows us to examine to what
extent the cost function can be identified from the observables in Section 4.

Each business has a payoff defined as

Ug.0) = [ vla.0)dz —T(g (1)

where ¢ is the quantity of advertising purchased and 7T'(¢) is the total payment for ¢ units
of advertising with 7'(¢) = 0 if ¢ < go. The function v(q, ) expresses the 6 business
willingness to pay for the ¢gth unit of advertising. It is also the marginal payoff for buying
the gth unit of advertising or the inverse demand function for the business with type
.16 The type 0 is distributed as F(-) with a continuous density f(-) > 0 on [#,6]. The

15We show later that qo = q.
16The marginal payoff for an additional unit of advertising can be the result of a game among businesses

in the same subheading. For instance, with differentiated products and incomplete information, each
business has a gross profit, which is a function of its type 6, its own price and advertising as well as
its competitors’ prices and advertising. Conditional on its own advertising and type, the Bayesian Nash
equilibrium of the game in prices leads to a payoff, which is a function of its own advertising and type only.
Such a payoff is [ v(z,0)dxz. See Roberts and Samuelson (1988) and Gasmi, Laffont and Vuong (1992)
for games in prices and advertising in complete information. Considering the full model with individual
demand and cost functions in the econometric analysis would require data on prices and quantities of

output for all businesses.



publisher does not know each business type but knows the distribution F(-).!7

The following assumptions are made on v(g, 6).

Assumption A1l: The marginal payoff v(-,-) is continuously differentiable on [0, +00) X
[0,0], and Yq > 0,V0 € [0, 0]

(i) v(q,8) >0

(ii) v1(q,0) <0

(1ii) va(q,6) > 0.18

Assumption Al-(i) says that the marginal payoff is strictly positive, while Al-(ii) says
that the marginal payoff is decreasing in the quantity purchased. Assumption Al-(iii)
says that businesses with a larger # enjoy a larger marginal payoff across every ¢. This
property is known as the single crossing property.

The publisher chooses optimally the functions ¢(-) and T'(-) and a cutoff type 6y € [0, 0)

to maximize its profit. The function ¢(-) is defined on [@, 0] with ¢(0) = qo for 6 € [0, 6,

and q(6) > qo for 6 € (6p,0]. The payment T'(-) is defined on [0, ¢(#)] with T'(-) = 0 on
[0, go]. We restrict ¢(-) to be continuously differentiable on (6y,0). We also assume for
the moment that ¢(-) is a strictly increasing function on (6, 8]. Later, we show that with
additional assumptions the optimal ¢(-) is strictly increasing.'® Without loss of generality,
we assume that the publisher faces a population of firms of size one. The publisher’s profit
can then be written as

1= [ T8~ C |ar @) + [ a0)10)0],

0o

where the first term is the revenue collected from all businesses buying advertising and
the second term expresses the cost for producing the total advertising quantity with a cost
function C'(-). Because businesses with types below 6§y do not pay for their advertising

quantity qg, they do not show up in the publisher’s revenue. On the other hand, this

I7Tf the publisher was able to discriminate on some business characteristics such as the industry heading,

such variables will show up in F'(-) as conditioning variables and/or in v(g, §) as additional variables.
18Whenever a function has more than one variable, we denote its derivative with respect to the kth

argument by a subscript k.

19This result is based on the complete sorting optimum in Maskin and Riley (1984, Proposition 4).



production has a cost that the publisher needs to take into account. This explains the
argument of the cost function in two parts: (i) goF'(6y) represents the total quantity
provided to businesses choosing gy and (ii) f:o q(0)f(0)de is the total quantity provided

to other businesses. The cost function is assumed to be strictly increasing.
Assumption A2: The marginal cost function C'(-) satisfies C'(q) >0 Vq > q.

The publisher’s profit is maximized subject to the individual rationality (IR) and the
incentive compatibility (IC) constraints of the businesses. The latter is derived from the
business optimization problem. For the IR constraint, consider first a business with type

0 > 0y. It must prefer to buy ¢(6) rather than gy, i.e.
U(q(0),0) > /qo o(z,0)dz = Up(0) V0 € (60, 0]. 2)
0

For a business with a type 8 < 6, it receives qo for free, which provides the payoff
Up(0) satisfying trivially its individual rationality constraint. We remark that despite
having the reservation payoff Uy(f) depending on the business type, (2) does not lead
to countervailing incentives as studied by Lewis and Sappington (1989) and Maggi and
Rodriguez-Clare (1995). This is so because (2) is equivalent to [ v(x,0)dr — T(q) > 0,
which is strictly increasing in 6 by Al-(iii) for any given q.

For the IC constraint, we consider four cases. First, a business with # > 6y must prefer
to buy ¢(f) rather than any other quantity ¢(d) for 6 € (6y,6], i.e. it must not pretend
to be another type in (6y,0]. Formally, let U(6,0) = U(q(6),6) V6,0 € (6,,6]. This
IC constraint can be written as U(6,60) > U(6,6) V0,0 € (6y,0). The local first-order

condition for the IC constraint to hold is

Uy(0,0) =0 V0 € (6,,0]. (3)

By definition U(f,6) = g(é) v(z,0)dr — T(g(é)) Thus Uy(0,0) = [v(q(8),0) —T'(q(0))]

¢’ (). Since by assumption ¢'(-) > 0 on (6, 6], (3) is equivalent to

v(q(0),0) =T'(q(0)) VO € (6,0]. (4)

Second, a business with type 6 > 6, must prefer to buy ¢(6) rather than q(é) for 6 € 6, 00],

i.e it must not pretend to be another type in [0, y]. But ¢(6) = g providing Uy(6). Thus,

10



the IC constraint is U(q(f),0) > Uy(#), which is the IR constraint (2). Third, a business
with type € < 6y must prefer to receive q(f) = gy rather than q(é) for 6 € [0,00], i.e. it
must not pretend to be another type in [, 6y]. But ¢(f) = o providing Uy(6). Thus, this
constraint is trivially verified. Fourth, a business with type 6 < 6, must prefer to receive
¢o rather than to buy q(é) for 0 € (0p, 0], i.e. it must not pretend to be another type
in (Ay,d). Thus the IC constraint is Uy(6) > U(6, ) leading to T(¢(f)) > quo(é) v(x,0)dx
for & < 6y and 6 > 6,. But, because v(z,-) is increasing in 6 by Al-(iii), the latter is
equivalent to T(q(f)) > [ 49) y(x, 0p)dz for § > 6, which is true.?

The next lemma shows that the local FOC defined in (4) is sufficient for the IC con-
straint to hold globally. The proof can be found in the appendix.

Lemma 1: Under A1, (2) and ¢'(-) > 0 on (6o, 0], the local FOC (4) is sufficient for all
the IC constraints to hold globally.

We can now solve the publisher’s optimization problem:

0 0
e = [ T<q<9>>f<e>de—0[qu<eo>+ [ a0y,

()

subject to the IR constraint (2), the IC constraint (4), where ¢(-) = gy > ¢ for 6 < 6,
and q(0) > qo for 0 > 0y with ¢(-) strictly increasing on (g, ]. Because gy affects IT only
through ¢oF'(0) in the cost function, gy needs to be set at the minimum ¢. As usual (see
Tirole (1988, Chapter 3)), we eliminate 7'(-) by U(-) in the optimization problem, where
U9) = qu(e)v(xﬂ)d:v — T(q(0)) for 6 € (6y,0]. Taking the derivative with respect to
0 gives (77(9) = [v(q(9),8) — T'(q(0)] ¢'(0) + fq(e) vo(z, 0)dr = fq ) vy(z, 0)dx, where the
second equality uses (4). Let U, = limgg, U(6). Integrating the previous equation gives
U(9) = feeo {fgq(“) vz, u)da:} du + U, Using the definition of U(6), we obtain

q(0 0 q(u)
= (9 dr — dr ydu — U 6
/q :L' X /90 {/q UQ(ZE',U) CE} Uu +5 ( )

2From (4), T'(q(9)) = v(q(6),0) > v(q(h),6) by Al-(iii) again. Thus, T(q) > v(q,6) for ¢

>
qo- Integrating gives f T'(z)dx > fq v(z,0p)dz. Letting Ty = limq { qOT( ), it gives T(q) — T4 >

f (:c 6o)dx for ¢ > qo. Evaluating the latter at ¢(0) gives T(q(0)) > fq v(x,6p)dx + Ty. Hence,
>fq v(z, 6p) dxfort9>t901fT+>O Weshowlaterthatﬂ_—()

11



for 6 € (0y,0]. Thus, the maximization problem (5) can be written as

max 1T = /9: [/qq(g)v(x,ﬁ)dx] f(&)d@—/ej{/ej [/qq(u)vg(x,u)dxl du} £(6)d0

ULl = PO = C |aF @) + [ a0)1(0)08]

The second term becomes ffo [qu(e) v, H)dx] do — fggo {qu(a) va(z, H)d:v} F(@)} df by inte-
gration by parts. After rearranging terms and noting that U () appears through U, only,

the firm’s problem becomes

max Il = 9{ l/qq(e) v(x, Q)dx] f@)—[1—F(0)] l/qq(e) vz, Q)dx] } do

Q(')790:U+ 0o

UL P - C aF )+ [ a@sOw]. ()

Maximization of IT with respect to U, gives trivially U, = 0. The optimal control problem
is nonstandard because 6, appears at the boundary of the integral. It can be solved as a
free terminal time and free-end point control problem as in Kirk (1970, pp.188 and 192).
The next proposition establishes the necessary conditions for the solution [q(-), T(), 6o].

We make the following assumption.

Assumption A3: For every 0 € [0,0], v(q,0) — [(1 — F(0))v2(q,0)/f(8)] is strictly

monotone or identically equal to zero in q.

Proposition 1: Under A1, A2, A3 and ¢'(-) > 0 on (6, 0], the functions q(-) and T(-),
and the cutoff type 6y that solve the publisher’s optimization problem (5) satisfy

o ! 1- F(Q) 0
v(qg,0) = C'(Q)+ sz(q, 0) V6 € (6y,0] (8)
gma®) = g (9)
T'(q) = wv(q,0) VO € (6y,0] (10)
l(}ng(q) = 0, (11)

where Q = qF(0p) + J& g(u) f(w)du in (8) and q = () in (8) and (10).

12



Conditions (8) and (9) characterize the optimal ¢(-) and the optimal cutoff type 6.
Note that (8) becomes v(q,6) = ¢+ [(1 — F(0))va(q,0)/f(0)] when the marginal cost
is a constant c¢. The marginal payoff for each type then equals the marginal cost plus
a nonnegative distortion term due to incomplete information. Hence, by Al-(iii) all
businesses buy less than the efficient (first-best) quantity of advertising except for the
business with type 6 for which there is no distortion. When the cost function is nonlinear,
the publisher considers the marginal cost of the last unit of the total quantity produced Q.
For the highest type, its marginal payoff equals C’(Q). Once the optimal ¢(-) is known,
the differential equation (10) and the boundary condition (11) characterize the optimal
price schedule T'(+). Equation (10) says that the marginal price for each type is equal to
the marginal payoff for that type. Equations (9) and (11) imply the continuity of ¢(-) and
T(-) at 6y and g, respectively.

The next lemma shows that the optimal ¢(-) is strictly increasing as desired under the

following assumption.

