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Abstract

We study impersonal exchange, and ask how agents can bedraestlly in anony-
mous transactions, without contracts. We analyze repeatteoymous random match-
ing games, where agents observe only their own transactiatite is known about
cooperation in this setting beyond prisoner’s dilemma. Wensthat cooperation can
be sustained quite generally, using community enforcemedt‘trust-building”. The
latter refers to an initial phase of the game in which one comity builds trust by
not deviating despite a short-run incentive to cheat; therotommunity reciprocates
trust by not punishing deviations during this phase. Thuslding is followed by co-
operative play, sustained through community enforcement.
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1 Introduction

In many economic settings, impersonal exchange in socgefgdilitated by legal insti-
tutions that can enforce contractual obligations. Howethaare is also a wide range of
economic examples where impersonal exchange exists irodenee of legal contractual
enforcement —either because existing legal institutiorsagak, or even by design. For
instance, Greif (1994, 2006) documents impersonal exahandrade between different
communities in medieval Europe before the existence ofrakmtd legal institutions. In
large part, the diamond industry, even today, opts out ofiehal system (Bernstein, 1992).
Diamond dealers have developed norms or rules that enfareshtrading, and the com-
munity punishes opportunistic behavior by appropriatesans. Millions of transactions
are completed on eBay and other internet sites, where bayersellers trade essentially
anonymously (Resnick et al., 2000). These settings raséntportant question of how
agents achieve cooperative outcomes, and act in good feithnsactions with strangers,
in the absence of formal contracts. This is the central quesf our paper.

We model impersonal exchange as an infinitely repeated randatching game, in
which players from two different communities are randomty aanonymously matched
to each other to play a two-player game. Each player obsemngshis own transactions:
He does not receive any information about the identity ofdpisonent or about how play
proceeds in other transactions. In this setting of “minimé&rmation-transmission,” we
ask what payoffs can be achieved in equilibrium. In parigutan agents be prevented
from behaving opportunistically? Can they achieve codgparautcomes that could not
be achieved in a one-shot interaction? In practice, cotiparar honest behavior within
and between communities is often sustaineccdmmunity enforcemerd mechanism in
which a player’s dishonest behavior against one partnenmssped by other members of
society. Community enforcement arises as a norm in maningstt In this paper, we
examine whether such social norms (cooperative behaviorasd by social sanctions)
can be sustained in equilibrium with rational agents.

Two early papers by Kandori (1992) and Ellison (1994) shotted community en-
forcement can sustain cooperative behavior for the speas¢ in which the agents are
engaged in a prisoner’s dilemma game (PD). However, it ispgmauestion whether co-
operation can be sustained in other strategic situatiopsriokethe PD. In the aforemen-
tioned papers, if a player ever faces a defection, he pusigléuture rivals by switching
to defection forever (Nash reversion). By starting to defiee spreads the information that



someone has defected. The defection action spreads tloouiie population: More and
more people genfected and cooperation eventually breaks down completely. Tadicr
ble threat of such a breakdown of cooperation can deter pddy@m defecting in the first
place. However, these arguments rely critically on prapguf the PD. In particular, since
the Nash equilibrium of the PD is in strictly dominant stgaés, the punishment action is
dominant and so gives a current gain even if it lowers coation payoffs. In an arbitrary
game, on facing a deviation for the first time, players mayhawee the incentive to punish,
because punishing can both lower future continuation gayofd entail a short-term loss
in that period. How then can cooperation be sustained inrgéh&\Ve establish that it is,
indeed, possible to sustain a wide range of payoffs in dayuilin in a large class of games
beyond the PD, provided that all players are sufficientlygraiand that the population size
is not too small. We argue that communities of around twertypte should suffice for our
results in most games.

In particular, we show that for any stage-game with a strecsiNequilibrium, the ideas
of community enforcement coupled with “trust-building’rche used to sustain coopera-
tion. In equilibrium, play proceeds in two phases. Theraitiial phase of what we call
“trust-building,” followed by a cooperative phase thatt$aforever, as long as nobody de-
viates. If anyone observes a deviation in the cooperatiasg@hhe triggers Nash reversion
(or community enforcement). In the initial trust-buildipbase, players of one community
build trust by not deviating from the equilibrium action evéough they have a short-run
incentive to do so, and players in the other community recigte the trust by not starting
any punishments during this phase even if they observe atitmvi This initial trust-
building phase turns out to be crucial to sustaining codpmran the long-run. The ideas
that profitable long-term relationships must start by bogdrust, and that a breach of trust
is subsequently punished harshly by the community are veujtive, and our paper can
be viewed as providing a foundation for how such norms of biehare sustained.

To the best of our knowledge, this is the first paper to sustaoperation in a ran-
dom matching game beyond the PD without adding any extrarnrdtonal assumptions.
Some papers that go beyond the PD introduce verifiable irdtbam about past play to sus-

There is a literature on building trust in repeated inteoast (see for instance, Ghosh and Ray (1996)
and Watson (2002)). The role of trust in this paper has aréiffeflavor. These papers focus on the “gradual”
building of trust, where the stakes in a relationship growravme. Our equilibrium does not feature this
gradualism. Rather, we have an initial phase in which pepehave cooperatively even though they have
an incentive to deviate, and this initial phase is exactlaitelps sustain cooperation in the long-run. In this
sense, trust is built so that trigger strategies can beteféeio sustaining cooperation.



tain cooperatior. More recently, Deb (2012) obtains a general folk theoremlimyving
transmission of unverifiable information (cheap talk).

