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Abstract

When asset prices are modelled by Itd semimartingales, dbadratic variation con-
sists of a continuous and a jump component. This paper i aifetence on the jump part
of the quadratic variation, which we estimate by using tHiedince of realised variance
and realised multipower variation.

The main contribution of this paper is that we provide a hatarasymptotic limit the-
ory for realised variance and realised multipower variatiothe presence of jumps. From
that result, we can then deduce the asymptotic distributiothe estimator of the jump
component of quadratic variation and can make inference. drurthermore, we present
consistent estimators for the asymptotic variances ofiii¢ distributions which allows us
to derive a feasible asymptotic theory. Monte Carlo stuthgsal a good finite sample per-
formance of the proposed feasible limit theory, and an enaistudy shows the relevance
of our result in practice.

1 Introduction

Inference on the variation of asset prices has been studigdeat detail in the last decade.
Due to the fact that high frequency asset price data haventeeuadely available, one can
now use nonparametric methods which exploit the specificiitre of high frequency data to
learn about the price variation over a given period of timénilé/logarithmic asset prices have
often been modelled by Brownian semimartingales, the fedussearch has recently shifted
towards more general models which allow for jumps in thegopgoocess. This paper follows
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Rhodes Trust and by the Center for Research in Econometatysis of Time Series, CREATES, funded by the
Danish National Research Foundation, is gratefully ackedged.
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1 INTRODUCTION 2

this recent stream of research by assuming that the logadtasset price is given by an Itd
semimartingale of the form
d}/; = btdt + Utth + th,

which consists of a Brownian semimartingalgl{ + o,dWW;) and a jump componend ;) (the
exact assumptions and regularity conditions will be defimede precisely below).

This paper is about inference on the jump part of the quadvatiation process of the price
process. The quadratic variation (see e.g. Protter (2@d4he price process is given by

V]e = Y] + [V,

where

V] = /O o2ds and vii= Y (AL

0<s<t

denote the continuous and discontinuous (or jump) partssofiiadratic variation, respectively.
While inference on the continuous part of the quadraticatemn has been studied in detail in
the literature (see e.g. Barndorff-Nielsen & Shephard 23Q)dnference on the discontinuous
part has not been studied explicitly yet. However, an irdiveay to gain information on the
jump part of quadratic variation is given by any test for thegence of jumps (e.g. Barndorff-
Nielsen & Shephard (2006), Ait-Sahalia & Jacod (2006) amcbd & Todorov (2007)). So
Barndorff-Nielsen & Shephard (2006) have studied a relgigestion and introduced several
non—parametric tests for testing the null hypothesis otinags versus the alternative of jumps.
In order to make inference on the jump part of quadratic tamna our first steps will follow
the methodology of Barndorff-Nielsen & Shephard (2006)pvetxploited the fact that jumps
in the asset price are reflected in a jump part of the quadratiation and vice versa. So their
main idea was to compare two measures of variance: one whiaht robust to jumps, a quan-
tity calledrealised variancgsee e.g. Comte & Renault (1998), Barndorff-Nielsen & Slaegh
(2002), Andersen, Bollerslev, Diebold & Labys (2001)), ttkatimates the total variation of
the price process, and one which is robust to jumps, cadlelised bipower variatiorisee e.g.
Barndorff-Nielsen & Shephard (2004), Barndorff-Niels@maversen, Jacod, Podolskij & Shep-
hard (2006)), and only estimates the continuous part oféin@nce. By using the difference or
the ratio of these two quantities, they have found a consist&timator for the jump part of the
total price variation. Furthermore, they have derived thygngptotic distribution of these test
statistics under the null hypothesis (that there are no gympluang & Tauchen (2005) have
carried out an extensive simulation study based on thesestic results; this revealed a very
good finite sample performance of the proposed test statisti

However, the asymptotic distribution of these test stagsinder the alternative hypothesis
(that there are jumps) has not been known yet. So in order &bleeto make inference on
the jump part of quadratic variation or to derive the asyripidistribution of the test statistics
under the alternative hypothesis, we have to find the asytoplistribution of a consistent esti-
mator of the jump part of the quadratic variation. This isatlethe task we tackle in this paper.
Recently, the concept of bipower variation has been exttamultipower variation(see e.g.
Barndorff-Nielsen, Graversen, Jacod, Podolskij & Shegt{a®06), Barndorff-Nielsen, Shep-
hard & Winkel (2006), Woerner (2006)). Jacod (2006) hasveeria central limit theorem
for realised multipower variation from realised tripowewards (but not for realised bipower
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variation). We follow this line of research and derive theimrasult: If one uses multipower
variation of higher powers than two (e.g. tripower or quag@ovariation) for estimating the
continuous part of the price variation, similar test statssas the ones proposed by Barndorff-
Nielsen & Shephard (2006) can be constructed whose difiritgican be calculated when there
are jumps. So our key result is that

( (Realised variance - realised multipower variatien)y’]*)

5
3

— Mixed Normal (0, constant / olds + 2 Z (02 +02) (AJS)2> 7

where the powers in the multipower variation have to sasiyie constraints as explained later
(see equation (13)).

So in afirst stage, we derive infeasible limit results (aggigbove), which means that the
asymptotic distribution (particularly the asymptotic iegice) depends on components of the
price process which we do not observe. In a next step, weaephe unobserved asymptotic
variance by a consistent estimator, which we construct gussimilar framework as the one
studied in Veraart (2007) for realised versions. So in the e are able to make inference on
the jump part of the quadratic variation and not only on thegrated variance.

The remaining part of the paper is structured as followsti&ed.2 introduces the notation
and the main model assumptions. In Section 4.3, we reviewntb& important facts about
realised variance and realised multipower variation. iSeet.4 contains the main contribution
of this paper. First, we sketch some of the important thezaktvork by Jacod (2007, 2006) on
univariate asymptotic results for realised variance aatised multipower variation. Then, we
present our main result: the asymptotic distribution of\abate process of realised variance
and realised multipower variation in the presence of jurfpsm this, we can derive the asymp-
totic distribution of various jump—test statistics undettbthe null and alternative hypotheses.
Furthermore, we show how the infeasible limit results carctneverted into a feasible limit
theory. In Section 4.5, we carry out a detailed simulatiardgt which we use for assessing
the finite sample performance of our proposed test staisttwrthermore, we compare test
statistics based on different powers, and we investigaertide—off of an efficiency gain for
estimating the continuous part of the variance by multipovegiation of low power (tripower,
guadpower) versus a decrease in the finite sample bias by osiitipower variation of high
power (10—power, 20—power). An empirical study is theniedrout in Section 4.6, where we
study some high frequency equity data and identify jumphléngrice process. Finally, Section
4.7 concludes the paper and gives some prospect on futwearchs The proof of our main
theorem and the tables with the results from the simulatiodysare given in the Appendices
(Section 4.8.1 and 4.8.2, respectively).

2 Setup

We assume that the logarithmic asset price is given by avalaled 1td semimartingal® =
(Y:)r>0, Which is defined on a probability spac@, A, (F;):>0.P) as given below, where we
use the same assumptions as in Jacod (2007).
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Hypothesis (H) Let

t t
Y=Y+ / bsds + / osdWs + 1(0) x (pt — 1) + K'(6) * p,, (1)
0 0
where

¢ IV is one-dimensiondlF;),~,—Brownian motion ang. is a Poisson random mea-
sure onR, x R;

e x a continuous truncation function which is bounded, has @rnhgupport and
k(x) = x in a neighbourhood df andx'(x) = x — k(z);
e v denotes the compensator of the jump meaguwwé X andv(dt, dz) = dtF,(dz).

e Let) denote a predictable map framx R, x R onR. ThenF;(w, dx) is the image
of the Lebesgue measure Brby the mapr — (w, t, z);

e v(ds,dx) = ds ® dv denotes the predictable compensatop of

e The processe&,) and [(1 A 2?)F,(dz) are locally boundedF;),-o—predictable,
and the procesgr,) is cadlag adapted.

Note that every Itd semimartingale admits a represemtaisan (1) where: is a Poisson random
measure and(ds, dz) = ds ® dx. Further note that and1¥ can be dependent in this general
model framework and, hence, our model accounts for thedgeeeffect.

Another assumption is concerned with the jump part of thersamingale.

Hypothesis (K) We assume that (H) is satisfied and that the coefficde(dee (1)) satisfies
|0(w,t,z)| < v(x) forall t < Ty(w), wherev, denote some deterministic functions on
R which satisfy[ (1 A 2?) o, (z)dx < oo and(T},) are stopping times increasing-tex.