Assumption Ad4: The marginal payoff v(-,+) is twice continuously differentiable on
[q,+00) x [0,0] and f(-) is continuously differentiable on [0,0]. Moreover, Y8 € [0,6]
and Yq € [q, +00)

(1) 0[—qui(q, 0)/v(q,0)] /00 < 0,

(ii) [1/02(g, 0))0ea(a, 8)/p(6)]/00 < 1 where p(9) = £(8)/[1 — F(0)),

(i1i) v22(q,0) <0,

(iv) 1 —d[1/p(0)]/dO > 0 so that 0 — [(1 — F(0))/f(0)] is increasing in 6.

These assumptions are standard. Assumption A4-(i) says that the demand elasticity is
nonincreasing in type. Maskin and Riley (1984) show that a large classes of preferences
satisfy it.>! Assumption A4-(ii) is more difficult to interpret. Lemma 2 shows, however,
that A4-(ii) is implied by A4-(iii) and A4-(iv). Assumption A4-(iii) says that the increase
in demand price is diminishing as 6 increases, while A4-(iv) states that the hazard rate

of the type distribution does not decline too rapidly as 6 increases. A large class of

2n particular, demand functions of the forms v(q,0) = 0 — 5(0)q and v(q,0) = a(0)g~'/", where
1 > 0, satisfy A4-(i) under suitable assumptions on £(0) and «(0).
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distribution functions satisfy the latter property.??

Lemma 2: Under A1, A2, and A4-(i,ii) or under A1, A2 and A4-(i,iii,iv), q(-) is strictly

increasing and continuously differentiable on [0y, 0] with ¢'(-) > 0 on [0y,0]. Moreover,

T(-) is strictly increasing and twice continuously differentiable on [q,q] with T'(-) > C'(Q)

n (¢,9), T"(q) = v(g, b)) and T'(q) = C'(Q) where 7 = q(0).

Regarding the verification of the second-order conditions, see Maskin and Riley (1984).
Tirole (1988) indicates that 7”(-) < 0, i.e. the price schedule is strictly concave in g.

4 Nonparametric Identification and Estimation

4.1 Nonparametric Identification

We define the game structure and the observables. Following Section 3, the model
primitives are [v(-,-), F'(-), C(-)], which are the marginal payoff, the businesses’ type
distribution and the publisher’s cost function. The data provide information on the
price-advertising schedule, the minimum quantity at zero price, the proportion of busi-
nesses choosing this minimum quantity, the businesses advertising purchases and the
total amount of advertising produced. Using our previous notations, the observables
are [T(-),q, F(6y), G*(-),Q].?* The function G*(-) denotes the truncated distribution of
businesses’ purchases, i.e. G*(-) = Pr(¢ < -)/Pr(¢ > ¢q). The data also provide some
exogenous characteristics Z of businesses such as their industry heading. A natural ques-
tion is how to introduce this observed heterogeneity in the model of Section 3. This is not
straightforward here because the observed schedule 7'(-) must be independent of Z as the

publisher cannot discriminate businesses based on their characteristics Z. Our proposal is

22These assumptions are generally sufficient for the second-order conditions of the optimization prob-
lem. As such, they might be weakened. In a different context, Perrigne and Vuong (2011) derive the
sufficient and necessary conditions for the second-order conditions to hold in terms of observables. Such

an exercise which is related to testing the model validity is left for future research.
23In this subsection, the observables are assumed to be known. The estimation of F(y) and G*(-) is

considered in the next subsection.

14



to view 6 as a scalar aggregation of the business’ observed and unobserved heterogeneity.

Let € denote the latter. Formally, we make the following assumption.

Assumption B1: The business’ type satisfies 0 = r(Z,€) with € distributed as Fz(-|-)
given Z.

In particular, this allows for dependence between the business’ type 6 and character-
istics Z. We remark that Z and e need not be independent. Under B1, the marginal
payoff v(q, #) becomes v'(q, Z, €) = v(q,7(Z,¢€)). In view of (1), the business’ optimization
problem remains the same and the optimal choice ¢ is a function of 6 only. Hence, the
cutoff type 6y is independent of Z by (9). The publisher’s optimization problem is still
given by (5), while Proposition 1 and Lemma 2 hold.?!

Hereafter, we adopt a structural approach. Specifically, we assume that the ob-
servables are the outcomes of the optimal price schedule and purchasing choices de-
termined by the equilibrium necessary conditions (8)—(11). The model primitives be-
come [v(-,),7(-,-), Fz(-|-), C(-)]. Identification investigates whether the primitives can
be uniquely recovered from the observables.

Our identification problem is reminiscent of Ekeland, Heckman and Neishem (2004)
and Heckman, Matzkin and Neishem (2010) who study the nonparametric identification
of hedonic models. In these papers, consumers satisfy a first-order condition similar to
(10), where the marginal payoff equals the marginal price, which is nonlinear in quan-
tity. Both papers show that the marginal payoff function is nonidentified without any
further restrictions. Ekeland, Heckman and Neishem (2004) establish identification of the
marginal payoff and the distribution of unobserved heteregeneity up to location and scale
under an additive separable marginal payoff by exploiting variations in some continuous
exogenous variables that are independent of the term of unobserved heterogeneity. This

result is obtained without the need to consider the firms’ optimization problem. In addi-

24 An alternative would be to consider a model with v(g,6, Z) and F(6|Z), while still imposing a price
schedule independent of Z. This will lead to a publisher’s optimization problem different from (5) in
two aspects. First, the expected profit will have an additional integration with respect to z in both the
revenue and the total amount produced. Second, the control function ¢(-,-) will have two arguments

(0, z). The derivation of this model is left for future research.
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tion, they show that considering the equilibrium conditions combining the consumers and
the firms does not provide additional identifying information for either side of the market.
Heckman, Matzkin and Nesheim (2010) consider alternative identifying assumptions on
the functional form of the marginal payoff with exogenous variables possibly for single and
multimarket data. In view of their results and Perrigne and Vuong (2011) in the context
of a procurement model with both adverse selection and moral hazard, we assume that

the marginal payoff v(q, ) is multiplicatively separable in ¢ and 6.

Assumption B2: The businesses’ marginal payoff function is of the form

v(g,0) = buo(q), (12)

where vy(-) satisfies vo(q) > 0, and vy(q) < 0 for ¢ > ¢ and for all 6 € [8,6] C (0, +00).%

We interpret vg(q) as the base marginal payoff. It can be easily seen that the assumptions
on the marginal payoff A1, A3 and A4-(i,iii) are satisfied. The necessary conditions (8)
and (10) then become

ule) = @+l vae (g (13)
T'(q) = 6wle) Vg€ (g, (14)

where 0 = ¢~ '(q) and g = ¢(f) since ¢(-) is strictly increasing by Lemma 2. The one-
to-one mapping between the unobserved type 6 and the observed advertising quantity
q is the key of our identification result. Following B2, the model structure becomes
[vo(-),7(+, ), Foz(+|-), C(+)]. To establish identification, we proceed in two steps. First, we
show that the model structure [vo(+), F'(+), C(+)] is identified. Second, we show that (-, )
and F,z(-|-) are identified. Hereafter, we let S be the set of structures [vo(-), F(-), C(-)]
such that [v(-,-), F/(-), C(-)] satisfy B2, A2 and A4-(iv).

25We could consider a multiplicative function of the form 1)(8)vo(g). The function () satisfies 1(+) > 0,
P'(-) > 0 and ¥"'(-) < 0. If 9(-) is known, our results extend trivially. On the other hand, if ¢(-) is
unknown, the model remains nonidentified. Also, under this multiplicative separability, it can be shown
following Tirole (1988, p.156) that the price schedule is strictly concave in ¢ when A4-(iv) is strengthened

to a hazard rate p(f) increasing in 6.
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Our first identification result concerns the cost function, which is not identified except
for the marginal cost at the total amount produced. This result is not surprising since
the model involves the cost function only through the marginal cost at this amount. The

next lemma formalizes this result.

Lemma 3: The cost function is not identified except for the marginal cost at the total
amount produced, which satisfies C'(Q) = T'(q).

This follows from Lemma 2. Since we observe both the price schedule T'(-) and g, we can
recover C'(Q)), i.e. the latter is identified.?® Identification of the cost function could be
improved by using data from different markets providing variations in Q.

The structural elements left to identify are vy(-) and F(-). In view of Ekeland, Heckman
and Nesheim (2004) and Heckman, Matzkin and Nesheim (2010), a natural question is
whether one can identify vg(-) and F(-) by using the businesses’ first-order condition (14)
only. Their identication argument relies on the availability of some continuous exogenous
variables that are independent of the term of unobserved heterogeneity.?” In our case,
the only variables that are available are discrete. Morever, these variables are likely to
be correlated with the business’ taste 6 for advertising. Consequently, our identification
argument uses instead both sides of the market.

We first show that a scale normalization is necessary. This normalization is needed
because both the business’ type 6 and the base marginal payoff vy(-) are unknown. The

next lemma formalizes this result.

Lemma 4: Consider a structure S = [vo(-), F(+), C(:)] € S. Define another structure S =
[50(-), F(+), C(+)], where to(-) = Log(+) and F(:) = F(-/a) for some a > 0. Thus, S € S
and the two structures S and S lead to the same set of observables [T'(-), q, F(6h),G*(), Ql,

1.e. the two structures are observationally equivalent.

Several scale normalizations can be entertained. Three natural choices are to fix 6,

0 or 8. Before discussing the appropriate choice of normalization, we establish Lemma

26Miravete and Roller (2004) note a similar result. Because they do not observe individual cellular

phone usages in their data, they do not observe § and have to choose an arbitrary value for it.
2TTheir separability assumption is also different from ours as they assume v(q, z,€) = €vg(q, 2), while

we have v(q, z,€) = r(z, €)vg(q).
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5, in which the business’ marginal payoff vy(-) and its unobserved type 6 are expressed
as functions of the quantity purchased ¢ and other observables [T'(-), ¢, F'(6), G*(q), Q).
Based on Lemma 5, the choice of normalization and the nonparametric identification of
[vo(+), F'(+)] are readily established.

Lemma 5: Let [v(-), F(-),C(")] € S. Denote v = C'(Q) and 6(-) = ¢ '(-). The
necessary conditions (13) and (14) are equivalent to
_ T"(g) _
vo(q) = Boi(q) ™ 0(q) = 00¢(q), (15)
for all q € (¢,7|, where
(AT~ a1 )
£(q) =[1—G*(q)]7@ exp {’y/q T’(E:)l log [1 — G*(x)] dm} : (16)

with (q) = 1 and £(q) = limgz &(q) = 0/65.