An important feature of our equilibrium is that the strag=gare simple and plausi-
ble. Unlike recent work on games with imperfect private g (Ely and Valimaki,
2002; Piccione, 2002; Ely, Horner and Olszewski, 2005;t¢0and Olszewski, 2006) and,
specifically, in repeated random matching games (Takah28h0; Deb, 2012), we do not
rely on belief-free ideas. The strategies give the play@ist $ncentives on and off the
equilibrium path. Further, unlike existing literature r@trategies are robust to changes in
the discount factot.

The reader may wonder how our equilibrium strategies comwiéth social norms that
arise in reality. Our strategies use community enforcepmeitch has the defining feature
that opportunistic behavior by any agent is punished bygjbbsall) members of the com-
munity, not necessarily by the victim alone. This is indeembamon feature in practice.
For instance, in the diamond industry dishonest traderpaneshed through sanctions by
all other community members. Greif (1994, 2006) documemseikistence of a commu-
nity responsibility system in which a player who acted disésily was punished by all
members of the rival community, who in addition also punéstiee rest of the deviator’'s
community. In practice, however, societies also try toehlissate information and publi-
cize the identity of deviators for better enforcement. Fstance, Bernstein (1992) reports
that the diamond dealer’s club “facilitates the transnoisaf information about dealers’
reputations, and serves both a reputation-signaling aadwation-monitoring role.” Sim-
ilarly, eBay and Amazon have developed reputation ratirggesys to enable transmission

2For instance, Kandori (1992) assumes the existence of aanisth that assigns labels to players based
on their history of play. Players who have deviated or haea sedeviation can be distinguished from those
who have not, by their labels. This naturally enables trassion of information, and cooperation can be
sustained in a specific class of games. For related appreaske Dal B6 (2007), Hasker (2007), Okuno-
Fujiwara and Postlewaite (1995), and Takahashi (2010).

3There is a recent literature on repeated games and comnmemfitycement on networks. It may be
worthwhile to investigate if the ideas of our constructigply in these settings. Yet, there are important
modeling differences, which change the incentive issubstantively. On a network players are not anony-
mous. Moreover, this literature mostly restricts attemtio the PD, and partners do not change over time
(see, for instance, Ali and Miller (2012) and Lippert and @palo (2011)). More recently, Nava and Pic-
cione (Forthcoming) consider cooperation on a networkahatchange over time and show that cooperation
can be sustained through some notion of reciprocity, wtgatot a possibility in our anonymous setting.

“4In a very recent sequence of papers, Sugaya (2013 establishes general folk theorems under imper-
fect private monitoring, for two-player PD, general tway¢r games and/-player games. However, our
anonymous random matching setting, even if viewed a& grlayer game of imperfect private monitoring,
does not fall within the scope of these papers, since it tasl¢he full-support monitoring assumption, as
well as other identifiability assumptions required in thpapers.



of information about past transactions (Resnick et al.020@/e do not allow dissemina-
tion of information within the community, but rather moddlIteansactions as anonymous
(even after deviations). We do this for two reasons. Fifst, anonymous setting with
minimal information transmission offers a useful benchkn&tstablishing the possibility
of cooperation in this environment tells us that cooperasioould certainly be sustainable
when more verifiable information is available, and punishteean be personalized by us-
ing information about past deviations. Second, the anomgsetting allows us to model
applications in which it may be difficult to know the identity the rival. Consider, for
instance, settings in which individual stakes are low bataduse the number of agents is
large, equilibrium behavior may still have a high social anp For example, think of the
repeated interaction between citizens in a district andthié that keeps the district streets
clean. Actions are taken asynchronously and it is naturatsmme that the agents cannot
transmit information about each other. Citizens can chom$#er or not. If the streets are
too dirty, i.e,, if the citizens litter, then a staff effort might not have iagentive to exert
effort, since such an effort would not make a difference.his setting, we can ask if it is
possible to sustain an equilibrium in which citizens do iitt¢i, and the staff exerts effort,
when the outcome in a static setting might be for the citizerigter and for the staff to
shirk.

It is worth emphasizing that this paper also makes a metlogéw! contribution, since
we develop techniques to work explicitly with players’ leéi. We use Markov chains to
model the beliefs of the playeddf the equilibrium pathWe hope that the methods we use
to study the evolution of beliefs will be of independent net&, and can be applied in other
contexts such as the study of belief-based equilibria ireg@nmepeated games.

It is useful to explain why working with beliefs is fundamehtio our approach. Recall
that the main challenge to sustaining cooperation throwegineunity enforcement is that,
when an agent is supposed to punish a deviation, he may fihdldiag so is costly for
both his current and his continuation payoffs. The mainuesabf our construction with
trust-building is that, when a player is required to punighrdverting to the Nash action,
his off-path beliefs are such that he thinks that most peapgealready playing Nash. To
see how this works, start by assuming that players entedame possibility of correlated
deviations. Then, we could assume that, upon observing iatd®y, a player thinks that
all the players in the rival community have simultaneousyidted and that everybody is
about to start the punishment. This would make Nash revegdimal, but it is an arti-



ficial way to guarantee a common flow of information and getrd@ted punishments.
Indeed, if we rule out the possibility of coordinated denaas, a player who observes a
deviation early in the game will know that few players haverbaffected so far and that
Nash reversion will not be optimal for him. This suggestd,th@induce appropriate be-
liefs, equilibrium strategies must prescribe somethirfigint from Nash reversion in the
initial periods of the game, which is the reason for the thustding phasé.