We need also an assumption for the volatility process. ls paiper, we shall focus on
volatility processes which satisfy the following conditg

Hypothesis (L-s) (H) holds and the volatility processhas the form

t t t
oy = 0o + / budu + / g, dW, + / T, AW, + K(0) * (p — 1) + K'() x 1,
0 0 0
and

e I/’ is another Brownian motion on the spaée A, (F;):>o, P), which is indepen-
dent of W/,

e the proces@t) is optional and locally bounded;

e the processe@,), (d;), (o,) are adapted left—continuous with right limitsdpand
locally bounded;

e the functionsi(w, t, z) andd(w, t, =) are predictable and left—continuous with right
limits in ¢. Also, |0(w,t,z)] < v (z) and|d(w,t, x)| < Ax(z) for all t < Ty (w),
where~,., 7, are deterministic functions oR with f¢s o yp(z)dxr < oo (where
we define0® = 0) — note that this is the condition where te@omes in — and
[ ¢2 0 Ap(x)dr < co. We definep, by ¢(x) = 1 Afz|* if 0 < s < oo and by
¢s(x) = Ip\(oy () if s = 0. Furthermore(7},) denotes a sequence of stopping times
increasing tot+oo.
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So under (H) and (Ls) for any s € [0, 2], we essentially consider a Brownian semimartingale
with drift and jumps. Note that we assume in{).-thats € [0,2]. If s < s < 2, then (Ls)=
(L-s")= (K) =(H). Also note that (L) implies thatX has locally finitely many jumps and if
X is continuous, then all hypotheses ) are identical for alk € [0, 2] (see Jacod (2007, p.6)).
Finally, we formulate a hypothesis which guarantees thatstmimartingale has a Brownian
semimartingale component which is nowhere degenerate.

Hypothesis (H’) Hypothesis (H) holds ang?) and(s? ) do not vanish.

For our asymptotic theory, we need some further notationg¢hvfollows Jacod (2007)’s
framework. Let({Y', A’,]P") denote an auxiliary space which supports two Brownian matio
W andWV, two sequences d¥’ (0, 1) random variables, denoted biy,) and(U, )’ and, further, a
sequence of random variablgs) which are uniformly distributed oft), 1]. All these processes
are assumed to be mutually independent. Now we extend ayinaliprobability space and we
write

Q=Qx, A=A A, P=PxP.

One can now extend, in the obvious way, the variable$,, . . . defined orf2 andIV/, W, Up, ...
defined ont?’ to the product space (without change of notation). Eetenote the expectation
with respect taP. Further, let(7,,) denote stopping times which are an enumeration of the
jump times ofY". Finally, we Write(ft) for the smallest right—continuous filtration dfwhich
contains(F;) and with respect to which’ is adapted and, further, such ttigf, U, and¢, are

Fr,—measurable for ajh.

Straightforwardly, )/ andV are (Jf})tzo-Brownian motions undeP, which also holds for
W andW’. Furthery is a Poisson measure with compensatéor the bigger filtration.

3 Review of Realised Variance and Realised Multipower Vari-
ation

After having introduced the admittedly quite tedious niotatfor the continuous—time price
process, we now turn our attention to its discrete—time asiens.

Let us assume that we observe the prodéésser an interval0, ¢| at timesiA,, for A, > 0
and: =0,...,[t/A,]. So for its discretely observed increments, we write

AZnY:Y;An _}/Ei_l)An fori = 1,[t/An]

In practice, these increments are used to construct estism&dr the variance or integrated
variance. For example, it is well-known that trealised variancewhich is the sum of the
squared increments, estimates the quadratic variatioheotihderlying process consistently,
i.e.

[t/An]

RV = 37 (A1) 2% [v),  asn — o,

=1
where the convergence is uniformly on compacts in proldgifilicp) (see Protter (2004, p. 57),
Andersen, Bollerslev, Diebold & Ebens (2001) and Barndbiilsen & Shephard (2002)).
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Besides, one can use thealised bipower variatior{as defined by Barndorff-Nielsen &
Shephard (2004, 2006)) for estimating the continuous path® quadratic variation of It
semimartingales (see Jacod (2006)). Sqfor /2/7, one obtains

[t/An]-1 ¢
py? Z |ATY||AL,LY =2 v, :/ o?ds, asn — oo.
i=1 0

This concept can be further generalised to realised mwigpeariation (see e.g. Barndorff-
Nielsen, Graversen, Jacod, Podolskij & Shephard (2006 fozatment of realised multipower
variation in the absence of jumps and Woerner (2006) anddJ&a96) for the corresponding
results in the presence of jumps). et (r,...,r;) be a multi-index with-; > 0. Further,
we write|r| = r; + - - - 4+ ry andr, = max;<;<; 7; andr_ = min;<;<y r;. Let

w, =E|U|", forU ~ N(0,1).

Then
[t/An]—I T

=1  j=1
whereys, = []:_, 11, Now we define

t/An]—T T

RMPV (r)} = [t/[ZA]_]]Al Ie1/2), -1 Z H|Az+] .

where the factoft/A,|/([t/A,] — I) accounts for the fact that there are jugt/A,] — I)
terms in the sum rather thgn/A,] summands as in the realised variance. By multiplying
the realised multipower variation by the factor above, weenih more easily comparable to
realised variance. In particular, when studying the défifere of those two quantities, we do not
end up with a finite sample bias which is just caused by thetfaattwe are comparing two
similar sums with a different number of summands. Clearly,

t
RMPV (r)} U—CI;/ lou| ™ du, asn — co.
0

Note that if|r| = 2, then the factor\, ""/? = 1 and, hence, it disappears. In particular, we are

interested in realised multipower variations with equal/por;. So we define fok, I € N:

/8] iyt ST o
RMPV (k; 1) = WA bl Z H|Az+j Y[R
Then .
RMPV(k;;J);L%/ lou|*du, asn — oo,
0

In particular we are interested in the cdse: 2 when

t/An)—-1 T

n t A uc; t
RMPV (2, 1)} = [t/[A/i fafr Y H|AW 1y|2/1_p>/0 o2du, asn — oo.
=1 =
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Then, clearly,
RV — RMPV (2, 1)} 22 [Y]?, asn — .

So, the difference of realised variance and realised movitgy variation is a consistent estimator
for the jump part of the total variation.

Estimating the jump component of the total variation is leeadairly easy task. However,
things get significantly more complicated when we want to enalkerence on the jump com-
ponent, which requires establishing an appropriate asytieggheory. Let us first review some
univariate asymptotic results for realised variance aatised multipower variation, which have
been proven under the assumption that the price proceshamps and, hence, is just given
by a Brownian semimartingale.

From Barndorff-Nielsen & Shephard (2002, 2@),Ave know that we obtain the following
central limit result for realised variance in the absencgimips. Asn — oo,

1 t stably in law t t
RV — / 030[8) YR | 0%dB, ~ MN (O, 2/ olds
\% An ( ' 0 0 0

stably in law as a process (for the definitionstble convergence as a proces=e e.g. Ja-
cod & Shiryaev (2003)) where the two lettévBN stand formixed normal distribution From
Barndorff-Nielsen, Graversen, Jacod, Podolskij & Shepl{a006), we get the following re-
sult for realised multipower variation in the absence of pgm Under (Ls) for s < 1 and
5~ <r_<ry <landasm — oo,

1 stably in law
RMPV (r I*lds v / J"dB,
~ ( / o ) u VAR [ o]
t
~ MN (O w2 A(r )/ a?'”ds) :
0

stably in law, where

-1 4 I

I—1
HMZTZ 2]_ 1 H:ur +QZHMTJ H Hor; H/’LTj+Tj+i7

i=1 j=1 j=I—i+1 j=1

where an empty product is set to 1. Note that an analogou#f esa holds in the presence
of jumps as shown by Woerner (2006) and Jacod (2006). So ispmaial case of multipower
variation, we get ag — oo,

1 Cn\n 2 stably in law 2 2 ~
~ MN (O wlu1/2 / i‘ds) ;

wr = Mi/z +(1— 2])#351 +2 Z N4/1] :“2/1
=1

where
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Note that both the Brownian motiords and B, which appear in the limit processes, are inde-
pendent ot andV.

In the flavour of Barndorff-Nielsen & Shephard (2006), we camw construct test statistics
based on the difference of realised variance and realisétipower variation. So we get

1 . t B t
——(RV" — RMPV(2; I)1) X" /g, / o2dW, ~ N (0,91 / a;*ds) )
V An 0 0

where
0 = uz_ffw? — 2.

This results builds the base fotiaear test statisti¢o test for jumps in the price process.
From Slutsky’s lemma one can deriveaio test statistic

3)

1 <RMPV(2;I)? B 1) stabﬂn IawN 0, 01 f(f Ugds
VA, RV}

And, finally, we can apply the delta method and derive theesponding result for thing—
transformation:

. t 4d
(log (RV;") — log (RMPV (2, 1)) ““231% v [ 0,6, A0 %%

1
VA, <f0t agals)2 7 “

which can be used for constructindog—linear test statistic

However, these limit results only hold under the null hygsils that there are no jumps.
The main contribution of this paper is that we derive the gstytic distribution of these test
statistic also under the alternative hypothesis that theegumps. More generally, we study
the asymptotic properties of the bivariate process ofsedlivariance and realised multipower
variation.