The proof of Lemma 5 exploits the one-to-one mapping between the advertising quan-
tity ¢ and the business’ type 6 € (6, 6] obtained from Lemma 2. For each ¢ € (¢,7q],
we observe the truncated marginal distribution G*(¢q) = Pr(§ < ¢|§ > ¢) = Pr(f <
0(q)|0 > 0(q)) = [F(0) — F(6)]/[1 — F(6y)] with the corresponding density g*(¢q) =
& (q)f(0)/[1 — F(6y)], where 8 = 6(q). We can then replace [1 — F(6)]/f(0) in (13)
by ¢ (q)[1 — G*(q)]/g*(q). This expression is further used to express the unknown base
marginal payoff vy(-) and the unobserved type € in terms of observables, which are the
corresponding quantity ¢, the truncated quantity distribution G*(-), its density ¢*(-), the
price schedule T'(-) as well as v = C’(Q), which is identified by Lemma 3. There is
a parallel with auction models. Guerre, Perrigne and Vuong (2000) use the one-to-one
mapping between the bidder’s private value and his equilibrium bid to rewrite the FOC
of the bidder’s optimization problem and express the unobserved private value in terms of
the corresponding bid, the bid distribution and its density. In our problem, the business’
type 6 can be interpreted as the unknown bidder’s private value, while the business’ cho-
sen quantity ¢ can be interpreted as the observed bidder’s bid. Our problem is, however,
more involved because we have one more structural element to recover in addition to the

distribution of businesses’ type F(-), namely the base marginal payoff vy(+). To this end,
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we exploit the relationship between the shape of the price schedule T'(-) and the distribu-
tion of the unobserved businesses’ type F'(-) as made clear in the proof of Lemma 5. We
also note that the density ¢*(-) does not appear in £(-). This feature will be important in
deriving the consistency rate of our estimator of £(-) in Section 4.2.

In view of Lemma 5, a natural normalization is 6, = 1. The base marginal payoff
vp(-) can be uniquely recovered on (¢,q] from the observables T'(-), T"(-), G*(-) and
v = T"(g) and hence at ¢ by continuity of vy(-). Similarly, the truncated type distribution
F*(:) = [F(-) — F(6)]/[1 — F(6y)] can be uniquely recovered on [0, 0] from the same

observables. The following assumption and proposition formalize this result.
Assumption B3: We normalize 8y = 1.

Under such a normalization, vy(g) is the marginal utility function for the cutoff type.

Proposition 2: Let [v(-), F(-),C(:)] € S. Under B2-B3, the marginal payoff vo(-) and
the truncated business’ type distribution F*(-) are identified on [q,q] and [0o,0], respec-
tively. In particular, vo(q) = T'(q) and 0 = limyu5£(q).

We note that F(-) can be recovered from F*(-) on [0y, 0] using F(-) = F(6y) + (1 —
F(60))F*(-) since F(fy) is observed as the proportion of businesses receiving g at zero
price. On the other hand, vy(-) and F(-) are not identified on [0, ¢) and [, 6), respectively.
Intuitively, the quantity and price data do not provide any variation to identify these
functions in those ranges as the minimum observed quantity is ¢. As in auctions, a
binding reserve price does not allow to identify the distribution of bidders’ private values
below the reserve price. See Guerre, Perrigne and Vuong (2000).

Alternative normalizations can be entertained. The normalization § = 1 allows to

identify vy(-) and F*(-) on [¢,q] and [6p, 8], respectively. In this case, (15) and (16) give

vo(q) = TIH( )[l—G*( )]1 2o exp{ T’( )log [1—G*(2)] dl‘}
o) = 901G @7 e = [T T el - 6o as,

for all ¢ € (¢,q]. Therefore, if 0 = 1, identification is obtained as in Proposition 2. As

a matter of fact, any normalization of 6 € [0, ] would work. On the other hand, any
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normalization in [, §y) would not help in identifying the model.

We now turn to the second step, which addresses the identification of r(-,-) and Fyz(-|)
appearing in B1. Note that the first step identifies not only the truncated distribution
F*(-) of 8 by Proposition 2 but also recovers the type 6 for each business from its purchase
q > ¢ by (15) and (16). On the other hand, under B1, § = r(z,¢). Since € is known only
if § > 6, this introduces a censoring, i.e. § = 6 if r(z,€) > 0y and 6 = 6, otherwise, where
0o = 1 by B3. Identification of r(-,-) and Fiz(:|-) extends Matzkin (2003) to a censored
nonseparable model under the following assumption. Consider the partition Z = (7, Z3).
Let Sz, and Sz,., be the supports of Z; and Z, given Z; = z;, respectively. Let also
Se,2z,)- be the support of (e, Zy) given Z; = 2.

Assumption B4: We have

(i) The unobserved heterogeneity € is independent of Zy given Zs,

(ii) There exists a known value 27 € Sz, such that Sz,.o = Sz, and r(z7, z2,€) = € for
all (€, z2) € S z,)z0-

(iii) For every (z1,22) € Sz, z,, the functions r(zi, z2,+) and Fyz, z,(-|%1, 22) are both

strictly increasing on 56‘21,22.

Assumption B4-(i) is weaker than independence between ¢ and Z. Assumption B4-
(ii) follows Matzkin (2003) first normalization. In particular the first part of (ii) is a
full support requirement on zJ. Assumption B4-(iii) underlies the use of quantiles for
identification. For every z € Sz, let e(z) satisty r(z, e(z)) = 6.

Proposition 3: Under B1, B3 and B4, the function r(-,-) and the distribution Fqz(-|-)
are identified on {(z1,29,€) € Sz, 7, : € > max[e(z1, 22), 0]} and {(z1,22,€) € Sz, 2, :

e > 00}, respectively, as

r(z1,20,€) = Fyg Fiz g, (elz1, 2)|21, 2] (17)
Fe|Z1,Z2<€|21722) = Pr[é = 90|Z1 = Z(f, ZQ = 22]
+(1 — Pr[&~ = 00|21 = 29,7y = 22])F;|Z1’Z2(e|zf,22), (18)

where max|e(z1, 22), O] is identified as a function of (z1, z2) € Sz, .z, and

1-— Pl"[ = 90|Z1 = Zf, ZQ = 22]
1-— Pr[é = 00|Zl = 21, ZQ = Zz]

FETZ1,Z2(€|’217 ’22) = 1 [1 - FG*|Z1,Z2<€|Z?7 22)]' (19>
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Proposition 3 establishes the identification of r(-,-) and F;z(-|-) on some suitable sub-
sets of their supports. We remark that Pr[é = Og|Z1 = 21,75 = 23] is the probabil-
ity that businesses with characteristics (z1,22) choose not to buy advertising. Thus,
this probability is observed from the data. Moreover, the distribution Fy, , (-|21, 22)
is the businesses’ type distribution conditional on advertising purchase and characteris-
tics (21, 22). Since 6 is recovered for all businesses buying advertising, this distribution
is also available from the data. Relative to the non-censored case in Matzkin (2003),
the expression for r(-,-) differs in three aspects. First, our result involves the trun-
cated distribution of 6 given Z. Second, there is an adjustment due to censoring as
Pr[0 = 6y|Z = (29,2,)] # Pr[ = 69|Z = (21, 2)]. Third, r(z,e) is identified only for
e > max[e(z),6p]. Lastly, the term 6, in the truncated supports of r(-,-) and Fz(-|-)

arises because 0y = (29, 22, €(2?, 22)) = e(29, z2) by B4-(ii).

4.2 Nonparametric Estimation

Given B3, (15) provides the marginal payoff vy(-) and the business type 6(-) as functions
of T'(-) and &(-). The latter depends on T'(-), T"(+), v and the truncated quantity distri-
bution G*(). The functions 7”(-) and T"”(-) come from the price schedule data implying
that only v = 77(g) and G*(-) need to be estimated. We propose a two-step estima-
tion procedure. In the first step, we estimate &(-) nonparametrically using (16). This
allows us to obtain an estimate for the marginal payoff vy(-) and to construct a sample
of pseudo types from (15). In the second step, this pseudo sample is used to estimate
nonparametrically the truncated business’ type density, the function r(-,-) as well as the
conditional distribution F;;(:|-). Because we use data from a single market, our estima-
tion procedure is not performed conditionally upon some variables X capturing market
heterogeneity such as the median income and population size. If data from several yellow
page directories were available, we could extend our estimation procedure by conditioning
on X and hence estimating G*(+|-) in the first step and F(+|-) in the second step.

We denote by N* the number of firms purchasing advertising space strictly larger
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than ¢, while ¢;,4 = 1,2,..., N* denotes the quantity purchased by each of those firms.
Following (16) we estimate £(-) by

A /i_1 R ae A ]
g(q> _ [1 _G*(q)]T (@) exp {’Y fgq 77:’(55)% log [1 -G (:L’)] dIE} if g€ [g, qmax) (20>
1 g é (q) if ¢ € [ T,

*
1 N

> g < q), for q € [g.7]; (21)

G'(0) = += .

and 1(-) is the indicator function. In particular, ¢pax < G.

As a matter of fact, for ¢ € [¢, Gmax); f (q) is straightforward to compute. Specifically,
because the empirical distribution G*(-) is a step function with steps at ¢* < ¢> < ... < ¢’
in (¢,q], the integral in (20) can be written as the finite sum of integrals on [¢7, ¢ ).
On each of these intervals, log[1 — G*(-)] is constant, while the primitive of T7”(-)/T"(-) is

—1/T'(-). Thus, for ¢ € ¢, ¢max), We have

1

o) = [1-C'@]™ (22

exp {ﬁy S| () st =6+ () 1og<1—é*<qf>>}

ifgelg,¢™),j=0,....,J —1, where ¢° = ¢ and ¢’ = Gmax. In particular, if ¢ € [g,¢"),

é(q) = 1 because é*(q) = 0. For ¢ € [¢max, G, f() is constant and equal to

(57~ ) =G | )

which is finite.22 Thus, & () is a well defined strictly positive cadlag (continue a droite,

. J-1
lim £(q) = exp {7 >
t=0

qTgmax

limites & gauche) function on [q,g] with steps at ¢* < ¢*> < ... < ¢’ L.

To complete the first step, following (15) and B3 we estimate vg(-) and 6(-) by

- ?((qq)), 0(q) = &(q) for q € [g,7). (24)

2When ¢ 1 gmax, then ¢ € [¢771,¢”7). Thus G*(q) = G*(¢’~') < (N* —1)/N* and lim g 1 —
G (@)~ @) = 1 as limgag,,, T'(q) = 4-

0(q)
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In particular, 0o(-) and 6(-) are also well-defined strictly positive cadlag functions with
steps at ¢ < ¢ < ... < ¢/71. If T'(:) is strictly decreasing so that T'(-) is concave,
then it can be shown that ¢o(-) and 6(-) are strictly decreasing and increasing on (4, Gmax)
respectively. The pseudo sample of businesses’ types is 6, = é(qz) fori=1,...,N*.

In the second step, we estimate the truncated business’ type density from the pseudo

sample by using the kernel estimator

A N (06
PO =y 2k (50 )

for 6 € (09,0) = (1,0), where K(-) is a symmetric kernel function with compact sup-
port and h is a bandwidth. Moreover, from (18) we can estimate the conditional density
faz,2:(-|21,22) by (1= Pr(f = 00| Z1 = 29, Zo = 2)) 511, 1, (120, 22). Here, fji 1, (-]28, 22)
= fo.2,.2,(:127: 22) [ [ 21,2, (27, 22) With numerator and denominator similar to (25) with ad-
ditional kernels, while Pr[f = 69| Z, = 20, Z, = 2] is obtained from the kernel estimate of
the regression E[#(q; = q)|Zi1 = 27, Zip = zJoni =1,..., N, where N is the total number
of businesses. On the other hand, from (17) r(z1, 22, €) is estimated by the FG*‘ZLZQ (€21, 22)-
quantile of Fy, - (-|z1,22). The latter conditional c.d.f. is estimated by combining a
counting process on 6 as in (21) and kernels for (Z;, Z3), while the former is estimated
using (19) which involves the nonparametric regression E[#(q; = q)|Zi1 = 21, Zia = 2]

We make the following assumption on the data generating process.