The rest of the paper is organized as follows. Section 2 authe model and the main
result. In Section 3, we illustrate the result using a leggirample of the product-choice
game. This section is useful in understanding the stragesyiel the intuition behind the
result. In Section 4, we discuss the generality of our remudt potential extensions. We
provide the general equilibrium construction and the fdrpnaof in the Appendix.

2 Cooperation Beyond the PD

2.1 The Setting

There ar&M players, divided into two communities witlf players each. In each period
t € {1,2,...}, players are randomly matched into pairs, with each playenfCommu-
nity 1 facing a player from Community 2. The matching is anooys, independent and
uniform over time’ After being matched, each pair of players plays a finite thaygr
gameG. The action set of each playee {1,2} is denoted by4; and an action profile is
an element ofd := A; x A,. Players observe the actions and payoffs in their matchn,The
a new matching occurs in the next period. Throughout, we tefarbitrary players and
players in Community 1 as male players and to players in Conity@ as female players.
Players can observe only the transactions they are pehg@rajaged inj.e., each
player knows the history of action profiles played in eachisfdtage-games in the past.
A player never observes his opponent’s identity. Furthergéts no information about
how other players have been matched or about the actiongrhnysany other pair of

5The solution concept used in this paper is sequential dxuith (Kreps and Wilson, 1982), which rules
out such off-path beliefs. In contrast such beliefs wouldadeissible, for instance, under weak perfect
Bayesian equilibrium.

S1deally, we would like strategies such that every playegaath information set, has a unique best reply
that is independent of his beliefs (as in Kandori (1992) altiddh (1994)). We have not been able to construct
such strategies.

"Although the assumption of uniform matching greatly sirfigdi the calculations, we expect our results
to hold for other similar matching technologies.



players. All players have discount factdre (0, 1), and their payoffs in the infinitely
repeated random matching game are the normalized sum ofdbeudted payoffs from
the stage-games. No public randomization device is assfiribe solution concept used

is sequential equilibrium. Given a gartg the associated repeated random matching game
with communities each of siz&/ and discount factof is denoted by} .°

2.2 A negative result

The main difficulty in sustaining cooperation through conmityienforcement is that play-
ers may not have the the incentive to punish deviations. vBele present a simple ex-
ample to show that a straightforward adaptation of gringeigstrategies (or the contagion
strategies as in Ellison (1994)) cannot be used to suppogearation in general.
Buyer
By By,
Seller Qg 1,1 —I,1—c¢c
QL 1 + g, —l 07 0

Figure 1: The product-choice game.

Consider the simultaneous-move game between a buyer ani@rapsesented in Fig-
ure 1. Suppose that this game is played by a communify dduyers and a community of
M sellers in the repeated anonymous random matching seltiegich period, every seller
is randomly matched with a buyer. After being matched, eadhgtays the product-choice
game, whergy > 0, ¢ > 0, andl > 0.1° The seller can exert either high efford ) or
low effort () in the production of his output. The buyer, without obsegvthe seller’'s
choice, can buy either a high-priced produBt;() or a low-priced product®;). The buyer
prefers the high-priced product if the seller has exerteggh [ffort and prefers the low-
priced product if the seller has not. For the seller, exgrinv effort is a dominant action.
The efficient outcome of this game (€, B ), while the Nash equilibrium isQ), By).
We denote a product-choice gamebly, [, c). The infinitely repeated random matching

8Section 4 has a discussion of what can be gained with a razétion device.

%Note that we are assuming that there are two independent aaities. Alternatively, we could have
taken one population whose members are matched in pairemy period and, in each match, the roles of
players are randomly assigned. We believe that the truktibgideas that underlie this paper can be adapted
to this new setting and refer the reader to Online AppendiX)Br a discussion. It is worth noting that the
choice to model independent communities is driven by thetfat it seems to be the hardest scenario to
achieve cooperation because of the negative result indpe21?.

10See Mailath and Samuelson (2006) for a discussion of thisgarhe context of repeated games.
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game associated with the product-choice gdife [, ¢), with discount parametet and
communities of sizé/, is denoted by} (g, 1, c).

Proposition 1. LetI'(g, [, ¢) be a product-choice game with< 1. Then, there is\/ € N
such that, for each\/ > M, regardless of the discount factér the repeated random
matching gamé'¥ (g, [, ¢) has no sequential equilibrium in whidl@) 7, By) is played in
every period on the equilibrium path, and in which playeraypthe Nash action off the
equilibrium path.

Proof. Suppose that there exists an equilibrium in whi€h;, By ) is played in every pe-
riod on the equilibrium path, and in which players play thesMaction off the equilibrium
path. Suppose that a seller deviates in period 1. We arguwsvldbht, for a buyer who
observes this deviation, it is not optimal to switch to thesNaction permanently from
period 2. In particular, we show that playirgy; in period 2, followed by switching to
B;, from period 3 onwards gives the buyer a higher payoff. Theebuyho observes the
deviation knows that, in period 2, with probabili%% she will face a different seller who
will play Q. Consider this buyer’s short-run and long-run incentives:

Short-run: The buyer’s payoff in period 2 from playingy, is - (—{) + 22=L. Her payoff
if she switches td3,, is =1 (1—c). Hence, ifM is large enough, she has no short-run
incentive to switch to the Nash action.