4 Central Limit Theorems in the Presence of Jumps

Let Y be our general real-valued semimartingale as defined amweh) has both a Brownian
semimartingale and a jump component. We are interesteddlyisty the asymptotic properties

of the bivariate process

1 ( R‘/’t” _ [Y]An[t/An} ) ) (5)
VA, \ RMPV(2; 1)} = [Y];

From Jacod (2007, 2006), we already know the univariate hesiults for both components.

Realised variance: Assume that (L2) is satisfied. Then as — oo we get from Jacod (2007,
Theorem 2.11 (ii))

1

n stably in law
(RV" = [Y]anyan) 25" LV + LP, (6)

5



4 CENTRAL LIMIT THEOREMS IN THE PRESENCE OF JUMPS 9

where the convergence is stably in law as a process. Thdngritocess is given by
LY+ L? where

t
LV =2 / o2dW,, (7)
0
1P =2 3 A, (VeUor, +V1-§ Uer,) . 8)
p: Tp<t

Furthermore, Jacod (2007) makes the following remarks:

e Stable convergence in law only holds when the discretisedgss[Y |, i/a,] IS
used in (6). However— (RV;* — [Y];) convergedinite—dimensionally stably in
law to the limit descrlaj above (see Jacod (2007, Remark 2.BY) the latter
result will be sufficient for us since we are interested in immgknference on the
jump part of the quadratic variation at a fixed time

e The processes (7) and (8) define semimartingales on thededespace.

e Conditionally onA, L") and L® areindependenand L") is a martingalewith
Gaussian lawand if Y ando do not jump together.(?) is also a martingale with
Gaussian law. Their variances are given by ((Jacod 2007)p. 8

E ((Lgn)z‘ A) - 2/; oldu, @)
E <<L§2>)2‘ ,4) =2 Y (avg)* (o}, + 03, ). (10)

p: Tp<t

So conditionally on4, the asymptotic variance of the bias between realisednegia
and quadratic variation is given by

2 / t oldu+2 Y (AYy,)’ (o—%p + a%pf) . (11)
0

p: Tp<t

e When there are no jumps, the limitis given by (7), which is d-vaown result, e.qg.
Jacod (1994), Jacod & Protter (1998) and Barndorff-Nie&&hephard (2002).

Realised multipower variation: The asymptotic distribution of multipower variations ireth
presence of jumps has first been derived by Woerner (200&teAstudy by Jacod (2006,
Theorem 6.2) contains the following result. Assume that)bolds for somes < 1 and
that we have (H’). Furthermore letbe a multi-index such thaf~ < r_ <r, < 1.
Then, asn — oo,

1 stay in law
\/A_H<RMPV / ‘O-u“ ldu ) tably in I /—/ o ||r|qu7

stably in law as a process.

In the next section, we combine these two results and detweaaate limit result, which is the
main contribution of this paper.
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Remark We suppose that it is possible to derive a central limit theofor realised bipower
variation in the presence of jumps. However, the centrait lthreorem for realised bipower
variation will differ from the ones for realised tripoweealised quadpower etc.. As mentioned
in Barndorff-Nielsen, Shephard & Winkel (2006, Section)3the limit process will exhibit

a jump component in addition to the Brownian semimartingaleponent. So we expect to
obtain a similar central limit result to that for realisediaace. This aspect will be studied in
more detail in future research.

4.1 Main Result

Let (Y;):>0 denote a one—dimensional semimartingale.

Theorem 4.1 Assume (Ls) for somes < 1, (H’) and letr be a multi-index such*; <r— <
r+ < 1. Then

1 RV = [Y]auit/an)
VAL \ i tRM PV (v) = [ o du
Sta‘bly_in) law \/§ f()t O-iqu + 2 Ep: Tp<t AYTP (\/@UPUTP7 _'/:_/\/ 1 - gp U]/)UTP)

V2 [ ol dW, + /0y [ |o|Flaw, ’

where the convergence is stable in law as a procesdand (1, '/ A(r))? — 2.

If o andY do not jJump together, the first component is the sum of twopededent martingales
which have, conditional osl, Gaussian law. Note that in that casge = o7, sinceT, are the
jump times ofY".

Remark The one—dimensional limit result for the multipower vainatholds as soon as (k)
for somes < 1, (H’) hold and+* < r— < r+ < 1. In order to obtain the limit result for
the realised variance, we need the assumptio®) (vhich is clearly implied by (Ls) for some
s < 1.

Corollary 4.2 Assume (Ls) for somes < 1, (H’) and thatY and o have no common jumps.
For I € Nwith2 < I < 2(2 — s), we obtain:

1 RV = [Y]auit/a0)
VA, \ RMVP(2;1)} — [} o2du

stably in law \/§fot o dWo + V2 2 Tp<t AYr,or, (\/ggp RERVA Y UI’,) (12)
ﬂfot o2dW, + \/971f5 o2dW, ’

where (12) has, conditionally ad, Gaussian law with zero mean and variance

2 fOt Uidu + 4 Zp: Tp<t (AYTP)2 U%p 2 fOt Uidu
2 fot oldu (2+6p) fot oldu |’

whered; = ji; 7/ Wi — 2.
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The following corollary contains the result which is of moaportance in applications and can
be regarded as key result of this paper.

Corollary 4.3 Assume (Ls) for somes < 1, (H’) and thatY and o have no common jumps.
For 7 € Nwith2 < I < 2(2 — s) we obtain:

1 n n stably in law
=BV = RMPV (% 1); = V1A yan) """ L, (13)

whereL; has, conditionally ord, Gaussian law with zero mean and variance given by

t
0, / ddut1 3 (AY) o2,
0

p: Tp<t

Proof Letc = (1,—1). Then

, 1 RV = [Y]a,it/a,] 1 0 N

The expression above converges stably in a law as a procagsrteess which, conditionally
onA,isN (0, (1, —1)M,(,))-distributed, where

M, — 2 fot oldu + 4 Zp: Tt (AYTP)2 U?Fp 2 fot oldu .
2 [ otdu (24 0;) [ otdu

4.2 Distribution of the Test Statistics under the Alternative Hypothesis

Now we have all results for constructing feasible test stiag and for deriving their distribu-
tions under both the null and the alternative hypothessuf@sng thatr” ando have no common
jumps and that the assumptions of Theorem 4.1 are satisfied).

e For thelinear test(see (2)), we obtain the following limit result under theeafiative
hypothesis, i.e. in the presence of jumps:

1 n n
\/T(th — RMPV(2;1)} = Y14, 5/a0)

converges stably in law as a process to a process, whichitiooradly on 4, has Gaussian
law with zero mean and variance

t
91/ olds+4 Z o (AY,)?.
0

0<s<t
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e For theratio test(see (3)), we obtain the following limit result under thesattative hy-
pothesis:

L (RMPVD YR, /a0
VA, RV RV}"

converges stably in law as a process to a process, whichitiooradly on A, has Gaussian
law with zero mean and variance

0r fot oyds + 4zogsgt o (AY;)Z
—.
(fot oids + Eogsgt (AYs)z)

e And from the bivariate delta method (for a bivariate funotidz, y) = log(z) — log(y)),
we deduce the distribution of (4) under the alternative liypsis:

1
VAR

converges stably in law as a process to a process, whichitioradly on A4, has Gaussian
law with zero mean and variance

N NN K7 Y TR N
([Y]? VI ([Y]§)2)/0 ud Ve 2; S(AY)*

4.3 Feasible Standard Errors

In order to derive feasible test statistics, we need estiradior the asymptotic variances. From
Barndorff-Nielsen & Shephard (2002) and Jacod (2006), veswdimat the continuous part of the
asymptotic variance can be consistently estimated by abeases of the realised multipower
variation — even in the presence of jumps. For 3

(log (RV;") —log (RM PV (2;1);') — (log ([Y]An[t/An}) — log ([Y]Zn[tmn]))

t
iRMPV(zL;])yﬂ / olds.
A, 0

So, how can we estimate the jump part of the asymptotic veeiar-rom Veraart (2007), we
know that one can use an estimator which is based on theatifferof a generalised version of
realised variance and realised multipower variation. Irigalar, we write K, for a sequence
which satisfies

K, — > and ALK, — 0 asn — 0o.