Assumption B5: The observed and unobserved heterogeneity (Z;,¢;),i = 1,..., N, are

independent and identically distributed (i.i.d.).

Consequently, given B1 the businesses’ types 6;,i = 1,..., N are i.i.d. as F(-). Similarly,
since ¢; = q(6;) 4(0; > 60p) + qU(6; < 6y), the observed advertising quantities ¢; are i.i.d.
The next lemma establishes the strong consistency of ¥ = T”(gmax) for the marginal
cost v = C'(Q) with a rate of convergence faster than v/N. It also provides the asymptotic
distribution of 4. These properties follow from the delta method combined with known

asymptotic properties of the highest order statistic ¢nax from e.g. Galambos (1978).

Lemma 6: Under A2, Aj-(iv), BI-B2 and B5, we have (i) ¥ = v+ O, [(loglog N)/N]J,
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and (i) N(3 —~) = —T"(@)E/[9"(@)(1 — F(6y))], where £ is standard exponential dis-

tributed, as N — oo.

Following Campo, Guerre, Perrigne and Vuong (2011), ¢*(g) can be estimated consistently
by a one-sided kernel density estimator ¢*(-) evaluated at @uax, while 7”(q) and 1 —
F(6y) can be estimated as usual by 7”(gmax) and N*/N, respectively. Thus, N(§ —
)G (Gmax)/T" (Gmax) 2, —&, which can be used for hypothesis testing on ~.

The next proposition establishes the asymptotic properties of 0y(+) and é() Following
the empirical process literature introduced in econometrics by Andrews (1994), we view
Bo(-) and 6(-) as stochastic processes defined on [¢,q] and hence as random elements of the

space D[q,q| of cadlag functions on [g,g|. Because of log[l — G*(¢)] in (16), we consider

instead the space D[g, g4] with its uniform metric [|¢1 — 2|t = supge(q 4.1 [¥1(q) — P2(q)],
where ¢; € (¢,7).?* Weak convergence on the space D|g, ¢;] is denoted by “=.”

Proposition 4: Under A2, A4-(iv), BI-B3 and B5, for any ¢; € (¢,q), we have

(i) l[20(-) = vo() [ % 0 and 0(-) = ()| “* 0 as N — oo,

(i) as random functions in Dlg,q;], V' N[oo(-) —vo(-)] = —vo()Z(:)/\/1—F(6) and
VN[O()=0()] = 0()Z(:)/\J1=F(6y) as N — oo, where Z(-) is a tight Gaussian process

defined on [q, ;] by

_ 7 | Be() “T"(z) Bge(z)
7= ll_T'm] o0 h Teri-ew™ (26)

where B+ (+) is the G*-Brownian bridge process on [g,q].*"

The first part establishes the uniform almost sure convergence of @o(-) and 6(-) on
any subset [¢,¢;] with ¢ < @. The second part gives the asymptotic distributions of
Uo(+) and é() It is worthnoting that their rates of convergence are the parametric rate

V/N. This remarkable result comes from that 9o(-) and 6(-) are smooth functionals of

29 As usual measurability issues are ignored below. This can be addressed by considering either the

projection o-field on Dlg, ¢;] as in Pollard (1984) or outer probabilities as in van der Vaart (1998).

Alternatively, we may use another metric such as the Skorohod metric as in Billingsley (1968).
30The G*-Brownian bridge process on [g,q] is the limit of the empirical process (1/vN*) > {1(g; <

) — G*()} indexed by [g,q]. See (say) van der Vaart (1998, p.266). It is a tight Gaussian process with

mean 0 and covariance G*(q)[1 — G*(¢')], where ¢ < ¢ < ¢ <7q.
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the empirical c.d.f. é*() The appendix shows that Z(-) has zero mean and covariance
ElZ(q)Z(q")] = w(q) for ¢ < ¢ < ¢’ < ¢4, where

<) = (1‘T7<q>>21 a2l () et @)

Note that the covariance E[Z(q)Z(¢')] is independent of ¢/. Thus, the covariance of the
limiting process of v/ N[o(-) —vo(+)] is vo(q)vo(q)w(q)/[1 — F(6p)] for g < ¢ < ¢ < ¢. In

particular, Proposition 4-(ii) implies that

m@o@—vo(q)]i/v( _wl@” <q>)

— F(6h)

for every q € [g,¢;]. The asymptotic variance of ©(q) vanishes at ¢ = ¢ as w(q) = 0,
which is expected since 0y(q) = 7"(g), while w(q) increases as ¢ increases to ¢; whenever
T"(-) <0, i.e. T(-) is strictly concave. In practice, the preceding asymptotic distribution
is used to conduct large sample hypothesis tests or construct approximate “pointwise”
confidence intervals for vy(q) provided the asymptotic variance is estimated consistently.
A natural estimator is obtained by replacing vo(q), 1 — F(6y) and w(q) by 09(q), N*/N
and w(q), respectively where @(q) is obtained from (27) by replacing v and G*(-) by their
estimates T"(¢max) and G*(-).3" Similar comments apply to 6(-).32

Regarding the second step, we note that the pseudo businesses’ types éz = f (g),1 =

1,..., N* converge uniformly to the businesses’ types #; at the rate \/ N~*/loglog N*, which

31Recalling that N*/N £% 1 — F(6y), Proposition 4-(ii) can also be used to deliver an asymptotic

“uniform” confidence interval for vy(-) of the form

0 ) S =)

for ¢ € [q, ¢t], where c is the constant defined by Pr (||Z(-)[|; <¢) =1 —a with 0 < a < 1.

32Egtimation of 6 is more delicate. A natural estimator is Opax = é(qmax) as given by
(23). To achieve consistency, a correction is needed. Specifically, let éz E(GN), where gy =
Gmax —bn with by L 0 and Nby/loglogN — oo. In particular, g5 converges almost surely to

gmax but at a slower rate than N/loglog N. From Wellner (1978) Corollary 1, it follows that
SUPgefg 7,1 |[(1 = G*(9))/(1 = G*(q))] — 1| “3 0 and hence supye |, 7,1 [log[(1 — G*(9))/(1 = G*(a))]| “3 0
as N — oo. A proof similar to that of Lemma 8-(i) then establishes that supgcis7, ] ‘é(q) —¢(q)

a.s.

= 0.

In particular, £(gy) “3 £(q) since £(qy) 5 £(q).
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is the uniform rate of convergence of sup ey, |G*(q) — G*(q)| from e.g. van der Vaart
(1998, p.268). Because this rate is faster than the optimal rate of convergence that can
be achieved for estimating the density f*(-), estimation of §; does not affect the second
step. Consequently, the standard kernel estimator (25), which uses the pseudo businesses’
types, possesses the standard asymptotic properties of uniform convergence and limiting
distribution, namely (i) supee |f*(6)— £*(6)] &3 0 for any compact subset C' of (6, 8) pro-
vided h — 0 and N*h/log N* — oo and (ii) V' N*A[f*(6)—f*(0)] 5 N(0, f*(6) [ K (z)2dx)
for every 6 € (6, 0) provided N*h> — 0, as f*(-) is twice continuously differentiable and
bounded away from zero on [y, f]. See e.g. Silverman (1986). In particular, by choosing
the bandwidth h proportional to (log N*/N*)'/?, the optimal uniform convergence rate
obtained by Stone (1982) for estimating f*(-) when the firms’ types 6; are observed is
achieved by our two-step procedure when the 6;s are unobserved but businesses’ adver-
tisements ¢; are observed. Estimation of f(-) is obtained from f(-) = (1 — F(6y))f*()
on [0, 0], where 1 — F(f) is estimated by N*/N at the v/N rate. For the same reason,
the conditional density f¢z, 2 (-|-,-) possesses the standard asymptotic properties on any
compact subset of {(21,22,€) € Sz, 2z, : € > 6} because Fgr[é = 0|21 = 20,72y = 29
converges faster than fé‘l 21.2,("|21.22). Lastly, the estimator of r(-,, ) achieves the same
rate of convergence of a conditional quantile given (Z;, Z3) at every value in a compact

subset of {(z1, 22,€) € Sz, 2, : € > max[e(21, 22), O] }

5 Empirical Results

Using the quality-adjusted quantities from (C.1), the price schedule and the firm’s pur-
chases, we apply the estimators (21)— (24), where guax = 6,230. Thus, the marginal
cost in dollars for an additional quality-adjusted square pica at the total production is
4 = T17(6,230) = 8.29, which seems reasonable in the publishing industry. Thus, an
additonal line of listing or 1.85 quality-adjusted square picas costs at the margin for
the publisher $15.34, which is charged $100.80 to businesses. If one assumes a constant
marginal cost, an additional no color full page or 1,470 quality-adjusted pica square would

cost at the margin $12,186, which is priced at $18,513. Data from a single phone directory
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do not allow us to recover more of the cost function as explained in Section 4.1.

The estimated marginal payoff 9(-) and the business’ type 6(-) as functions of ¢ are
displayed in Figures 1 and 2. These figures are based (20) and (24).3 Figure 1 shows
that 0g(-) is strictly decreasing as assumed in B1, while Figure 2 shows that é() is strictly
increasing as predicted by the model. Using (25) with a triweight kernel and a rule-of-
thumb bandwidth, the estimated (truncated) density of types f*(-) on [1, fmax] = [1,13.95]
is displayed in Figure 3. The estimated density reveals substantial heterogeneity among
businesses in their taste for advertising. We note that the density displays two modes, a
first one around 1.3 and a second one around 2.3. The first one corresponds to businesses
adding a few more lines and/or a larger font to their standard listing, while the second
mode corresponds to businesses choosing the smallest size of space. Figure 4 displays
0 — [(1— F(0))/f(6)], which is strictly increasing thereby satisfying Ad-(iv).

With 6(-) and 0(-), we can assess the payoff or informational rent for each busi-
ness buying advertising using U(g;, 6;) = Uo(6;) + 0; [ vo(z)dr — T(g;),i = 1,...,4,67L.
The term Uy(f) = 6 fivo(z)dx is not identified since vo(-) is not identified on [0, ¢).
On the other hand, we can estimate the additional rent for advertising beyond ¢ by
AU = Ul(g;,0;) — Uy (6:) = 6; Ji vo(w)dr —T(g;). As expected, this additional rent strictly
increases with the quality—adjiusted advertising size purchased. Table 3 gives summary
statistics on AU; as well as on the payment 7}, quality-adjusted advertising size ¢;, base
marginal utility 0o(g;) and type 6; for the 4,671 businesses buying advertising. Table 3
also gives this additional rent as a proportion of the gross additional rent AU +T. Given
that Uy(6;) is not included, our results provide a lower bound for the informational rent
left to businesses. Informational rents are thus quite substantial for businesses buying
large quantities. Overall, the sum of the AU; is $4,128,906, which can be compared to the
total payment made by the businesses $6,017,632. This gives an overall informational rent
of the order of 40.69%, which measures the extent of the cost of asymmetric information.
In particular, in a world of complete information, the publisher would know each busi-

ness’ type and the price that the publisher would charge would be equal to each business’

33To obtain smooth representations, we have used the smoothed empirical distribution with a triweight

kernel density estimator and a rule-of-thumb bandwidth instead of (21).
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benefit, i.e. 0 [!vo(r)dz leaving the minimal rent Uy(f) to each business.