Long-run: With probability % the buyer will meet the deviant seller (who is already
playing ;) in period 2. In this case, her action will not affect thisleg$ future
behavior, and so her continuation payoff will be the samaneigss of her action.

With probability % the buyer will meet a different seller. Note that, sirice

¢ > 0, a buyer always prefers to face a seller playipg. So, regardless of the
buyer’s strategy, the larger the number of sellers who hieady switched ta);,,
the lower is her continuation payoff. Hence, playifg in period 2 will give her
a lower continuation payoff than playing;, because actio®; will make a new
seller switch permanently @ .

Since there is no short-run or long-run incentive to switcthe Nash action in period 2, the
buyer will not start punishing. Therefore, playi\@, By) in every period on-path, and
playing the Nash action off-path does not constitute a setipleequilibrium, regardless of
the discount factor. O



Notice that the product-choice game represents a miningzrtiere from the PD. If
we replace the payoff — ¢ with 1 + g, we get the PD. However, even with this small
departure from the PD, cooperation can not be sustaineduifitegum using the standard
grim trigger strategie$t In the next section, we state our main result which is a pdigib
result about cooperation in a class of games beyond the PD.

2.3 The Main Result

CLASS OF GAMES: We denote by¢ the class of finite two-player games with the fol-
lowing two properties:

P1. Strict Nash equilibrium. There exists a strict Nash equilibriug.*?

P2. One-sided Incentives.There exists a pure action profilé;, a;) in which one player
has a strict incentive to deviate while the other has a gtragntive to stick to the
current action.

ACHIEVABLE PAYOFFS: LetG beagameandlete A. LetA, :={ac A:a; =
a1 <= as = as}. DefineF, := conv{u(a):a € A} N{v e R?: v > u(a)}.

Our main result says that given a gadien ¢ with a strict Nash equilibriuna*, it
is possible for players to achieve any payofffip- in equilibrium in the corresponding
infinitely repeated random matching gai@¢’, if players are sufficiently patient and the
communities are not too smaf¥/ is a large class of games and, in particular, includes the
PD. Before stating the result formally, we discuss the aggiams P1 and P2.

Since we are interested in Nash reversion, the existenc@ofeaNash equilibrium is
needed? The extra requirement of strictness eliminates only gaimatsare non-generic.
To see why we need P1, note that under imperfect private ovamgy, it is typically impos-
sible to get full coordination in the punishments. Therefaf a player is asked to revert
to a Nash equilibrium that is not strict, he may not be willbogdo. That is, if he thinks
that there is a positive probability that his opponent wilt play the Nash action, he may

1t is worth emphasizing that while Proposition 1 establistieat cooperation cannot be sustained via
grim trigger strategies, it does not rule out the possibditsustaining cooperation using other repeated game
strategies. Establishing such a negative result for pgtlegers for the full class of repeated game strategies,
although desirable, is typically very challenging, and \@@énot been able to obtain such a result.

2A Nash equilibrium is strict if each player has a unique besponse to his rival’s actions (Harsanyi,
1973). By definition, a strict equilibrium is in pure actions

3In the literature on repeated random matching games, itnswon to restrict attention to pure strategies.
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not be indifferent between two actions in the support of hesiiNaction and, indeed, his
myopic best reply may even be outside the support.

P2 is a mild condition on the class of gameg. excludes what we caljames with
strictly aligned interestsfor two-player games this means that, at each action prdafile
player has a strict incentive to deviate if and only if his opent also has a strict incentive
to deviate. The games i are generic in the class of games without strictly aligned
interests with a pure Nash equilibriuth.

The set of achievable payoffs includes payoffs arbitracilyse to efficiency for the
prisoner’s dilemma. In general, our strategies do not sufficget a folk theorem for
games irng. However, we conjecture that, by adequately modifying eratsgies, it may
be possible to support payoffs outsiflg and obtain a Nash threats folk theorem for the
games in¢g.> We now present the formal statement of the result.

Theorem 1. Let G be a game ir¢ with a strict Nash equilibriuna*. There exists// € N
such that, for each payoff profile € F,., eache > 0, and eachM > M, there exists
0 € (0,1) such that there is a strategy profile in the repeated randortthiiag gameGY
that constitutes a sequential equilibrium for each [, 1) with payoff withins of v.

A noteworthy feature of our equilibrium strategies is ttiat $trategy profile constitutes
an equilibrium for a given discount factor, it does so for argher discount factor as well;
in particular, the equilibrium strategy profile defines wisatalled auniform equilibrium
(Sorin, 1990). This is in contrast with existing literatuvenere strategies have to be fine-
tuned based on the discount factor (e.g. Takahashi (2010pah (2012)):8

Interestingly, the continuation payoff is withinof the target equilibrium payoff, not
just ex-ante, but throughout the game on the equilibriurh.pht this sense, cooperation
is sustained as a durable phenomenon, which constrastsapititation models where, for
everyd, there exists a time after which cooperation collapses (Egpps, Mailath and
Samuelson (2004)).