We can extend a result by Lee & Mykland (2006) and write

_9 1—2
~2(— H n n
Cep—— I[N
j=i—Knp+1
~2(+) _ ,u1_2 e A"X||A" X
Ti-1)A, — Z } J H j+1 }

(KTL - 2) An

j=it2
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for the locally averaged realised bipower variation. Froenaart (2007), we know that

t/An
> (&fj"m +o0 A )(A”Y) / oids+ Y (o ) (AY,)?,
=1 0<s<t

asn — oo and, therefore,

t/An
012( D A, ) (ATY)? —czAinRMPV(zx;I)?

t
2 (20 — 02)/ olds + ¢ Z (02_ + 02) (AY)?,
0

0<s<t

for constants:;, ¢, with 2¢; > ¢,. And in order to make sure that the variance estimator is
always positive, we use

t/An
1
A(e1, ¢5) = max { ¢ Z <O’ A2(+ n) (ATY)? — C2A—RMPV(4; Ny,
1

So e.g. we obtain fon — oo:
A’;(z,4—91)_>9,/ oids +2 ) (02 +02) (AY,)%.
0<s<t

Clearly, in the absence of common jumpsYofando, we could also use the slightly simpler
estimator of the asymptotic variance given by

. 1 1
max { 2¢; Y G0\ (ATY)? — erxRMPV (4 1)}, (201 = ¢2) 3~ RMPV (4 1)}

- n n
=1

Now we can define feasible standard errors for the lineastestitic, the ratio test statistic
and the log—linear test statistic under the alternativeotiygsis, that there are jumps. Lt/
denote positive integers which are greater or equal to

Feasible standard error for linear test:
1 (RV;* = RMPV(2;1)})
Van Ar(4,4 - 0;)

Feasible standard error for ratio test:

1 (RMPV(z;i)g - 1) RV
VAa\  RW (4,4 6))

s
+3
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Feasible standard error for log—linear test:

1 - N.RV"RMPV (2; 1"
(g (R7) ~ o (Rarpy (2 ) DL
" A} (e, ca)

where

¢ = 4(RMPV(2;1)})?,
cy = 4(RMPV(2; 1)")? — (2(RMPV(2; 1)")?* — ARV;"RM PV (2; )" + (2 + 0;)(RV,™)?).

5 Simulation Study

In this section, we will study the finite sample performanteuwr test statistics by carrying out
a detailed simulation study.

So far, we have seen that we can use any realised multipowativa RV PV (2; 1)} with
I > 3 for constructing a test for jumps because from the tripowerards all multipower
variations (which satisfy*— < 2/I < 1 for sufficiently smalls) are robust toward jumps. So,
which multipower variation shall we choose to constructtegt statistic?

Basically, we are confronted with the following trade—dffe know that in the absence of
jumps, realised variance is the most efficient consistaihator of integrated variance. Using
higher multipower variation in such a model setting resultsn efficiency loss. Recall that for
U ~ N(0,1) we have:

V2T (5(r+1))
—

-1
I—j 2
wi = pgyr + (1 =20 p3); +2 Z Hasi Hayrs
=1

2
0 = (,LLZ_/II\/CU%) —-2= ,u2_/211 w? — 2.

So when we look at the values 6f for various/ in Table 1, we see that; increases for
increasing/, which describes the loss in efficiency.

pr =E|U|" =

I |1 2 3 4 5 6 00
6r || 0] 0.608| 1.061| 1.377| 1.605| 1.776| 2.934

Table 1: Different values fof/;

It is interesting to see th&} actually converges to a finite number
2

hmelz%—z

I—o00

so the loss in efficiency is bounded, which can also be seeigurd-1.
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2.5

1.5+

Theta

0.5

Figure 1: Different values foff;

Given these results, we might be tempted to focus on tripeasation only for estimating
integrated variance in the presence of jumps since it is thiépower variation of lowest power
(hence the most efficient one) which is robust towards jumpsnwe study its asymptotic
distribution.

However, there is also another issue which is worth studgirigt further. That is the
problem of the finite sample bias when we consider the diffegeof realised variance and
realised multipower variation.

5.1 Finite Sample Bias — A Jump-Diffusion Model

So we know that in theory one can use the difference betweenetilised variance and any
multipower variation of powe2/I for I = 3,4, .... From a statistical point of view, we might
want to use tripower variation since it is the most efficidatistic. However, in this section,
we study the finite sample bias between realised variancerautitpower variation and show
that it seems to get smaller whénncreases, which means that using tripower variation would
result in the biggest possible finite sample bias one can find.
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Before we focus on more advanced models in our simulatiaystve study a very basic
model in this section: a Brownian motion with jumps. Let

N
Vi=W,+)
=1

wherell” is a Brownian motion}V, is a Poisson process with intensity 1 and i.¢;c~ N (0, a]%)
andt € [0, 1]. In order to simplify the exposition, we set= 1. Let I = ((i — 1)A,,,iA,] for
i=1,...,M,whereM = [1/A,]. Hence, forj = 1,2, ... we have
e M (AA,)

So the mean of realised variance, realised multipower tani@and the sum of the squared
jumps can be easily derived.

P(There argj jumpsini}*) = P(N;a, — Ni_nya, = j) =

Realised variance: For the realised variance, we get

M

E(RV™) =E (Z (A?Y)2> = ME(AYY)? = (1+A02) A, {Ai} :

i=1

since

J j 2

7=0 i=1
APV j

e (AA,) .
= Z ﬁ(An +go—f,) = (1 + )\afj) A,
7=0
Realised multipower variation: Let = 3,4,.... From the independence and stationarity of

the increments, we get for are {1,..., M — I}:

M—-I1-1
E(RMPV(21)}) = ( k> Hmm/ww)

i=1 /=0

= My}, (E (|ArY[2T))

I
17 (& e (0A,) N
[S] (E ).

Jj=0

since

E(jary P!

E <|A?Y|2/I‘ Nia, — Ni-1a, = j) P(Nia, — Ni-1)a, = 7)

2/1
> e AAn )\An J . 1/1

J=0
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Sum of squared jumps:

al = e AN
E Zc? :Zjai S :O‘I%)\.
i=1 J=0 J:
Bias: So we obtain
1 all
n . n 2
E <\/A_n (va — RMPV(2; 1)} — ;c>)

i (o[- (B ) )

7=0
I
1 1 1 XM (AA, ) jo2\ !
—— | (1+ X)) A, {—} - [—] A, (Z — " (1 + —p) — X2 |.
\/ An ( p An An s ]' An P

Clearly, the bias converges to 0 whan — 0. However, if we fixA,,, then the bias converges
to the following expression

0o (AAn)log(1+j02/An)
/—1 2 L ! Ej:o 5! 2
B <(1 " )\Uf”) > {AJ {A”} B P ( eXPO\An) )\Up )

when/ — oo. In the following, we provide two tables and plots of the #ngample bias of
the linear test under the hypothesis that there are jump&faous values of and for different
jump sizes. For the jump intensity we have chosen 0.6, which results in one jump o, 1]
and\ = 1.6, which results in two jumps if0, 1].

M\ 1 3 ] 4 | 5 | 6 | 3 ] 4 | 5 | 6

39 || -033 | -03 | -028 | -027 | -0.7 | -0.65 ]| -0.62 | -0.59
(-0.20) | (-0.18)| (-0.18)| (-0.17)| (-0.54)| (-0.50) | (-0.48) | (-0.47)
78 | -0.35 | -031 | -029 | -027 | -0.71 | -0.64 | -0.6 | -0.58
(-0.21) | (-0.19)| (-0.18)| (-0.17)| (-0.58)| (-0.53) | (-0.50) | (-0.48)
390 | -038 | -033 | -03 | 028 | -0.71 | -057 | -0.51 | -0.47
(-0.22) | (-0.18)| (-0.16) | (-0.15) | (-0.59)| (-0.49) | (-0.44) | (-0.41)
1560 || -0.33 | -0.25 | -0.22 | -0.2 | -0.66 | -0.51 | -0.44 | -0.4
(-0.20) | (-0.15)| (-0.13)| (-0.12) | (-0.53)| (-0.41) | (-0.35)| (-0.32)
23400| -0.21 | -0.12 | -0.09 | -0.07 || -0.47 | 03 | -0.24 | -0.2
(-0.14) | (-0.09) | (-0.07) | (-0.06)|| (-0.38)| (-0.24)| (-0.19) | (-0.16)

Table 2: Estimated bias (theoretical bias) ixjr: 0.1. The estimation results are based on
5000 replications. Recall that = 1/A,, and that/ denotes the power iRM PV (2; I)7.

In Table 2 and Figure 2, we study the finite sample bias whenutimg size distribution
is drawn from a N(O, 0.1) distribution, whereas, in Table 8 &mgure 3, we allow for bigger
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—0.06 A
—-0.08 1

-0.17
-0.12 A
—-0.14 A
—-0.16 A
—-0.18 A

Figure 2: Finite sample bias for= 0.6 andaf, =0.1.

jumps and simulate the jump size from a N(0O, 1) distributiois striking that the finite sample
bias is quite big — particularly when we allow for many/bignjps and when\/ is still quite
small. However, we also observe that by using multipoweiati@n of higher powers, the bias
seems to shrink significantly.

5.2 Assessing the Finite Sample Performance of Various TeStatistics

Now we turn our attention to slightly more advanced modets @assess the finite sample per-
formance of the linear, ratio and log—linear test statistith in the absence and in the presence
of jumps.