In view of I;roposition 3, we could estimate 7(-,-) and Fz(:|-). Our data provide the
business heading and the corresponding number of businesses in the heading as potential
Z. When decomposing the total variance of the éi,z’ =1,...,4671, we find that only
27.08% of the total variance is due to variation between headings. This suggests that the
variability of the businesses’ types is mainly due to within factors. This is confirmed when
considering a Tobit model due to the censoring on . With all the headings as dummy
variables one obtains a pseudo R? of 0.1163 with only 180 heading dummies among 1,193
that are significant at the 10% level. Moreover, with only the number of businesses in each
heading, the pseudo R? decreases to 0.0046. Lastly, the correlation between the business’
type 6 and the mean of the businesses’ types in the same heading is low, namely 0.3666
when considering the full sample and 0.3454 when considering the subsample of businesses
buying advertising. These results suggest that (i) the decision of buying advertising and
the amount of advertising purchased are mostly idiosyncratic and possibly due to variables
that are not available such as the business’ size, and (ii) competition in advertising within
the same heading, if any, involves at most a few businesses.

With structural estimates, we can perform some counterfactuals. Hereafter, we assume
a constant marginal cost, i.e. C(Q) = 4Q. The estimated profit under the observed
nonlinear pricing is then $3,112,442. An alternative pricing rule consists in a linear price
p, in which any size is charged the same amount at the margin so that T'(q) = pq. The
business’ first-order condition (4) still holds and can be written as p = Ovy(q) for 0 > 6,
where 6§ is the threshold level associated with a linear price given by 6f = p/vo(q).
Equivalently, given p we have ¢ = vy '(p/6) for 8 > p/ve(q) and g = ¢ for 6 < p/ve(q).

Using the estimate of vy(-), we can estimate the publisher’s expected profit by

o[ 0RO 3 [P+ [ a0 e

provided p > 7y(q) or 6F > 1 since we identify F(-) and vg(-) on [1,Onay] and [0, Gmax],
respectively. From Table 3, the lowest possible value for p is $38.72 per quality-adjusted
pica square. The largest expected profit is $1,739,502, which is obtained for p = 38.72.

Thus, this value is a lower bound for the profit under an optimal linear price p < 38.72.
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In particular, the optimal linear price may exclude fewer businesses or equivalently may
induce businesses with § < 1 to buy advertising. On the other hand, businesses with large
0 values will buy lower quantities than under the current nonlinear price because these
large buyers will not benefit from quantity discounts. On aggregate, the businesses’ total
payoff may increase as businesses with low 6 can buy larger quantities of advertising.

A second counterfactual considers third-degree price discrimination. We consider three
possible categories: (i) businesses with households/individuals as primary customers, (ii)
businesses with businesses as primary customers and (iii) non-profit organizations such
as federal, state and local agencies, charities and churches. Table 4 provides summary
statistics on éi, the number of businesses and the actual proportion of businesses buying
advertising for each group. Businesses in the first group have the largest values and are
also those which are more likely to buy advertsing, while businesses in the third group have
the lowest values and are least likely to buy advertising. Figure 5 displays the estimated
densities for the three groups. Assuming a constant marginal cost, third-degree price dis-
crimination reduces to apply (5) for each group. In particular, with the estimated density
and distribution for each group, we use (13) and (14) to obtain the quantity schedule ¢(-)
and the optimal tariff 7'(-) for each group. Figures 6 and 7 display these functions. We
observe that prices will be lower for the three groups, while quantities will be larger. For
the first two groups, more businesses will be excluded as the optimal threshold type is
slightly above 1 at 1.0396.3 For the first (second) group, 67.92% (64.75%) of businesses
will buy advertsing. Despite lower prices, the average amount spent on advertising will
be larger for the three groups. For instance, while the actual average price paid by a
business in the first group is $1,431, this amount will increase to $1,652. For the second
group, the amount will increase to $1,216 from $1,067. Lastly, the expected profit for the
publisher will be $3,716,134, which represents a 19.4% increase.

34The threshold level for the third group was set at 1 because the density is not identified for values
below. Because the third group contains businesses with low types, one can expect that fewer businesses

would be excluded. Thus, our estimated publisher’s profit from this group is a lower bound.
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6 Concluding Remarks

This paper studies the identification and estimation of the nonlinear pricing model. Iden-
tification is achieved by exploiting the first-order conditions of the publisher’s profit max-
imization and the unique mapping between the business’ type and its purchased quantity.
This result is in the spirit of the recent literature on the nonparametric identification
of incomplete information models. A nonparametric two-step estimation procedure is
then developed to estimate the model primitives. Asymptotic properties of our estimator
are established. Data on advertising in yellow pages from a utility publisher in Central
Pennsylvania are analyzed. Our empirical results show an important heterogeneity in
businesses’ types and a significant loss due to asymmetric information for the publisher.

Several extensions can be entertained. When there is a discrete price schedule, pooling
arises at the equilibrium and limits the extent to which one can identify the model prim-
itives. Recent results by Aryal, Perrigne and Vuong (2009) in the context of insurance
suggest that observations on repeated purchases allow us to identify the type distribution
while avoiding the use of the first-order conditions of the principal. Another extension of
interest is to test adverse selection in this market. To perform such a test, we need to
derive all the restrictions imposed by the nonlinear pricing model under both incomplete
and complete information. We then can test which set of restrictions are validated by the
data. Lastly, the methodology developed in this paper in combination with Perrigne and
Vuong (2011) can entertain other models with adverse selection in contract theory with

a broad range of applications to retailing and labor to name a few.
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Appendix A

This appendix collects the proofs of Lemmas and Proposition in Section 3.

Proof of Lemma 1: As discussed in the text, under Al and (2), all the IC constraints hold
globally except (4), which is defined only locally. To show that (4) also holds globally, we first
show that the local second-order condition U;;(0,6) < 0 is satisfied. By differentiating the first-
order condition (3) with respect to 6, we obtain Uj2(6,0) + U11(6,60) = 0. Hence, U11(0,6) < 0
is equivalent to U2(6,0) > 0. Since Ui2(0,0) = Us1(6,0) = va(q(0),0)¢’ () > 0, the local
second-order condition is satisfied under Al-(iii) and ¢'(-) > 0.

To show that the second-order condition also holds globally, we use a contradiction argument.

Let 01 and 6» satisfy 0y < 01 < 0 < 0. If U(QQ, 91) > U(@l, 91), we have

02
Ul(a:,Hl)d:z > 0. (Al)
01

We show that Uy(z,61) < 0 for = € [01,602] hence leading to a contradiction. By definition,
U6,6) = fg(é)’u(w,@)dx — T(q(0)). Thus we have Uy2(6,0) = Ua1(6,6) = va(q(),0)¢'(6) > 0.
Hence, U;(x,01) < Ui(xz,z) =0 for x > 6, where the equality results from the first-order
condition of the IC constraint (3). This contradicts (A.1). Thus, U(62,60,1) < U(6:1,6;) for
By < 01 < By <6.

Similarly, let 6; and 6 satisfy 0y < 6 < 01 < 0. If U(02,01) > U(61,61), we have
fge; Ui(z,01)dx < 0. But Uy(z,01) > Ui(x,z) =0 for z < 6; by a similar argument, leading

to a contradiction. Thus the local second-order condition holds globally. O

Proof of Proposition 1: Consider the change of variables t = § — 6 and ty = 6 — 6 in (7) so

that 6y becomes the terminal time. Hence, using ¢o = ¢, (7) becomes

m = —/O{[/q(e_t)v(x,a—t)dx] J@-t) - [1-F@-0) [/qw_t) UQ(x,e—t)ddet

_C {qF(O ) — /t:q(e‘ (- s)ds} .

We further define g(t) = q(0 — t), v(x,t) = v(z,0 — t), f(t) = f(0 —t), F(t)=1— F(0 —t) and
Va(x,t) = —vo(z,0 —t) Vt € [0,5 — Q}. The publisher’s problem becomes

to E(t), B o é(t)i
6(-),t$?é§—g]ﬂ N /o {[/q U(x’t)dxl ft) + F(t) [/q UQ(x,t)dx] } dt

—C (q [1 - F(to)} + /0 K q(s)f(s)ds) . (A.2)
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We treat g(t) as the control variable and [} g(s)f(s)ds as the state variable. The problem (A.2)

can be written as a standard free terminal time and free-end point control problem

max T = / U [q(t), ] dt + K [X(to), to] (A.3)
7(),to€[0,6-6]
where
X(t) = /th(s)f(s)ds vi e [0.9 6]
U(g(t),f] = qu(t)v(x,t)dx]f(t)+p(t) Voq(t) o (z, t)d] vi e [0.6 -]
K [X(to),to] = ~C ([t =Fto)] +X(to)).

The Hamiltonian function is

H X (1), q(t), At), 1] = W [q(t), £] + A(t)q(t) f (1), (A4)

where A(¢) is the multiplier function. From Kirk (1970, pp. 188 and 192), the necessary condi-
tions for X (-),q(-) and A(:) to be solutions of (A.3) are

Ho [X(1),q(t),\(t),t] = 0 Vte[0,0—6p)

N(t) = —Hi[X(1),7q(t),\t), 1] Vvt e[0,0—0h)
limA®) = lmK;[X(t),4
lin H [X(1),g(t), AMD), 1] = —lim K [X(2),1]. (A.5)

By definition of (A.4) and the function K [X(t),t], the first three necessary conditions give

o(q(t), 1) f(t) + F(t)o2(q(t),t) + M) f(t) =0Vt €[0,0 —bp) (A.6)
N(t)=0 Vte[0,0—06p) (A7)
lim \(t) = ~C" (a[1=Fto)| + X(t0)). (A.8)

Equations (A.7) and (A.8) give the optimal A(-)
A#) = ~C' (¢ |1 = Flto)] + X(t0)) vt €10, 00). (A.9)

Plugging (A.9) into (A.6) gives the optimal g(-)

o(q(t),t) = C’ (Q {1 — F(to)} + /Oto q(s)f(s)ds> — v2(q(t),t) Vt€[0,0—6). (A.10)
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Plugging the optimal A(-) into (A.4) and letting limy, G(t) = G_ gives the following expression
for the left-hand side of (A.5)

[/qq (e, to)dt’z] F(to)+F(to) [/q To(x, to)dazl —c' (q [1 — F(to)} + /Oto q(s)f(s)ds) q_f(to).

By definition of K[X (fo), to], the right-hand side of (A.5) is —C’ (g [1 = F(to)] + X (to)) ¢f (to).

After equating the two terms and rearranging, we obtain

/qq lv(.’ﬂ,to) + ?((Z?))vg(a;,to)] dx = {q_ —g} c’ (q [1 — F(to)} _A,_/Oto q(S)f(S)d3> . (A.11>

Plugging (A.10) evaluated at to into (A.11) gives

/qq lv(l‘,to) n F(tO)q;g(x,tO)] dx = [@, - g} lU(Q,to) +

Letting I'(z, to) = v(,t0) + [F(to)/ f(to)]v2(z, to) = v(@,60) — [(1 — F(60))/ f(60)]va(w, bb), the
previous equality can be written as [ qq - [['(x,to) = T(q_,to)] dz = 0, which implies §_ = ¢ by A3
when I'(x,tp) is monotone in z. Alternatively, if I'(-,¢9) = 0, then the left-hand side of (A.11)
is zero implying that §_ = ¢ because C’(-) > 0 by A2. This establishes (9).