14We have not been able to apply our approach to games of galighed interests. We refer the reader to
the Online Appendix (B.9) for an example that illustrates dhfficulty with achieving cooperation in certain
games in this class. However, cooperation is not an issusnmmwonly studied games in this class, like “battle
of the sexes” and the standard version of “chicken,” sindaése games, the set of Pareto efficient payoffs is
spanned by the set of pure Nash payoffs (so, we can altetmajmute Nash action profiles with the desired
frequencies).

SWe refer the reader to the Online Appendix (B.8) for a disiturss

®Further, in Ellison (1994), the severity of punishmentsetets on the discount factor which has to be
common for all players. We just need all players to be sufiityepatient.



While cooperation with a larger population calls for mordigrat players (largeb),
a very small population also hinders cooperation. Our cansbn requires a minimum
community sizeM. We work explicitly with beliefs off-path, and a relativelgirge M
guarantees that the beliefs induce the correct incentivpanish. The lower boundl/ on
the community size depends only on the gamet is independent of the target payaoff
and the precision. In sections A.3.3 and A.4 in the Appendix we discuss rougimios
on M that suggest that populations of size 20 would be enough émyrgames’

2.4 Equilibrium Strategies

Let G be a game it¥ and leta* be a strict Nash equilibrium. L&t , ) be a pure action
profile in which only one player has an incentive to deviateith@dut loss of generality,
suppose it is player 1 who wants to deviate fréim, a») while player 2 does not and let
a; be the most profitable deviation. Let the target equilibripayoff bev € F,.. We
maintain the convention that playersand2 of the stage-game belong to communities 1
and 2, respectively. Also, henceforth, when we refer to taehi\action, we mean the strict
Nash equilibrium action profile*. We present the strategies that sustaitVe divide the
game into three phases (Figure 2). Phases | and tirasé-buildingphases and Phase Il
is thetarget payoffphase.

Phase | Phasell Phase llI
T+ T
- _ e 00

~~

T T

Figure 2: Different phases of the strategy profiles.

=L

-+~

~~

Equilibrium play: Phase |: During the firstI’ periods, action profiléa,, a,) is played. In
every period in this phase, players from Community 1 haveoatstin incentive to
deviate, but those from Community 2 do n&thase II: During the next’ periods,
players play(ai, as), an action profile where players from Community 1 play their
Nash action and players from Community 2 do not play theit besponsé® In
every period in this phase, players from Community 2 haveoatstin incentive to
deviate. Phase llI: For the rest of the game, the players play a sequence of pure

171t would be interesting to investigate if our strategies rareust to entry and exit of players. We think
that our equilibrium construction may be extended to arsgiti which we allow players to enter and exit in
each period with small probability, but such an analyisisagond the scope of this paper.

18player 2’s actiom, can be any action other thaij in the stage-game.
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action profiles that approximates the target payo#nd such that no player plays
according ta:* in periodT + 7" + 1.

Off-Equilibrium play: A player can be in one of two moodsninfectedor infected with
the latter mood being irreversible. At the start of the gaafigglayers are uninfected.
We classify deviations into two types of actions. Any dewaatby a player from
Community 2 in Phase | is calledreon-triggeringaction. Any other deviation is a
triggering action. A player who has observed a triggering action is aittiected
mood. An uninfected player continues to play as if on-gatiAn infected player
acts as follows.

e A player who gets infected after facing a triggering actiatshes to the Nash
action forever, either from the beginning of Phase Il or irdragely from the
next period, whichever is laté?. In other words, any player in Community 2
who faces a triggering action in Phase | switches to her Nashraforever
from the start of Phase II, playing as if on-path in the meaati A player
facing a triggering action at any other stage of the game idiately switches
to the Nash action forever.

e A player who gets infected by playing a triggering action &l henceforth
best responds, period by period, to the strategies of ther gilayers. In par-
ticular, we will show, for large enougf, a player from Community 1 who
deviates in the first period will continue to (profitably) degte until the end of
Phase |, and then switch to playing the Nash action foréver.

Note that a profitable deviation by a player is punishedrqdtely) by the whole com-
munity of players, with the punishment action spreading bk epidemic. We refer to the
spread of punishments as contagion.

The difference between our strategies and standard contéigandori, 1992; Ellison,
1994) is that here, the game starts with two trust-buildingges. This can be interpreted
as follows. In Phase I, players in Community 1 build credlpiby not deviating even

191n other words, if a player from Community 1 observes a démisin Phase |, he ignores the deviation,
and continues to play as if on-path.

2OMoreover, if such an infected player decides to deviate &ifis the future, he will subsequently play
ignoring his own deviation.

2ln particular, even if the deviating player observes a Injstoat has probability zero, he will continue to
best respond given his beliefs (described in Section A.2).
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though they have a short-run incentive to do so. The sitnaiceversed in Phase Il, where
players in Community 2 build credibility by not playing, even though they have a short-
run incentive to do so. A deviation by a player in Community Phase | is not punished in
his trust-building phase, but is punished as soon as theepbawer. Similarly, if a player
in Community 2 deviates in her trust-building phase, sheatiffely faces punishment once
the trust-building phase is over. Unlike the results for B2, where the equilibria are
based on trigger strategies, we have “delayed” triggetegi@s. In Phase lll, deviations
immediately trigger Nash reversion.