5.2.1 Simulation Design

Our simulation design follows the one described in Huang &chen (2005). Note that in
this simulation framework, all the parameters are chosesuoh a way that they correspond
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M\ T 3 | 4 | 5 | 6 | 3 | 4 | 5 | 6

39 || -1.27 | -1.08 | -0.98 | -0.92 || 259 | -2.19 | -1.98 | -1.85
(-0.72) | (-0.59)| (-0.53) | (-0.50)|| (-2.02) | (-1.67)| (-1.50) | (-1.40)
78 || -117 | -0.94 | -0.82 | -0.76 || -2.44 | -1.97 | -1.75 | -1.62
(-0.68) | (-0.54) | (-0.48)| (-0.44) || (-1.89)| (-1.51) | (-1.32) | (-1.22)
390 | -0.99 | -0.75 | -0.64 | -0.57 | -1.96 | -1.44 | -1.2 | -1.07
(-0.58)| (-0.42) | (-0.35) | (-0.31) || (-1.57) | (-1.13) | (-0.94)| (-0.84)
1560 | -0.83 | -0.56 | -0.45 | -0.39 || -1.50 | -1.04 | -0.82 | -0.71
(-0.48)| (-0.32) | (-0.25) | (-0.21) || (-1.30)| (-0.86)| (-0.68) | (-0.58)
23400| -051 | -0.26 | -0.18 | -0.13 | -1.04 | -055 | -0.38 | -0.3
(-0.32)| (-0.17) | (-0.12)| (-0.10) || (-0.86) | (-0.47)| (-0.33) | (-0.27)

Table 3: Estimated bias (theoretical bias)akﬁr: 1. The estimation results are based on 5000
replications. Recall that/ = 1/A,, and that/ denotes the power iRM PV (2; 1)7.

to parameter values which one can find in real data (see tbeergfes in Huang & Tauchen
(2005)). We simulate asset price data from three differeodets:

Constant volatility jump diffusion

dY; = pdt + exp(Bo + Bro)dW} + dL],

Stochastic volatility jump diffusion

dY; = pdt + exp(By + ) dW,) +dL,
dvy = aupdt + dW/,

whereWY, v are standard Brownian motions wittorr (dW?Y,dW") = p, v; is the
stochastic volatility factor].y compound Poisson process with constant jump intensity

and jump size distributiotV (0, o7, ).

Two—factor stochastic volatility model

dY; = pdt + s—exp(Bo + Brol” + Bov)awyY

dvlgl) = O{U(l)'Ut(l)dt + thv(l),

v = av@dt + (14 Byov®)dwy”,

wherev" is a Gaussian process.’ exhibits a feedback term in the diffusion function,
s—exp is the usual exponential function with a polynomial funatgplined in at very high
values of its argument to ensure that fr.) # 0 the growth conditions (for a solution

to exist and the Euler scheme to work) are satisfied@oet (dWY, dW”“)) = p, and
Corr (dWY, dW“(2)> = pa.



5 SIMULATION STUDY 20

-1.4

-1.6 1 —

AN

s
1

-1.8 7

—2

Figure 3: Finite sample bias for= 1.6 andaf, = 1.

Following Huang & Tauchen (2005), we choose as basic uniineé for our simulation one
day. We then simulate the diffusion parts in the stochastiatility models based on the Euler
scheme, where we choose the increment of one second penttble &uler clock. For simulat-
ing the jump component, we follow exactly Huang & TaucherD&G approach by simulating
the exponentially distributed jump times and then the ndgndistributed jump sizes (from
N(0, 02,.,))-

Our parameter choices are given in Table 4 and are identicthlet choices in Huang &
Tauchen (2005).

5.2.2 Simulation Results

Now we turn our attention to the simulation results basecdherstimulation design described in
Huang & Tauchen (2005) where jumps occur randomly and thewshtimes are exponentially
distributed with parametex. We have simulated jumps at two different arrival rates. ther

low value of A we have not observed more than two jumps at any day in our %2§0sample

and for the high value ok there were never more than three jumps a day, and in both cases



6 EMPIRICAL STUDY 21

Parameter| Constant volatility| Stochastic volatility| Two—factor
jump diffusion jump diffusion stochastic volatility mode
i 0.03
o 0 -1.2
51 0.125 0.04
39 — 15
B2 — 0.25
v 1 —
P, pP1 — -0.62 -0.3
P2 — -0.3
y \ Ay — | -0.1 -0.00137
Ay(2) — -1.386
P {0.1,0.2,0.5, 0.7 —
A {0.0114,0.118 —

Table 4: Choice of parameters for the constant volatilitydelowith finite activity jumps,
for the one—factor stochastic volatility model with finitetiaity jumps and for the two—factor
stochastic volatility model.

there were many days where no jumps occurred at all. The atronlresults are given in
the Tables 5 — 9 in the Appendix (Section 4.8.2). For both thestant and the one—factor
stochastic volatility model, the finite sample performaixesally good. Also when we look

at low values forM, e.qg. the case faok/ = 39 (which corresponds to computing the realised
variance and realised multipower variation based on 10wtaireturns) the results are not too
bad and the log—linear test seems to perform particularly aheeady at that low frequency.
The performance of the linear and ratio test statistic actien to be a bit poorer when we
look at the two—factor stochastic volatility model. But agdhe log—linear test leads to good
results. And clearly, wheV/ increases, we see that the finite sample bias decreasesaind th
our estimates for the asymptotic variance get even better.

So given these results, which test statistic do we want tovlis® we study real data? When
we analyse data of relatively low frequency, it might be Wwarsing the log—test and probably
guadpower rather than tripower variation. However, if wentv@ test for jumps in data of a
very high frequency, the performance of all three teststiati based on various powers in the
multipower variation gets quite similar.

6 Empirical Study

In our empirical study, we focus on equity high frequencyteudata. Here we have chosen
IBM, General Motors (GM) and Shell (RDSA) intra—day TAQ daasailable at WRDS, from
1 September 2005 to 31 August 2006. Figure 4 provides the plothe three time series of
logarithmic daily prices and the corresponding daily ssdi variances.

Before analysing the data, we have cleaned the data. Foljpmiethods used by Hansen
& Lunde (2006), we concentrate on quote data from one stock exchange ldehg we have
chosen the NYSE. We only consider quotes where both theizelaad the ask—size are greater
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Figure 4: (a)Log—prices for IBM for September 2005 to Auge06; (b) daily realised vari-
ances for IBM; (c) log—prices for GM for September 2005 to Asig2006; (d) daily realised
variances for GM; (e) log—prices for RDSA for September 2@DBugust 2006; (f) daily re-
alised variances for RDSA.

than 0 and which are quoted in a normal trading environmardtécondition = 12 in the TAQ
database). Since data at the beginning and at the end ofiagidaly differ quite a lot from the
guotes during the day, we concentrate on data from 9.35 ainl&mB5pm only. Furthermore,
we have focused on the bid—prices only. In order to consétiote series of five minute returns
of the log—bid—prices we use the previous tick sampling webti\fter we have cleaned the data,
we have a data set consisting of 249 business days with 76 fiveereturns per day, hence
18,924 returns.

We have computed the difference of realised variance aridedajuadpower for each day
in order to estimate the jump part of the quadratic variatiBesides we have calculated its
upper and lower 95% confidence bounds. The correspondingspioven in Figure 5.

We observe the following. For the IBM data, we find that on 18sd@ut of 249 business
days in the sample) the 0 is not in the confidence intervalsstwimdicates that there might
have been a jump or even several jumps on these days. Thespornds to 7.2% of the days.
For GM, we observe 41 days and, for RDSA, 36 days, where tha@tiithin the confidence
bounds, which corresponds to 16.4% and 14.4% of the daysectegely.
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7 Conclusion

In this paper, we have derived the joint distribution of ised variance and realised multipower
in the presence of jumps. Hence we were able to derive the@syimdistribution of various
test statistics both under the null hypothesis of no jummswarder the alternative hypothesis.
In particular, we can now make inference on the jump part efgatic variation using our key
result given in equation (13), which says that under somelagigy assumptions and i and

o have no common jumps then

1 n n
(RV;" = RMPV(2; 1)} — [Y]in[t/AnD

. t
stably i law » ray (0,9, / cldu+2 Y (AYg)® (a%pf + o—?p)> ,

0 p: Tp<t

5

n

wherel e Nwith2 < T < 2(2 —s) ands < 1.

Furthermore, we have shown how these (infeasible) limitltesan be converted into fea-
sible limit theorem, which can be used in practice.

We have carried out a detailed simulation study where we bhesen the parameters in
such a way that the resulting data look very much like data wgtfind in practice. In our sim-
ulation study we have compared the final sample performaitte dinear, ratio and log—linear
test statistic for various multipower variations. We fouhdt the finite sample performance is
good.

We have applied our theoretical results to some high frecpuequity data and have been
able to identify days where the jump component of the quadvariation seems to be signif-
icantly bigger than 0, which indicates that there might hlagen one or more jumps on these
days.

In future work, it will be interesting to study particulariyo questions in more detail. First,
how do the results change when we allow for market microtiramoise in the model? How
robust are our test statistics and how does the asymptdatichdition change? Second, how
do these results extend to a multivariate framework? Vergnmework by Barndorff-Nielsen &
Shephard (2008 and Jacod & Todorov (2007) has already addressed the guestiesting
for common and disjoint jumps of multivariate price pro@sssSo it would be very interesting
to see whether it would be possible to extend the results fhigypaper to a multivariate model
setting.