It suffices now to rewrite (A.10) in terms of ¢(-), v(-,-) and F'(-) to establish (8), while (10) is
nothing else than the IC constraint (4). Equation (11) follows from U, = 0, which is equivalent
to limg,g, qu((’) v(z, 0)dx = limgyg, T'(¢(6)). The left-hand side is equal to zero using (9) thereby
establishing (11) since ¢(-) is strictly increasing on (6,6]. O

Proof of Lemma 2: To simplify the exposition, we suppress the arguments of functions

hereafter. Taking the total derivative of (8) with respect to 6 gives

d(va/p)  war ,

v1q + vy =

where 9(va/p)/06 = (vaz/p) + v2(0(1/p)/00). Rearranging terms gives

;_ v2[(1/v2) x (9(v2/p)/06) — 1]
q = s (A.12)

The numerator is negative by Al-(iii) and A4-(ii). We show that the denominator is also

negative.
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Suppose v2; < 0. From (8), A2 and Al-(iii), we have (v/v2) > (1/p) > 0 implying v; —
(va1/p) < v1 — [(v21v) Jva]. Moreover, vy — [(v21v)/va] = (v?/qua) x (O(—quy/v)/08) since

O(—qui/v) _ wvivy —viv _ qua ( vlzv>
06 v2 v2 ’
By Al-(iii) and A4-(i), [v?/(qus)] x [0(—qu1/v)/d0] < 0. Thus, v1 — (ve1/p) < 0. Hence under

Al-(iii), A2 and A4-(i,ii), ¢ > 0 on (fp,0]. Suppose vo; > 0. It is straightforward to see

A4-(ii), ¢ > 0 on (y,0]. That ¢(-) is strictly increasing and continuous on [fp, 6] is obvious

using (9). We now show that ¢(-) is continuously differentiable at 6y, i.e. that ¢'(fy) exists
and is strictly positive with ¢/(6p) = limg,g, ¢'(#) < co. By the Mean Value Theorem, we have
¢ (6o) = limgye,[q(0) — q(60)]/ (6 — 6o) = ¢'(A), where 6y < 6 < 6. But, limg,g, ¢'(6) is equal to
the right-hand side of (A.12) evaluated at 6y, which is finite and strictly positive under A4-(i,ii).
It remains to show that under Al-(iii), A4-(iii) and A4-(iv) imply A4-(ii). Assumption A4-(ii)
is equivalent to

/
18(”2/”)—1:”22—(1+p><0.

vy 00 v2p 0’

Since 1+ (p'/p?) > 0 by A4-(iv) and vaa/(v2p) < 0 by Al-(iii) and A4-(iii), the above expression
is negative as desired.

Regarding the second statement, because g(-) is strictly increasing on (6g,0] from above,
it follows that the IC constraint (4) can be written as T'(q) = v(q,0(q)) Vg € (¢,q]. Recall
that v(-,-) is continuously differentiable on [g, +00) x [6,6] by Al while 6(-) is continuously
differentiable on [¢,q] as 6'(q) = 1/¢'(f) with ¢(-) strictly positive and continuous on [y, 0] as
noted above. Thus, 77(-) is continuously differentiable on (¢,q], i.e. T(-) is twice continuously
differentiable on (¢,q]. We now show that T'(-) is twice continuously differentiable at g. We
note that 7'(-) exists and is continuous at ¢. This follows by the same Mean Value Theorem
argument used above replacing ¢(-) by 7°(-) and using (4) since T'(-) is continuous at ¢ by (11) and
continuously differentiable on (¢,q]. Thus, (4) holds on [q,q] showing that T"(-) is continuously
differentiable on [¢,q] as v(-, -) and 6(-) are continuously differentiable on [g, +00) x [0, 8] and [g,q],
respectively. Hence, T(-) is twice continuously differentiable on [¢,q] and T"(¢) = v(qo, 6o) > 0.

Regarding the other assertions on 7”(+), combining (8) and (10) gives

1 F(0) _

T'(q) = C'(Q) + G v2(q,0) V0 € (6o, 0.
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This establishes 77(-) > C'(Q) on (¢,q) by Al-(iii), while T'(7) = C'(Q). O

Appendix B

This appendix collects the proofs of Lemmas and Propositions in Section 4.

Proof of Lemma 4: Let § = af, which is distributed as F(-) on [0,0] = [af,af]. Let
T() = T(), q(-) = q(-/a), Oy = aby and Q = gF () + féao G(u) f(u)du. First we show that
T(-), G(-) and 6y satisfy the necessary conditions (8), (9) (10) and (11). We then show that
G*(-) = G*(-), where G*(-) is the truncated distribution of §, Q = @, and F(6y) = F (). Hence,
the observables [T(), q, F(6o),G*(-), Q} generated by the structure S are the same observables
[T(-),g, F(6y),G*(+), Q} generated by the structure S. Lastly, we show S € S.

To show T"(§()) = 0v0(G(0)) for all § € (Ay, §], we rewrite this equation using the definition
of T(-), fo(-) and G(-). This gives T"(q(6/a)) = (§/a)vo(q(f/a)) for all § € (A, 0], which is true
because of (14)~ with 8 = (§/a) € [fo,0]. To show B7p(G(0)) = C"(Q) + [(1 — F(8)/f(8)]50(G(6)

for all 6 € (A, ], we rewrite this equation using the definition of @(-), §(-) and F(-):

O wtatdjon) = '@+ L2

f(0/a)
for all § € (50,5]. If Q = Q, the above equation holds for all = §/a € (6,0] in view of (13).
Conditions (9) and (11) can be derived trivially.

vo(q(8/a))

Next, we show that the observables coincide. First, we show Q = Q. Using the definitions of
F(-), (), 6o, 0 and f(-), we have

1 0
alufa) o f(ufa)du = gF (60) + [ a(6)(0)d0 = Q.

Q= qF(aby/a) + /oz@

abo

Second, we show G*(-) = G*(-). Namely,

G*(y) = Pr(G(0) < yld(0) >¢q) = Pr(f<

using the monotonicity of G(-) and ¢(-). Third, F(fy) = F(aby/a) = F(6y).
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Lastly, we verify that the structure S belongs to S. Assumptions Bl and A2 are trivially
satisfied. Regarding A3, we have

~ 1— F(0) 1— F(6)

Fin(d) =~ ol = () ~ 7 Vo),
which is strictly monotone in ¢ or identically equal to zero for all 6 € (g, 0]. Regarding A4-(iv),
we have
i 1_~F~(é) i 1_F(é/a) . [é B 1—1*?(5/(1)]
1(9) (1/a)f(0/a) a  f0/a) |

which is strictly increasing in #/a and hence in §. O

Proof of Lemma 5: We first prove necessity. As explained in the text, because ¢/(-) > 0 on
160,8], we have G*(g) = [F(6)—F (60))/[1—F(6)] with a density g*(q) = 0'(q) £(6)/[1—F(6o)] > 0
on [q,q], where § = 6(q). Elementary algebra gives [1 — F'(0)]/f(0) = 0'(q)[1 — G*(q)]/9"(q).
Equations (13) and (14) lead to

1-G*(9)

@ 0 (q)vo(q) for g € (¢,q]- (B.1)

T'(q) =~ +

Differentiating (14) with respect to ¢ gives T"(q) = 0(q)vj(q) + 0'(q)vo(q), i-e. 0 (q)vo(q) =
T"(q) — 0(q)vy(q). Substituting the latter in (A.13) gives after some algebra

9" (q) 5 [T"(q) — ] for ¢ € (¢,9),

0(q)vo(q) = T"(q) — -G

and hence for ¢ € (¢,q] by continuity. Dividing the left-hand side by 6(q)vo(q) and the right

hand side by T"(q) = 6vo(q) gives

vl T g*() {1 9
vo(q) T'(¢g) 1-G*(q) T'(

Integrating both sides of the above equation from ¢ to ¢ gives

vo(q) 1o T\ (7 g’ (v e )
log<vo(q))—1g<T,(q)> /ql—G*(x) <1 T’(x))df q < (g9 (B.2)

Taking the exponential gives

vo(Q)_T’(q)eX e gt@ (o . )
w(@) T pl | e (1 T’(:E))d]f ¢¢€ (2.3 (B.3)

q)} for ¢ € (¢,q.
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Condition (14) evaluated at g gives T"(¢q) = 6ovo(g). Multiplying the right-hand side of (A.15)

by T'(q) and the left-hand side by fyvo(q) gives for g € (¢,7]

volq) = [ /1_ :i

- T'f’[l—G*@] exp
0

-

{ log(l — G*

/ log(1 (2)) Z;”((xx)) dx }]
T'(q)

- I [1—G*<q>]1T”<q>exp{—v / log [1 - G () f(fc))dm}

where the third equality is obtained using integration by parts. This establishes (15) as 6(q) =
T'(q)/vo(q) by (14). Moreover, we have £(g) = 1 and limg5&(q) = /60 since Guvo(q) = T"(7).

All the derivations in the above proof are reversible, so the proof of sufficiency is omitted. O

Proof of Proposition 2: We consider two different structures S = [vg(), F(+),C’'(:)] and
S = [9o(-), F(-),C'(-)], where F(-) is defined on [0, 6] with 6y = 1 and F(-) is defined on [é,é}
and 0y = 1. Both structures are assumed to be in S and to generate the same observables
[T(-),q,F(60),G*(-),Q]. By Lemma 3, we note C'(Q) = C’(Q) = 7. In view of Lemma 5, the

structure S has to satisfy

Bo(q) = T’H(O q) [1—G*(q )] T exp {_fy /qq log [1 — G*(z)] 71:;;;1)*)2 de‘} Yq € (q,9|
0(q) =0y [1 — G*(q)]w%q)—l exp {7 /qq log [1 — G*(z)] 11://;%)2 daz} Yq € (q,9|

By B2, 6y = 6 showing ¥(-) = vo(-) and 6(-) = 6(-) o n (g¢,q] and hence on [g,q] by continuity
at g. Thus, F*(:) = G*(4(-)) = G*(q(:)) = F*(:) on [6,0]. Thus, vo(-) and F*(-) are uniquely
determined on [g,q] and [fy, 6], respectively. Moreover, § = 6 is identified as they are both equal

to limgy5 £(q), while vo(q) = ©o(q) = T"(¢) by Lemma 2 and B1-B2. O
Proof of Proposition 3: We begin by noting that for every z = (21,22) € Sz = Sz, 2,
iaelz) = Prfe<elZ =z > (2]
= Prl0 <r(z,e)|Z =2,0>1]
= Fyz(r(z,¢)]2), (B4)
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for every e € S, where the second equality follows from B4-(iii). Moreover,
ey = Fl2) ~ Figle(2)2)
1= Fyz(e(2)lz)
for every e € [e(2), +00). We note that F,(e(2)|z) = Prle < e(2)|Z = z] = Prlr(z,¢) < 1|Z =
z] = Pr[f = 0y|Z = 2], thereby establishing that Fz(e(2)]2) is identified for every z € Syz.
We now turn to the identification of Fyz(-|-). Applying (B.4) and (B.5) at (27, 22) with

(B.5)

29 € SZzsz gives

Foz,,2,(€|21, 22) — Fyz, z,(e(27, 22) 21, 22)

= F, elz9, zo B.6

1 — Fe\Zl,Zg(e(Z%ZQ)‘Z%Z?) 0\21,22( ’ 1 )a ( )

for every e € [e(27,22), +00) N S0z, = [0, +00) N S0 ., since e(27, 22) = O as explained
in the text. By B4-(i), we have S..o., = S,z and Fyz, z,(e[27,22) = Fyz, z,(elz1, 22).