Next, we discuss the main ideas underlying the proof of Térot for the particular
case of the product-choice game. The general proof can Ioel fiouthe Appendix.

3 An lllustration: The Product-Choice Game

We show that, for the product-choice game (Figure 1), it ssgae to sustain the efficient
action profile in equilibrium, using strategies as desctiabove in Section 2.4.

3.1 Equilibrium Strategies in the Product-Choice Game

Equilibrium play: Phase I: During the firstT" periods,(Qx, By ) is played. Phase II:
During the nextl” periods, the players pla¥), By ). Phase llI: For the rest of the
game, the players play the efficient action profig;, By).

Off-Equilibrium play: Action B, in Phase | is anon-triggeringaction. Any other devi-
ation is atriggering action. An uninfected player continues to play as if on-p#th
player who gets infected after facing a triggering actioiitcves to the Nash action
forever either from the beginning of Phase Il or immediafetyn the next period,
whichever is later. A player facing a triggering action ay ather stage immedi-
ately switches to the Nash action forever. A player who gefiscted by playing a
triggering action best responds to the strategies of ther glayers.

Clearly, the payoff from the strategy profile above will béitrarily close to the effi-
cient payoff(1, 1) for ¢ large enough. We need to establish that the strategy profilstic
tutes a sequential equilibrium of the repeated random rirajacramel’ (g, [, c) whenT,
T, andM are appropriately chosen afids close enough to 1.
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3.2 Optimality of Strategies: Intuition

The incentives on-path are quite straightforward. Any sham profitable deviation will
eventually trigger Nash reversion that will spread and cedrontinuation payoffs. Hence,
givenT, T, and M, for sufficiently patient players, the future loss in contition payoff
will outweigh any current gain from deviation. Establishisequential rationality off-path
is the challenge. Below, we consider some key histories agueavhy the strategies are
optimal after these histories. We start with two observetio

First, a seller who deviates to make a short-term gain irogetiwill find it optimal to
revert to the Nash action immediately. This seller knows, tregardless of his choice of
actions, from period” on, at least one buyer will start playing Nash. Then, froriquer
T + T on, more and more players will start playing the Nash actm] contagion will
spread exponentially fast. Thus, his continuation payfifiral” + 7" will be quite low,
regardless of what he does in the remainder of Phase I. Ostroation is such that if is
large enough, both in absolute terms and relativ&,tno matter how patient this seller is,
the best thing he can do after deviating in period 1 is to dt@yNash action foreveét.

Second, the optimal action of a player after he observegg@ering action depends on
the beliefs that he has about how far the contagion has glsgadad. To see why, think of
a buyer who observes a triggering action during, say, PiHads Nash reversion optimal
for her? If she believes that few people are infected, thayipy the Nash action may not
be optimal. In such a case, with high probability she willdac seller playing)y and
playing the Nash action will entail a loss in that period. Eaver, she is likely to infect
her opponent, hastening the contagion and lowering her awtircation payoff. The
situation is different if she believes that almost everypwmdinfected (so, playing Nash).
Then, there is a short-run gain by playing the Nash actiomis period. Moreover, the
effect on the contagion process and the continuation payitifbe negligible. Since the
optimal action for a player after observing a triggering@ctlepends on the beliefs he has
about “how widespread the contagion is,” we need to definesgesyof beliefs and check
if Nash reversion is optimal after getting infected, giveage beliefs.

We make the following assumptions on beliefs. If an unirddgilayer observes a non-

22For the deviant seller’s incentives, the choice of ldfgeith 7' > T is important for two reasons: First,
if 7>> T, then a seller who deviates in period 1 will find it optimal ®efp deviating and making short-run
profits in Phase I, without caring about potential lossestag® Il. Second, as long @5>> 7', the deviant
seller will believe that the contagion is spread widely egtoin Phase | that he will be willing to play Nash
throughout Phase Ill, regardless of the history he observes
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triggering action, then he just thinks that the opponentemadistake and that no one is
infected. If a player observes a triggering action, he thitlkat some seller deviated in
period 1 and that contagion has been spreading since theh. f&liefs are natural given
the interpretation of our strategies: deviations becorse likely as more trust is built.

Here, we formally study the most extreme such beliefs, wheelts to cleaner proofs.
In the Online Appendix (B.1) we prove that they are constsiterthe sense required by
sequential equilibrium.

These beliefs, along with the fact that a deviant seller pldly the Nash action forever,
imply that, for sufficiently largel’, any player who observes a triggering action thinks
that, almost everybody must be infected by the end of Phadad.makes Nash reversion
optimal after the end of Phase I. To gain some insight, cengite following histories.

e Suppose that | am a buyer who gets infected in Phasellthink that a seller deviated
in the first period and that he will continue infecting buydmnoughout Phase |. Unlesg
is too small, in each of the remaining periods of Phase |, tobability of meeting the
same seller again is low; so, | prefer to plBy; during Phase | (since all other sellers are
playingQy). Yet, if T is large enough, once Phase | is over | will think that, witghhi
probability, every buyer is now infected. Nash reversiceréafter is optimal.