A Proofs

Proof of Theorem 4.1 The univariate results follow from Jacod (2007, Theoreni Zii}) and
Jacod (2006, Theorem 6.2). In order to derive the multit@ri@ntral limit result, we use a
modified version of Jacod (2007, Theorem 2.12) which canwatcior multipower variation
rather than power variation only. For the proof of the thegreve essentially have to prove
three lemmas (Lemma A.1 — Lemma A.3), which we will do in thibokeing. But first of all,
let us state one further stronger assumption which can breélafterwards.



A PROOFS 25

Hypothesis (SH) The hypothesis (H) holds and the procesges (¢;) and(F;(¢2)) are boun-
ded by a non—-random constant and the jumps afe also bounded by a constant.

We refer to Barndorff-Nielsen, Graversen, Jacod, Podo&kShephard (2006) and Jacod
(2007, Section 4 and 5) for more details about how the validitthe corresponding limit
results under stronger hypothesis leads to their validiggeu (H).

Remark Barndorff-Nielsen, Graversen, Jacod & Shephard (2006pfme 2 (in particular,

Example 7)) contains the following bivariate limit theordan realised variance and realised
bipower variation for a Brownian semimartingalei.e. in the absence of jumps, as— oo,

1 ( R‘/tn — [Y]t ) stably_in> law \/7ft 2dW
VA, \ RMPV((1,1))} - [V], V2 [§ o2dW, + B, [y o2dW, |’
stably in law for independent Brownian motiors and .

By using exactly the same reasoning, we can show that in thencmus semimartingale
framework we obtain, as — oo,

1 RV — [V, stably in, law V2 [yo2dW,
VA, \ RMPV(2; 1) — Y], V2 [ o2d W, + b [, o2dW, |’
stably in law for independent Brownian motiors andV.

In order to prove our main theorem, we need some furtherinatathich we will introduce
in the following. LetY,” denote a one—dimensional semimartingale. We considetifunsc

‘R — Mg, q,,, forj=1,..., 1, whereMy, .., denotes al; x d;,—dimensional matrix
W|th real—valued entries. Note that we are in particulaenested in the following choice of
functionsg; for j =1,...,Iandl > 3. Letd, =--- =d; = 2,d;4; = 1 and

2
Y 0 1 0 ) ( 1 )
= ) i = - ; = - ) 14
91(y) ( 0 qul ‘y‘2/1 ) 9i(y) ( 0 M2/11|y|2/1 91(y) u2/11|y|2/1 (14)
fori =2,...1 — 1. In the following, we will always set the second component

<H§:1 gir (%))Q) = 0 whenever > [t/A,] — I + 1. Then,

n Y\ T A = T A Ap s 1
A 1 i—1 An MQ/I Z[t/ ] " i'= 1‘A2+z —1 ‘

_ ! RV
~ VA, \ RMPV(2;1)p )

Further, we defing}}’ = —=0(_1)a, A7, W ford =1,..., T and

m@mz/mwMWme,
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(componentwise for the diagonal matrices and vectors défabeve), wheref,, . is the
density of aN (0, of,_,)», )—distributed random variable. So, finally, we define theciwlhg
random vector:

[t/AR] I I
U?:Un(gb---,gz )t = \/7 Z {Hgi' <5:/) _HP? (gi’)}v (15)
i'=1 =1

S . )
which is in My, Note here that we will set the second compor‘(e]ﬂl;[,:1 gy (B! )) —

NIRRT

(2 .
<Hf,:1 pr (gy)) = 0 whenever > [t/A,] — I + 1. The following Lemma states a central

limit theorem for the random vector (15).

Lemma A.1 Assume that (SH) holds and lgt, . .., g; denote continuous even functions of
at most polynomial growth with; : R* — M,, 4., fori = 1,...1 as defined in (14). So, in
particular, we havel; = 2andd; ., = 1. LetU" = U"(gl, ... gr) denote the stochastic process
defined in (15) with components

[t/ A I () I ()
U, (g1, 90V = VA Z (H g (6)) - (H o} (gw)> :
=1 =1

for j = 1, 2. Then thel,—dimensional proceds" converges stably in law to a limit proce&s

with components
UE”zZ/ SokdT, j=1,2,
k=10

where the2 x 2—dimensional process, defined by

- \/505 0
P = ( V202 /002 (16)
is (F;)—optional.

Proof Since we are only dealing with Brownian semimartingalesis lemma, the result fol-
lows directly along the lines of Barndorff-Nielsen, Grasem, Jacod, Podolskij & Shephard
(2006, Proposition 5.2) or by extending the proof of Jacd0{2 Lemma 5.7), which we will
sketch in the following.

One can easily show by induction drthat

ﬁgi’ (ﬁ) —ﬁp?(gif) :213 (ﬁga (ﬁ)) 9; (8]) = pi'(9)) ( 1T #7 e )
=1 =1 j=1 \i'=1

/_J+1

where an empty product is set to 1. This term is not measuwaitirerespect taF;», , which

we need in order to be able to apply Jacod & Shiryaev (2003prEme 1X.7.19 and Theorem
IX.7.28). So we use the same methods which have been appli#et iproof of Barndorff-
Nielsen, Graversen, Jacod, Podolskij & Shephard (2006pd3ition 5.2). l.e. we shift the
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terms back in time to make them measurable WAt . We do not shift the first term in the
sum, but we shift the second term by one, the third term by tecamd, finally, the'th term by
I — 1. By doing that we get a new random variable

= \/an (H gir (52/_(j_1))> [gj (@1) - P?—(j—l)(gj)} ( H p?—(j—l)(Qi’)) . (17)

i'=j+1

which is clearly measurable with respect/g. . As in the proof of Barndorff-Nielsen, Gra-
versen, Jacod, Podolskij & Shephard (2006, Propositiondn@ can easily show that

[t/An]—T+1
U?(Ql,...,gl) - Z C” 22, asn — oo.
i=I

LetE" ,(-) = E (-|Fi-1)a, ). Trivially, we getE? , (¢/") = 0 andE}, (||¢7[|*) < KAZ (for a
constantk’ > 0). Analogously to the proof of Barndorff-Nielsen, Graversdacod, Podolskij
& Shephard (2006, Proposition 5.2), we obtain in particthat

[t/An] : |

> (qre) < [yt 18)
0

[t/m

ZE ("APN) 250, if N=WorN eN, (19)

asn — oo, where/ is the set of all bounde@F,)—martingales which are orthogonal ¥B.
Now the result follows from Jacod & Shiryaev (2003, Theoreqi¥119 and Theorem 1X.7.28).
U

Now we study the more general case where we allow for jump&enptice process’.
We start by introducing some notation (which is the same dsaaod (2007)) and some more
assumptions.

Hypothesis (SK) Assumptions (K) and (SH) are satisfied and the functigns ~ are bounded
and do not depend an

Lete > 0 fixed. We define a process by NV = 1y * u, wherell = {z : v(x) > ¢}. Hence
N is a Poisson process with parameter the Lebesgue meastresay ).

Remark Note that under (SK) we havg (1A~*(x))dz < co andsup,, y(z) < K foraK > 0.
Therefore we geyfRy )M 2(m)<1y (2)de < oo and [, Ti 2,13 (2)de < oo. So altogether,
we obtain [, v*(z)dz < oo, since

[ @ = [ @1 ewen e+ [ 70T @)

< /’}/2<.T)]I{.y2(x)<1}($)dl’+K/ ]I{.y2(x)>1}(l‘)dl‘ < Q.
R R
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Therefore, we can deduce thais indeed finite:

2
A= / ]I{mzy(:c)>e}($)d$ < / w%)dx < 00.
R R

€
Depending orz, we define the following quantities:
e 51,5,,... are the successive jump times/of
o I(n,p) =1, S_(n,p) = (i—1)A,, Si(n,p) =iA,on{(i—1)A, <S5, <iA,},
o a-(np) = 75 (Ws, = Ws_un)s @ (n:0) = 752 (Wetom) = Ws,),
R, =AY,
Y(e)y =Y — Zp;spgt Ry,
R =AY (e) onthe se{ (i — 1)A, < S, <iA,},

R, = \/&U,0s,  +/1—§U,0s,,

0, (T, e) = {w : each interval0, 7] N ((: — 1)A,, A, ] contains at most ong, (w);
|APY () (w)] < 2¢,¥i < T/A,}

Lemma A.2 Under (SK), the sequencéE™", (a_(n,p), oy (n,p)),>1) converge stably in law
to (U, (V&Up, /1 — §pU;)p21> asn — oo.

Proof Most parts of this proof are identical to the correspondir@ppby Jacod (2007, p. 31—
32). However, in Step 2, we have adjusted the proof to allowrfoltipower variation.