Using Sz, .0 = Sz, by B4-(ii), simple algebra establishes the expression for Fy z, 7,(e|z1,22) in
Proposition 3, and hence its identification on {(z1, 22,€) € Sz, z,.c : € > Op}.

Turning to the identification of r(z,e), we note that combining (B.5) and (B.6) leads to
the expression for F7 »(+|") in Proposition 3, thereby establishing its identification on {(z,e) €
Sz 1 e > maxle(z), 6]} Inverting (B.4) establishes the expression for r(z,e) in Proposition 3,
and hence its identification on {(z,e) € Sz, : e > max[e(z),6p]}. Moreover, maxe(z), 6] as a

function of z € Sz is identified by

max|e(2),60y] = FJZI[PI(G~ =1|Z = 2)|2]M[Pr(f = 1|Z = 2) > Pr(f = 1|Z = (2§, 2))]
+00l[Pr(0 = 1|Z = 2) < Pr(6 = 1|Z = (29, 22))].

This follows from e(z) > g if and only if Pr(d = 1|Z = 2) > Pr(d = 1|Z = (29, 22)), while
e(z) = FETZI[Pr(é = 1|Z = z)|z] whenever e(z) > 6y. O

Proof of Lemma 6: Given A2, A4-(iv) and B2, the assumptions of Lemma 2 are satis-
fied. Moreover, under Bl and B5 the observations {g;,i = 1,...,N*} are iid. as G*(-).
This implies (i) gmax = 7 + Ous [(loglog N*)/N*], and (ii) N*(gmax — ) —> —E/g"(q) as
N* — oo. These properties of gmax follow from e.g. Galambos (1978) noting that ¢*(-) is
continuous and bounded away from zero on [g,q] as shown at the beginning of the proof of
Lemma 5. Specifically, (i) follows from Galambos (1978) Theorem 4.3.1 and Example 4.3.2 by
letting uy+ = g — x(loglog N*)/N* for any £ > 1 so that > F-_s[1 — G*(un+)] exp{—N*[1 —
G*(un=)]} = SP_p vy < 00 as v+ ~ Oy« = kg*(q)[loglogn*]/[N*(logn*) 9" @] as N* —
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oo with Yo On+ < oo. Thus, Pr[g — gmax > r(loglogN*)/N*io] = 0, ie. Pr[0 <
(N*/loglog N*)(q — gmax) < k for N* sufficiently large] = 1. Similarly, (ii) follows from Galam-
bos (1978) Theorem 2.1.2 and Section 2.3.1 with a, = g and b, = q — G*}(1 — 1/N*).
Specifically, since lim;_,o[1 — G*(q — 1/(tx))]/[1 — G*(§ — 1/t)] = 1/x for x > 0, we obtain
(¢max — G)/bn 2, =&, ie. (ii) as b, ~ 1/[¢g*(@)N*] as N* — oo. The lemma then follow
from the standard delta method. Namely, ¥ — v = T"(¢max) — 7" (@) = T"(q)(qmax — @), Where
gmax < ¢ < g using a Taylor expansion and the continuous differentiability of 7”(-) by Lemma
2. Moreover, N*/N %% 1 — F(6p) > 0. O

To establish Proposition 3, we use two lemmas.

Lemma 7: Under B1-B5, as N* — oo we have

1-G()
log <1 _ G*(-))

on [q, g4 for every ¢4 € (¢,7).

(4)

220, (ii)VN*log G : gg;) = ffg(g}l(('.))-
N

Proof of Lemma 7: Under B1-B5 the observations {¢;,7 = 1,..., N*} are independent and
identically distributed as G*(-). Let D = Dlq, ¢;] with uniform metric || - [|.

(i) Let C be the set of continuous functions on [q, ¢] with uniform norms strictly smaller than
one. Let h(-) map ¢ € D to h(y)) € D, where h(¢)(-) =log [l — ()] if [|¢]]+ < 1 and h(y))(-) =0
otherwise. In particular, if ¢y~ € D — 9 € C, then for N* sufficiently large ||¢n+|| < 1 and
h(¥n+) = h(¥). Now, ||G* — G*|l+ < 0 by the Glivenko-Cantelli theorem as N* — oco. It
follows from van der Vaart (1998) Theorem 18.11-(iii) that ||h(G*) — h(G*)|ly <% 0, where
h(G*) = log(1 — G*) since G* € C as ||G*|y < G*(g;) < 1. Noting that h(G*) = log(1 — G*)
because ||CA¥"‘||Jr <G* (gt) £ (N* —=1)/N* < 1, the desired property follows.

(if) Let hn+(-) maps ¥ € D to hy-() € D, where hy-()(-) = VN*log [1 —v(-)/VN7|
if |9]l+ < V'N* and h(¢)(-) = 0 otherwise. Let ho(-) be minus the identity. In particular, if
1Y — ¥l = 0 with ¢ € D, we have |[¢n=||{/N** — 0 for any a > 0 because [[9)[|y < oo.
Hence, hy«(¢¥n+)(-) = vV N*log [1 - T/JN()/\/]W} for N* sufficiently large by taking o = 1/2.
Thus, using log(1 + x) = = — 22/[2(1 + 7)?] with 0 < |#| < |z| from a second-order Taylor
expansion, we obtain for & = —n-(q)/vVN* and 0 < |[{n-(q)| < [¥n=(q)|/VN*

AN (Yn+) = ho(¥)|ly = sup ‘\/ﬁlog [1 - ZDN*(Q)/\/]W} + w(Q)‘

q€q,9+]
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_w b () — Pn-(g)?
= S [P e R i (@)

< N =9 +lsup‘1€[gm] ¥n-(9)*/VN*

< N LI infqe[gth][1_|_@[,N*(q)]2
1 llow-lIF/ VN

< lons — |+ + 3 T [om [N

Thus, |[An=(Yn+)—ho(¥) ||y = 0 as [[n+ =l = 0 and |[n+||/N** = 0 for « = 1/2 and 1. On
the other hand, vV N*(G* — G*)/(1 — G*) = Bg+ /(1 — G*) on [, g3 since VN*(G* — G*) = Bg-
as N* — oo by the Functional Central Limit Theorem. See e.g. van der Vaart (1998) Theorem
19.3. Applying van der Vaart (1998) Theorem 18.11-(i), it follows that

B (WG -G ) :»ho( Ba- ) —Ba-

1- G 1-G¢)  1-G*

But, as N* — oo, [|[VN*(G* —G*)/(1 - G*)||ly < V/N* since ||(G* — G*)/(1 — G*||y £ 0. Thus,

hs (x/N*(i__GG*) = v/ N*log [1 —~ Ci__(f] = V/N*log <1 — ) :

This establishes the desired result. O

Lemma 8: Under A2-(iv), A4, B1-B3 and B3, for any q; € (¢,q), we have as N — 0o

(i) 1) — €0l = 0,

(ii) as a random function in Dlq, g, VNEG) —EC)] = €0)Z(:)//1=F(0y), where Z(-) is
the tight Gaussian process defined in (26).

Proof of Lemma 8: By (16) and (20), &(¢) > 0 and &(¢) > 0 for all ¢ € [¢, Gmax)- Thus,

€D _ [ 7 e |1oG@ 1T)  [1-G@)]
8 i = |7 @1gL—mmJ*7quwlgL—@mﬂd
Y — Ak ~ a T”(CB) Ak
+;’(q? log {1 -G (q)} +H =) . Ta)? log {1 -G (x)] dz, (B.7)

for ¢ € [¢, ¢max). Moreover, ¢; < ¢max almost surely as gmax 2% G by the proof of Lemma 6.
Note also that T'(-) > C"(Q) > 0 on [q,q] so that T"(-) is bounded away from zero on [q, q|.

(i) From (B.7), Lemma 6-(i) and Lemma 7-(i), we have || log(é/f)HT 2% 0. By the continuous
mapping theorem, we obtain ||€/€)[ly %2 1 and hence [|€ — &)|[; 2% 0 as 0 < ||€]|; < oo.
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(ii) Using Lemmas 6 and 7, it follows from (B.7) that

g _ |N B o [1267(0) “T"(x) o (126G @)]
VNlog o0y = N*{L%) 4“%1gl1cwmﬁ+74 >J1gL.G%m1d}
+Oa-5-( )

uniformly in ¢ € [g, ¢;]. Hence, using N*/N =5 1 — F(6p) > 0, it follows from Lemma 7-(ii)
and the continuous mapping theorem that

OQ Z(-)
V/N log ():7(90) (B.8)

by (26). From a first-order Taylor expansion we have v/N log [é( )/€(q )} = f[é( )—£&(q )} /€(q),
£(

mmemqmem@mmmf[>u]aM%QWm]
The desired result follows from (B.10) and ||€ — & |+ <% 0. Lastly, Z(

process as it is a bounded linear transformation of Bg«(-). O

-) is a tight Gaussian

Proof of Proposition 4: Using B3, we have vg(q) = T'(q)/£(q) > 0 and 0(q) = &(q) > 0 by
(15), while do(q) = T'(¢q)/&(q) > 0 and 0(q) = £(q) > 0 by (24) for all ¢ € lq,q1] as T'(-) > 0
by Lemma 2. Moreover, 0 < |£[|4 < oo. Thus, (i) follows from Lemma 8-(i). Regarding (ii),
we have v/Nlog[tg()/vo(-)] = VN log[0(-)/0()] = VN1loglé(-)/é(-)] = —Z(-)//T = F(6y) on
Dlq, g;]. The desired result follows by the argument at the end of the proof of Lemma 8. O
Proof of (27): We have E[Bg-(q)Ba-(¢')] = G*(q)[1 — G*(¢)] for ¢ < ¢ < ¢’ <G. See e.g. van
der Vaart (1998, p.266). Thus, for ¢ < ¢ < ¢ <7

. [ Ba-(q) B (d) } _ G
1-G*(q)1-G*(¢)] 1-G*(q)

which is independent of ¢’. Hence, from the definition of Z(-) we have for ¢ < ¢ < ¢’ <7

R | B e
- {1‘ TM q Z(S)?E [fa(;i?)) EG(;’(‘T))} w
gt j %?';( QE [t

o (] ] 50
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Using f: T"(x)/T'(z)?dz = [1/T"(a)] — [1/T"(b)] and
q T”(:U) x T//(:E/) G*(x/)
q T/(.Z‘)Q q T/(J}/)2 1—G*(2§‘/)
-1 e T"x) GH(x) . 7 1 T'(x) G*(x)

_tm@qrwn_m@d+éwmrwn—@@

dz' dx

dx,

which is obtained by integration by parts, the desired result follows after some algebra. O
Appendix C

As noted in Section 2, advertisements differ in size and quality (color and other features).
It may be useful to review how quality can be integrated in nonlinear pricing models. Maskin
and Riley (1984) consider a a monopolist who discriminates consumers by offering bundles of
quantity and quality, both taking continuous values. With a one dimensional parameter of
adverse selection, the optimal bundle should lay on an increasing curve in the quantity-quality
space. Our data, however, display a weak correlation between the number of colors and the
advertising size chosen by businesses. In particular, businesses choose several color options for a
given advertising size. An alternative but more model would be to consider a multidimensional
parameter of adverse selection. This would lead to multidimensional screening, which is known
to require restrictive parametric assumptions on the model primitives to be solved. See Rochet
and Chone (1998) and Rochet and Stole (2003) .