It may happen that, after | get infected, | obse€ygin most (possibly all) periods of
Phase I. Then, | think that | met the deviant seller repegteid so not all buyers are
infected. However, it turns out that if is large enough, | will still revert to Nash play.
Since | expect my continuation payoff to drop affér- 7" anyway, for7" large enough, |
prefer to play the myopic best reply in Phase II, to make sdmogtgerm gains (similar to
the argument for a seller’s best reply if he deviates in gkt

e Suppose that | am a seller who face®;, in Phase I.(Non-triggering actions) Since
such actions are never profitable (on-path or off-pathgrafibserving such an action, | will
think it was a mistake and that no one is infected. Then, itpign@al to ignore it. The
deviating player knows this, and so it is also optimal for lnignore it.

e Suppose that | am a player who gets infected in Phase Il, or shty after period
T + T. | know that contagion has been spreading since the firstgheBat the fact that
| was uninfected so far may indicate that, possibly, not saynzeople are infected. We
show that ifT" is large enough and@ >> 7', | will still think that, with high probability, |

23The reason why we need Phase Il is to account for the hisioresich the deviant seller meets the same
buyer in most of the periods of Phase I. Since the probalufithese histories is extremely low, they barely
affect the incentives of a seller, and so havihgeriods of Phase Il is probably not necessary. Yet, intriduc
Phase Il is convenient since it allows us to completely attar&ze off-path behavior of the buyers.
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was just lucky not to have been infected so far, but that daay is infected now. This
makes Nash reversion optimal.

e Suppose that | get infected late in the game, atperiol > T+ T. If t > T+1T,
it is no longer possible to rely on how largeis to characterize my beliefs. However, for
this and other related histories late in the game, it turnshat, if M/ is reasonably large, |
will still believe that “enough” people are infected andealdy playing the Nash action, so
that playing the Nash action is also optimal for me.

3.3 Choice of Parameters for Equilibrium Construction

It is important to clarify how the different parameters, 7, 7, andd, are chosen to
construct the equilibrium. First, given a game, we fiidso that i) a buyer who is infected
in Phase | does not revert to the Nash action before Phaswllii)glayers who are infected
very late in the game believe that enough people are infdatetllash reversion to be
optimal. Then, we choosE so that, in Phase II, any infected buyer will find it optimal to
revert to the Nash action (even if she obserggdn all periods of Phase I). Then, we pick
T, with T > T, so that i) players infected in Phase Il or early in Phase élldve that
almost everybody is infected, and ii) a seller who deviatgseiriod 1 plays the Nash action
ever after. Finally, we picK large enough so that players do not deviate on ffath.

The role of the discount fact@drrequires further explanation. A highdeters players
from deviating from cooperation, but also makes playerstwaslow down the contagion.
Then, why are very patient players willing to spread the agiun after getting infected?
The essence of the argument is that, for a fixédonce a player is infected he knows that
contagion will start spreading, and expected future paywill converge td) exponentially
fast. Indeed, we can derive an upper bound on the future gaynplayer can make by
slowing down the contagion once it has started, even if he\perfectly patientd = 1).
Once we know that the gains from slowing down the contagierbaunded in this way, it
is easy to show that even very patient players will be wiliaglay the Nash action.

24Note thats must also be large enough so that the payoff achieved inilequih is close enough tfl, 1).
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4 Discussion and Extensions

4.1 Introduction of Noise

An equilibrium is said to be globally stable equilibrium dfter any finite history, play
finally reverts to cooperative play (Kandori, 1992). Theiootis appealing because it
implies that a single mistake does not entail permanentrsereto punishments. The
equilibrium here fails to satisfy global stability, thoutitis can be obtained by introducing
a public randomization devicg.

A related question is to see if cooperation can be sustamadriodel with some noise.
Since players have strict incentives, our equilibria ateusd to the introduction of some
noise in the payoffs. Suppose, however, that we are in angeithere players are con-
strained to make mistakes with probability at least 0 (small) at every possible history.
Our equilibrium construction is not robust to this modifioat The incentive compatibility
of our strategies relies on the fact that players believedhdy deviations are more likely.
This ensures that whenever players are required to putsig,think that the contagion
has spread enough for punishing to be optimal. If playersermaiktakes with positive and
equal probability in all periods, this property is lost. Hower, we conjecture that, depend-
ing on the game, suitable modifications of our strategies lb@agobust to the introduction
of mistakes. To see why, think of a player who observes a tlexifor the first time late in
Phase Ill. In a setting in which mistakes occur with proliaibil at every period, this player
may not believe that the contagion is widespread, but willteink that it has spread to a
certain degree. Whether this is enough to provide him withithentive to punish, depends
on the specific payoffs of the stage-gaffe.

25This is similar to Ellison (1994).The randomization deviceild be used to allow for the possibility of
restarting the game in any period, with a low but positivebaitaility.