Step 1: We have to prove that for all bounded-measurable random variablésand all
bounded Lipschitz function® on the Skorohod space @fdimensional functions on
R endowed with a distance for the Skorohod topology, ang &ll1 and all continuous
bounded functiong, onR?, and withA,, = [[?_, f,(a_(n,p), ay(n,p)) then

E (00 (07) A,) — B (W0(0) [T E (£(V&U, VT=§U;)) . asn— oo, (20)

p=1

Replacing? by E (V| G) on both sides, it is sufficient to prove the limit result (20} f
a ¥ which is measurable with respect to the separabtiieeld G generated by both the
measurg: and the processéso, IV andY’.

Step 2: Lety/ andy” (' andy”, respectively) denote the restrictionsiofandy, respectively)
toR, x E°and toR, x E. Further, le{ F') denote the smallest filtration containi(;)
such thap" is F,-measurable. Clearly is a Wiener process andis a Poisson random

measure with compensatgfrelative to(F;), but also relative t4.F;).

Now we define a set of intervals surrounding the jump timek@®Roisson process. Let
m € Nbe any positive integer, then we defiffg~ = (5,—1/m)*, S"" = S,+1/mand
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B, = Up>1(S)'~, 5], Since the indicator functiofiz,, (w, t) is F, ® R,—measurable,
we can define the stochastic integbel(m), = fo s, (u)dW,. Now let (F,™) denote
the smallest filtration containing, ) such thatV (m) is (F,™)—-measurable. Further, we
define the seff,,(m,t) = {i e N:i < [t/A,]andB,,N((i—1)A,,iA,] = 0}. Similarly
to Jacod (2007), we define two bivariate procei_élé%m), where we just sum over the
integers which are not “close” to the jump times, dn@n), with components:

=AY | ((f[lg <6f'>>j - (f[ oy (gw)>j) ,

1€l (m,t =1

2 t
Tm)i =3 / 0 g W,

whereX is defined by (16) and = 1,2. Once again, note that both integrals are well-
defined sincdV is a Brownian motion w.r.t. the smallest filtration contaigi F;) and
F,m attime 0. ClearlyB,, — U,{S,} for m — oo and, hencel/(m) % U asm — oc.

Note that
I (m,t)°={i:i <[t/A,], BN ((i — 1)A,, 1A, # 0}

C {Z ci < [t/A], T liA, — S, < %}

Note that in the following, the consta# can change from line to line, but will not
depend om, t andm (but will depend orx).

Since the conditional expectation of" is zero, if we condition on the past before
(¢ — 1)A,, and the sequence of stopping timgs which are independent of W, i.e.

E ((f;”}]-“(’i_lmn) = 0, we reach that/"(g,,...,g;)) — U™(m)! is indeed a martin-
gale with respect toF,™). By applying Doob’s inequality, we obtain the following:

[t/An]
E (Slilf ) <4A, E (Z Z " P a5 <2/m}) .

p=1 i=1
Since all functiong; (for : = 1,...1I) are of at most polynomial growth, there exist
constantg, . .., p; such that (by induction oi)

2
E (sup )
s<t

< KA,E (Z > [Ta+18" ﬁi’)) :

p=1 1<i<[t/Ay]:Tp:[iA—5p|<2/m i'=1

U (g1, g0)s = U™ (m)}

—/

U"(g1s- - 903 —U"(m)]

Sinceo is bounded and for fixegd, we get

2 4
1 < ) — < — 3 <
#{2 i < [t/A], [iIA, — S, < m} S AL



A PROOFS 30

we obtain from (SH) that

_ S, 2 K
E (sup U (g1, 91)% = U™ (m)] ) s — (Z ][{Sp<t+1}>
s<t m
K o0
:—ZPS<t+1 ZIP’ (Nyj1 > p)
m
p=1 p 1
=—At+1)

It is now sufficient to prove that for eaeh and for each—measurable and bound&d
for fixed m, asn — oo:

E (\1@ (U’"(m)) An) — E (W0 f[ ( (U, \/@UI;)) . (21

p=1
sinceV is Lipschitz and bounded.
Step 3: This part of the proof follows directly from Jacod (2007, p&2). Now we fixm and

define a regular versio@ = Q,,(-) of the probability measurg on (2, G), conditional
on F,™, and similarlyQ = Q x P'.

Wheni € T',,(m,t), thenA?W is independent of-,;™ and hence also standard normally
distributed under eacky),,. So we can state (18) and (19), where we replate by

Eo, (-] ]—“(’Z."jl)An) SinceB:z, is a locally finite unit of intervals, we get

> Eo. (¢

i€l (m7t)

t
f(&mn) —>/ (X,25)" Tpe (u)du,
0

for j, 5/ = 1,2 asn — oo. Therefore, we obtain fat — oo:

Eo, (Vo (T"(m))) = Eq_ (¥ (T(m)), (22)

soU "(m) """ T(m) under the measur@,,.

Step 4: Clearly 4, is F,"—measurable. Therefore, we can express the left hand s{@é )of

E(ve (T"(m)) 4,) =E (AEq (ve (T"(m))))
— B (A (00 (T(m))) +E (4, (Ee (ve (T"(m)))
~ o (2 (T(m)))

Note that all quantities in the formula above are boundetly4@2) the second summand
on the right hand side converges to 0 ald= E5 (¥®(U(m)) is also a bounded and

F,"—measurable variable. So, proving (21) is equivalent teipgp

E (V'A,) — E(\Iﬂ) ﬁE (f:n (\/ng:m V2 ng;z/)>> )

p=1
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for all ¥’ bounded andr,"—measurable, which is implied by

stably in law /
(Oé_(nap)a Oé-q-(n,p))le R (\/@Up, v 1—= prp)p>l , asn — oo.

However, this convergence result follows directly fromataé& Protter (1998, Lemma
6.2).

So the result follows. O

Finally, we generalise the results from Lemma A.2 and obtiaenfinal auxiliary limit result
which we need for the proof of our main theorem.

Lemma A.3 Under the assumptions of Lemma A.2, the seque@@s(R;"/\/An)pN) con-
verge stably in law t((U >1> asn — oQ.

Proof This proof goes along the lines of the proof of Jacod (200pa 5.9). However, for
completeness we sketch Jacod (2007)’s proof here.

Sinceo is cadlag and by construction (ﬂ;,, we can deduce from Lemma A.2 that it is
sufficient to prove

= n/ \/ — 0S8 _(n,p)& n p) O-Spa“l'(n?p) ﬂ 0. (23)
foranyp > 1. LetH andF, be defined as in the previous proof. From
t t
Y, =Y0+/ b;ds+/ osdWy + 0% (0 — 1),
0 0

whereb, = b, + [ '(3(t,)), we obtain:

t t
Yi(e) = Yo + / b (€)sds + / o dWs + 6% (1 — )y,
0 0

wherel/(¢), = b, + [,,d(t,x)dz and the stochastic integral can be taken relative to bBth
and (F',). Further,Y (¢) satisfies (SH) for the filtrationn;). Based on the definitiol’ =
Y —Y°—Y,, wehaveY'(e) =Y (e) — Y — Y. Then

n 1 n , SP S+(n7p)
w) = NG Al(n,p)Y (e) + /S(n’p)(au — 05_(nyp)) AW + /s,, (0w —0g,)dW5 | .

Then it can be shown that fer= A4

S+(n7p)

1
E ((w?)?) < Ky/A, + KE —/ du/ §(u, x)*dw
An Js_(np) Benfa:|6(uz) <AY )

1[5 1 S+(n.p)
+KE | — / (0w — 0s_(np)) du+ — (0u —0s,)* | du.
An Js_ ) An Js,

Finally, sinceld| < v and [ v(x)?dxz < oo and sincer is cadlag and bounded, the expression
above converges toasn — oo (by Lebesgue’s theorem). Sd £o. O
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Now we can combine the results from the three Lemmas abovediooa the result of The-
orem 4.1 analogously to the proof of Jacod (2007, Theorem®)2lle. note that Lemma A.1
is multidimensional. The one—dimensional results have lokseluced from the corresponding
components of Lemma A.1 by Jacod (2007, Theorem 2.11 (iptherealised variance and for
the realised multipower variation by Barndorff-Nielsema@ersen, Jacod, Podolskij & Shep-
hard (2006, p. 10-11) in the absence of jumps and Jacod (Z0@6yem 6.2) in the presence
of jumps. So the way how these results are deduced from Lemthaah be carried over sep-

arately for each component in the multidimensional casell&mrem 4.1 holds.

B Tables
Linear test Ratio test Log-linear test

M| | Mean S.D. Cove.|| Mean S.D. Cove.|| Mean S.D. Cove.