Instead, we observe that the ratio of prices for two different color options remains constant
across sizes. For instance, considering the no color and one color display price schedules, this
ratio equals 1.5 across the 9 possible advertisement sizes. Similarly, when considering the no
color and multicolor display price schedules, the ratio equals 1.75 across advertisement sizes.

Based on the Yellow Page Association data, such a pricing strategy for colors is used by Verizon
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across all areas in the United States. This pricing strategy for colors suggests that Verizon
does not use the quality dimension to discriminate businesses. On the other hand, because
of technological constraints, advertisement sizes cannot be offered on a continuous scale. The
various color options can then be viewed as filling up the size scale.

In view of this empirical evidence, we construct a quality-adjusted quantity index. We con-
sider the price schedule for multicolor displays and adjust the advertising sizes for other color

options accordingly.?® Using this schedule from the Yellow Page Association, we obtain
log(T) = 4.1602 + 0.7317 x log(q) + 0.0062 x (log(q))2, (C.1)

where T is the price in dollars and ¢ is the advertising size measured in square picas. The
coefficients are estimated by ordinary least squares. The R? of such a regression is 0.999, which
is an almost perfect fit.3¢ Equation (C.1) gives the price schedule T'(-).

The quality-adjusted quantity ¢ is constructed as follows. For every business, its quality-
adjusted quantity is obtained by solving (C.1) for ¢; given its payment T;. As an illustration, a
one-page advertising display measuring 3,020 square picas with no color becomes equivalent to
1,470 picas in multicolor. Similarly, a half-page advertising display of 1,485 square picas with
one color corresponds to a multicolor-adjusted quantity of 1,153 square picas. Table 3 provides
some summary statistics on the prices paid and the quality-adjusted quantities bought by the
4,671 businesses. We note that an additional line to the standard listing is 1.8512 adjusted-
quality square picas. Given that a standard listing is over one or two lines, the standard listing

q offered at zero price is measured as 1.8512/2 = 0.9256 .

350ur choice of the multicolor display schedule is without loss of generality. We could have chosen
another price schedule though the observed size range would be narrower.

36There is no endogeneity problem in this equation as g is not endogenous.
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Table 1. Revenue Ranking by Industry Headings

Industry heading Revenue Percentage
Attorneys $512,587 8.52%
Dentists $222,324 3.69%
Insurance $188,302 3.13%
Storage household & commercial $141,063 2.34%
Restaurants $130,673 2.17%
Hotels $130,655 2.17%
Physicians and Surgeons $126,070 2.10%
Plumbing contractors $101,840 1.69%
Carpet & rug cleaners $99,861 1.66%
Veterinarians $91,607 1.52%
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Table 2: Number of Purchases and Revenue by Sizes

Picas? Percent of a page # Purchases Revenue Percent
Listing
12 0.4% 2,152 30 0.0%
18 0.6% 844 $127,613 2.12%
24 0.79% 223 $22,478 0.37%
27 0.89% 802 $238,361 3.96%
30 0.99% 117 $29,333 0.49%
36 1.19% 127 $32,530 0.54%
39 1.29% 133 $48,899 0.81%
42 1.39% 31 $10,937 0.18%
45 1.49% 8 $3,721 0.06%
46 1.52% 12 $5,501 0.09%
48 1.59% 9 $3,617 0.06%
51 1.69% 45 $20,145 0.33%
54 1.79% 23 $12,423 0.21%
57 1.89% 1 $618 0.01%
58 1.92% 1 $517 0.01%
60 1.99% 4 $2,029 0.03%
63 2.09% 11 $5,638 0.09%
66 2.19% 15 $10,217 0.17%
72 2.38% 10 $7,415 0.12%
75 2.48% 1 $593 0.01%
78 2.58% 1 $808 0.01%
81 2.68% 10 $8,744 0.15%
84 2.78% 3 $2,671 0.04%
87 2.88% 3 $2,257 0.04%
93 3.08% 8 $6,774 0.11%
96 3.18% 2 $1,411 0.02%
99 3.28% 2 $2,207 0.04%
105 3.48% 2 $1,817 0.03%
108 3.58% 3 $3,635 0.06%
111 3.68% 1 $1,072 0.02%
114 3.77% 1 $958 0.02%
117 3.87% 3 $3,684 0.06%
120 3.97% 1 $934 0.02%
132 4.37% 1 $1,009 0.02%
135 4.47% 1 $1,754 0.03%
138 4.57% 1 $907 0.02%
144 4.77% 1 $3,176 0.05%
159 5.26% 1 $1,375 0.02%
162 5.36% 1 $1,590 0.03%
189 6.26% 1 $1,426 0.02%
192 6.36% 1 $2,218 0.04%
198 6.56% 1 $1,915 0.03%
225 7.45% 1 $2,713 0.05%
228 7.55% 1 $2,117 0.04%
282 9.34% 2 $5,572 0.09%
336 11.13% 1 $2,801 0.05%
Total 4,623 $648,127 10.77%
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Table 2 (continued)

Picas? Percent of a page # Purchases Revenue Percent

Space Listing

54 1.79% 806 $406,224 6.75%
66 2.19% 88 $53,222 0.88%
72 2.38% 215 $167,814 2.79%
78 2.58% 24 $16,934 0.28%
81 2.68% 5 $4,350 0.07%
84 2.78% 26 $22,927 0.38%
90 2.98% 3 $2,419 0.04%
96 3.18% 11 $10,809 0.18%
99 3.28% 5 $5,735 0.10%
102 3.38% 1 $907 0.02%
108 3.58% 108 $154,351 2.56%
111 3.68% 2 $2,130 0.04%
120 3.97% 17 $23,940 0.40%
126 4.17% 6 $8,268 0.14%
132 4.37% 9 $13,759 0.23%
135 4.47% 2 $2,572 0.04%
144 4.77% 122 $149,089 2.48%
153 5.07% 1 $1,349 0.02%
156 5.17% 6 $7,651 0.13%
162 5.36% 4 $7,686 0.13%
168 5.56% 3 $6,440 0.11%
183 6.06% 1 $1,954 0.03%
189 6.26% 2 $3,770 0.06%
198 6.56% 1 $2,898 0.05%
204 6.75% 1 $1,626 0.03%
216 7.15% 7 $15,960 0.27%
228 7.55% 1 $2,180 0.04%
234 7.75% 1 $2,772 0.05%
243 8.05% 3 $9,188 0.15%
297 9.83% 1 $2,207 0.04%
324 10.73% 1 $6,731 0.11%
351 11.62% 2 $8,294 0.14%
612 20.26% 1 $6,376 0.11%
Total 1,486  $1,132,532 18.82%

20



Table 2 (continued)

Picas? Percent of a page # Purchases Revenue Percent
Display
174 5.76% 9 $18,182 0.30%
201 6.66% 137 $287,260 4.77%
208 6.90% 11 $27,192 0.45%
213 7.05% 11 $21,559 0.36%
220 7.29% 2 $5,443 0.09%
225 7.45% 6 $12,650 0.21%
235 7.79% 126 $320,074 5.32%
237 7.85% 2 $3,881 0.06%
246 8.15% 1 $2,180 0.04%
247 8.19% 14 $36,982 0.61%
259 8.58% 2 $5,645 0.09%
262 8.68% 1 $2,281 0.04%
271 8.98% 2 $5,381 0.09%
289 9.58% 2 $7,184 0.12%
301 9.98% 1 $4,082 0.07%
355 11.76% 6 $29,209 0.49%
379 12.56% 1 $3,276 0.05%
382 12.66% 135 $603,636 10.03%
391 12.96% 2 $9,715 0.16%
394 13.05% 19 $93,626 1.56%
406 13.45% 5 $21,500 0.36%
409 13.55% 2 $9,565 0.16%
421 13.95% 1 $3,541 0.06%
436 14.45% 3 $18,616 0.31%
517 17.13% 1 $6,743 0.11%
537 17.76% 2 $8,947 0.15%
544 18.02% 1 $5,860 0.10%
549 18.16% 3 $17,062 0.28%
562 18.62% 1 $7,523 0.13%
564 18.66% 70 $472,910 7.86%
576 19.06% 9 $64,538 1.07%
582 19.25% 1 $7,321 0.12%
588 19.45% 1 $7,346 0.12%
600 19.85% 2 $9,653 0.16%
621 20.55% 1 $8,190 0.14%
663 21.94% 1 $9,161 0.15%
735 24.34% 1 $5,872 0.10%
762 25.23% 24 $221,752 3.69%
774 25.63% 6 $50,512 0.84%
783 25.93% 1 $11,214 0.19%
786 26.03% 1 $10,458 0.17%
798 26.42% 1 $6,174 0.10%
978 32.38% 1 $13,385 0.22%
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Table 2 (continued)

Picas? Percent of a page # Purchases Revenue Percent
Display

1137 37.65% 6 $82,877 1.38%
1485 49.17% 2 $35,280 0.59%
1512 50.07% 47 $759,594 12.62%
1521 50.36% 1 $15,990 0.27%
1524 50.46% 4 $56,248 0.93%
1536 50.86% 2 $36,061 0.60%
1566 51.85% 1 $10,748 0.18%
1593 52.75% 1 $19,039 0.32%
1623 53.74% 1 $19.090 0.32%
1794 59.40% 1 $21,017 0.35%
3020 99.98% 1 $32,395 0.54%
3047 100.88% 8 $261,298 4.34%
3071 101.67% 1 $32,597 0.54%
3074 101.77% 2 $62,737 1.04%
3083 102.07% 1 $33,076 0.55%
3119 103.26% 1 $33,378 0.55%
3182 105.35% 1 $34,733 0.58%
3275 108.43% 1 $37,667 0.63%
3311 109.62% 1 $34,008 0.57%
6066 200.86% 1 $60,380 1.00%
6147 203.54% 1 $61,478 1.02%
Total 714 $4,236,973 70.41%
Grand Total 6,823 $6,017,632 100.00%
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Table 3: Some summary statistics

Mean Min Max STD

T 1,288.30 100.80 61,478.40 3,289.85

q 7461 185 6,229.90  277.53

o 16.07  0.59 38.72 10.14

6 241 104 13.95 1.69

AU 883.94  3.99 30,708.00 2,370.80
AU/(AU +T) 0.295  0.039 0.478 0.127

Table 4: Some summary statistics on the three groups (the mean, min, max and standard
deviation values are given for the businesses buying advertising)

Number Buying Mean Min Max STD

Group 10| 4439 70.96% 249 1.04 13.95 1.80

Group 2 6 1,858 67.71%  2.30 1.04 12.36 1.50

Group 3 0 526 50.00% 1.96 1.04 837 1.10
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Figure 1: 0g(+)

Figure 2: 0(-)

Figure 3: Estimated Type Density
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Figure 4: 0 — [1— F(9)]/f(0)

Figure 5: Estimated Type Densities

Figure 6: Simulated ¢1(-), ¢2(-), ¢3()
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Figure 7: Simulated T1(-), T>(-), T5(-)
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