(K)
39| 3 0 0.92 0.975 0 0.92 0.975|| -0.02 0.92 0.975
7| 4 0.02 0.95 0.967| -0.02 0.95 0.967 0 0.95 0.966
10| 0.07 1.11 0.924| -0.07 1.11 0.924| -0.01 1.05 0.939
78 | 3 -0.02 0.9 0.977| 0.02 0.9 0.977| -0.04 0.91 0.973
9| 4 0 0.93 0.971 0 0.93 0.971|| -0.03 0.94 0.967
10| 0.02 1.02 0.946| -0.02 1.02 0.946| -0.03 1.01 0.951
390 | 3 0 0.91 0.97 0 0.91 0.97 -0.01 0.92 0.967
(20) | 4 0.01 0.93 0.967|| -0.01 0.93 0.967 0 0.93 0.966
10| 0.03 0.97 0.955|| -0.03 0.97 0.955 0 0.97 0.958
1560| 3 0 0.95 0.961 0 0.95 0.961 0 0.96 0.959
(40) | 4 0.01 0.97 0.958| -0.01 0.97 0.958 0 0.97 0.957
10 0.01 0.99 0.952|| -0.01 0.99 0.951 0 0.99 0.951
23400| 3 0.02 0.97 0.955|| -0.02 0.97 0.955| 0.01 0.97 0.955
(153)| 4 0.02 0.98 0.953| -0.02 0.98 0.953| 0.02 0.98 0.953
10 0.02 0.99 0.947|| -0.02 0.99 0.947|| 0.02 0.99 0.947

Table 5: Constant volatility model with = 0.014, 0, = 1.5. We simulate data for 5000 days
and compute the mean, standard deviation and coverage feabible linear test statistic, the
feasible ratio test statistic and the feasible log-lineat statistic.
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Linear test Ratio test Log-linear test

M| I Mean S.D. Cove.|| Mean S.D. Cove.|| Mean S.D. Cove.
(K)

39| 3 -0.06 0.96 0.965] 0.06 096 0.965| -0.1 0.98 0.961

7)) | 4 -0.02 0.98 0.959] 0.02 098 0.959| -0.06 0.98 0.962

10 || 0.03 1.1 0.925( -0.03 1.1 0.925]| -0.05 1.06 0.94

78| 3 -0.05 0.95 0.971]] 0.05 0.95 0.971] -0.09 0.95 0.965

9| 4 -0.01 095 0.969] 0.01 095 0.969| -0.05 094 0.97

10| 0.03 1.01 0.948]| -0.03 1.01 0.948/ -0.02 0.99 0.955

390 3 -0.06 0.95 0.961] 0.06 095 0.961] -0.1 0.96 0.953

(20) | 4 -0.03 0.95 0.961] 0.03 0.95 0.961| -0.06 0.95 0.958

10 0 0.97 0.951 0 0.97 0.951| -0.03 0.97 0.953

1560| 3 -0.06 097 096 0.06 097 0.96| -0.09 0.99 0.953

40) | 4 -0.04 097 0.957]| 0.04 097 0.957| -0.06 0.98 0.953

10| -0.02 0.98 0.955]| 0.02 0.98 0.955| -0.04 0.98 0.957

23400| 3 -0.01 098 0.953]] 0.01 0.98 0.953 -0.04 0.98 0.953

(153) | 4 -0.01 098 0.956| 0.01 0.98 0.956| -0.02 0.98 0.957

10 0 0.99 0.952 0 0.99 0.952| -0.01 0.99 0.953

Table 6: Constant volatility model with = 0.118, o, = 1.5. We simulate data for 5000 days
and compute the mean, standard deviation and coverage fefabible linear test statistic, the
feasible ratio test statistic and the feasible log-lineat statistic.

Linear test Ratio test Log-linear test

M| I Mean S.D. Cove.|| Mean S.D. Cove.|| Mean S.D. Cove.
(K)

39| 3 0.01 093 0973 -0.01 0.93 0.973| -0.01 0.93 0.972

7)) | 4 0.04 096 0.965| -0.04 0.96 0.965 0 0.96 0.966

10| 0.07 1.09 0.925 -0.07 1.09 0.925 0 1.04 0.942

78| 3 -0.01 0.88 0.978)] 0.01 0.88 0.978/ -0.03 0.89 0.976

9| 4 0 0.92 0.972 0 0.92 0.972| -0.02 0.92 0.97

10| 0.03 1.01 0.949| -0.03 1.01 0.949| -0.02 0.99 0.949

390 3 -0.02 0.92 0.972]] 0.02 092 0.972| -0.04 0.92 0.967

(20) | 4 -0.01 094 0.964 0.01 094 0.964| -0.03 0.94 0.964

10 0 0.97 0.955 0 0.97 0.955| -0.02 0.97 0.957

1560| 3 0 0.96 0.959 0 0.96 0.959| -0.02 0.96 0.958

40) | 4 0 0.97 0.957 0 0.97 0.957| -0.02 0.97 0.957

10 0 1 0.947 0 1 0.947 || -0.02 1 0.946

23400| 3 0 0.96 0.958 0 0.96 0.958 0 0.97 0.957

(153) | 4 0 0.97 0.955 0 0.97 0.955 0 0.97 0.955

10 0 0.99 0.95 0 0.99 0.95 0 0.99 0.949

Table 7: Stochastic volatility model with = 0.014, o, = 1.5. We simulate data for 5000 days
and compute the mean, standard deviation and coverage fefabible linear test statistic, the
feasible ratio test statistic and the feasible log-lineat statistic.
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Linear test Ratio test Log-linear test

M| I Mean S.D. Cove.|| Mean S.D. Cove.|| Mean S.D. Cove.
(K)

39| 3 -0.09 0.96 0.966] 0.09 0.96 0.966| -0.14 0.99 0.957

7)) | 4 -0.05 0.98 0.966|f 0.05 098 0.966] -0.1 0.99 0.961

10 0 1.11 0.927 0 1.11 0.927| -0.08 1.06 0.938

78| 3 -0.08 0.93 0.969] 0.08 0.93 0.969| -0.12 0.96 0.962

9| 4 -0.05 095 0.966f 0.05 095 0.966| -0.09 0.96 0.963

10 0 1.02 0.945 0 1.02 0.945| -0.07 1 0.946

390 3 -0.05 0.96 0.962] 0.05 096 0.962] -0.1 0.98 0.955

(20) | 4 -0.02 096 0.963] 0.02 096 0.963| -0.05 0.96 0.959

10| 0.01 098 0.958] -0.01 0.98 0.958 -0.02 0.96 0.959

1560| 3 -0.05 0.96 0.957]] 0.05 0.96 0.957| -0.08 0.98 0.952

40) | 4 -0.02 096 0.958]] 0.02 096 0.958 -0.04 0.96 0.957

10| -0.01 0.98 0.952] 0.01 098 0.952]| -0.02 0.98 0.955

23400| 3 -0.02 0.99 0.953]] 0.02 0.99 0.953]| -0.04 1 0.949

(153) | 4 0 0.99 0.953 0 0.99 0.953| -0.01 0.99 0.954

10 0 0.98 0.954 0 0.98 0.954 0 0.98 0.954

Table 8: Stochastic volatility model with = 0.118, o, = 1.5. We simulate data for 5000 days
and compute the mean, standard deviation and coverage fefabible linear test statistic, the
feasible ratio test statistic and the feasible log-lineat statistic.

Linear test Ratio test Log-linear test

M| Mean S.D. Cove.|| Mean S.D. Cove.| Mean S.D. Cove.
(K)

39| 3 0.26 1.05 0.943|| -0.26 1.05 0.943|| 0.21 098 0.95

7| 4 0.35 1.09 0.933|| -0.35 1.09 0.933|| 0.28 0.99 0.945

10| 0.63 1.18 0.878|| -0.63 1.18 0.878| 0.43 0.97 0.947

78| 3 0.16 0.96 0.963|| -0.16 0.96 0.963|| 0.13 0.94 0.966

9| 4 0.23 0.99 0.955|| -0.23 0.99 0.955|| 0.19 0.96 0.962

10| 0.47 1.06 0.912|| -0.47 1.06 0.912| 0.36 0.95 0.956

390| 3 0.06 0.91 0.975|| -0.06 0.91 0.975|| 0.04 0.92 0.975

(20) | 4 0.09 0.94 0.969|| -0.09 0.94 0.969|| 0.07 094 0.97

10 || 0.23 0.98 0.948|| -0.23 0.98 0.948| 0.18 0.96 0.961

1560 | 3 0.04 094 0.968|| -0.04 0.94 0.968|| 0.03 0.94 0.967

(40) | 4 0.06 0.95 0.961)| -0.06 0.95 0.961|| 0.04 0.95 0.961

10| 0.12 099 0.95| -0.12 0.99 0.95 0.1 0.99 0.953

23400| 3 0.02 0.98 0.955|| -0.02 0.98 0.955|| 0.02 0.98 0.954

(153) | 4 0.03 0.99 0.953|| -0.03 0.99 0.953|| 0.03 0.99 0.952

10|| 0.05 0.99 0.948|| -0.05 0.99 0.948| 0.04 0.99 0.949

Table 9: Two—factor stochastic volatility model. We sintaldata for 5000 days and compute
the mean, standard deviation and coverage of the feasilgarltest statistic, the feasible ratio
test statistic and the feasible log-linear test statistic.
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