261t is worth noting that if we consider the same strategies weduto prove Theorem 1, there is one
particularly problematic situation. Consider the prodciobice game in a setting with noise. If a buyer
makes a mistake late in Phase Il, no matter what she doegfateshe will start Phase Il knowing that not
many people are already infected. Hence, if she is verymaitenay be optimal for her to continue play as
if on-path and slow down the contagion. Suppose that a saliiserves a triggering action in the last period
of Phase Il. Since sellers do not spread the contagion ineRhdhis seller will think that it is very likely that
his opponent was uninfected and has just made a mistakepamitl aot punish. In this case, neither player
reverts to Nash punishments. This implies that a buyer mafjtably deviate in the last period of Phase I,
since her deviation would go unpunished.
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4.2 Uncertainty about Timing

In the equilibrium strategies in this paper, players caadibehavior on calendar time. On-
path, players in Community 1 switch their action in a cooad&d way at the end of Phases |
and II. Off-path, players coordinate the start of the pumisht phase. The calendar time
and timing of phasesI{ and7) are commonly known and used to coordinate behavior.
Arguably, in modeling large communities, the need to switehavior with precise coordi-
nation is an unappealing feature. It may be interestinguestigate if cooperation can be
sustained if players are not sure about the precise timeitolsphases.

A complete analysis of this issue is beyond the scope of #pep We conjecture that a
modification of our strategies would be robust to the intiaun of smalluncertainty about
timing. The reader may refer to the Online Appendix (B.6)evéhwe consider an altered
environmentin which players are slightly uncertain abbetttming of the different phases.
We conjecture equilibrium strategies in this setting, arayjle the intuition behind them.

4.3 Alternative Systems of Beliefs

We assume that a player who observes a triggering actioeveslithat some player from
Community 1 deviated in the first period of the game. This egsthat an infected player
thinks that the contagion has been spreading long enoughatter Phase |, almost ev-
erybody is infected. It is easy to see that alternative @asseme) assumptions on beliefs
would still have delivered this property. We work with thigse mainly for tractability.
Also, since our equilibrium is based on communities buddirust in the initial phases of
the game, it is plausible that players regard deviationgtmbre likely earlier rather than
later.

Further, the assumption we make is a limiting one in the street yields the weakest
bound on)M. With other assumptions, for a given gaiiec ¢ and givenl’ and7’, the
threshold population siz&/ required to sustain cooperation would be weakly greater tha
the threshold we obtain. Why is this so? On observing a triggeaction, my belief about
the number of infected people is determined by my belief aladen the first deviation
took place and the subsequent contagion process. Formialiyetting infected at periag
my beliefz! can be expressed a$ = > _, u(7)y!(7), wherepu(r) is the probability |
assign to the first deviation having occurred at peripdndy’(7) is my belief about the
number of people infected if | know that the first deviationk@lace at period. Since
contagion is not reversible, every elapsed period of contagesults in a weakly greater

17



number of infected people. Thus, my belief if | think the firsiection occurred at = 1
first-order stochastically dominates my belief if | thinletfirst infection happened later,
at anyt > 1, i.e, for eachr and each € {1,..., M}, "M /(1) > M 4i(r). Now
consider any belief! that | might have had with alternative assumptions on whéinkt
the first deviation occurred. This belief will be some coneexnbination of the beliefs
y'(r), for = 1,...,t. Since we know thay‘(1) first-order stochastically dominates
y'(r) for all = > 1, it follows thaty*(1) will also first-order stochastically dominagé.
Therefore, our assumption is the one for which players Wilik that the contagion is most

widespread at any given time and so makes the off-path ivesrgasier to satisfy.
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A Proof of the Main Result

We show below that, under the assumptions of Theorem 1, thtegy profile described

in Section 2.4 constitutes a sequential equilibrium of #y@eated random matching game

G¥ whenM is large enoughl” and7" are appropriately chosen, afiés close enough to 1.
If we compare the general game to the product-choice gamayargn Community 1

in a general game i is like the seller who is the only player with an incentive tvite

in Phase |, and a player in Community 2 is like the buyer whortftamcentive to deviate

in Phase | but has an incentive to deviate in Phase Il. Forake af clarity, we often refer

to players from Community 1 as sellers and players from Conity as buyers.

A.1 Incentives on-path

The incentives on-path are straightforward, and so we dmitdrmal proof. The logic is
that if players are sufficiently patient, on-path deviati@an be deterred by the threat of
eventual Nash reversion. It is easy to see thdt, i§ large enough, the most “profitable”
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on-path deviation is that of a player in Community 1 (a sgifeperiod 1. Given/, 7" and
T, the discount factof can be chosen close enoughttt deter such deviations.

A.2 System of beliefs

In this section we describe the assumptions we make for timeaftton of off-path beliefs.
As usual, they are then updated using Bayes rule whenevsibms

i) Assumption 1: If a player observes a triggering action, then this playdietbes
that some player in Community 1 (a seller) deviated in the fiesiod of the game.
Subsequently, his beliefs are described as follows:

e Assumption1.1: He believes that after the deviation by a seller in the first pe
riod, play has proceeded as prescribed by the strategmsdpd his observed
history can be explained in this way.

e Assumption 1.2: If his observed history cannot be explained with play having
proceeded as prescribed by the strategies after a selefiatobn in period 1,
then we call this arerroneous history’ In this case, the player believes that
after the seller deviated in the first period of the game, anenore of his
opponents in his matches made a mistake. Indeed, this phalfehink that
there have been as many mistakes by his past rivals as nee@eglain the
history at hand. Erroneous histories include the following

— Aplayer observes an action in Phases Il or lll that is neipiaet of the strict
Nash profilea* nor the action that is supposed to be played in equilibrium.

— Aplayer who, after being certain that all the players in ttteeocommunity
are infected, faces an opponent who does not play the Nashachis can
only happen in Phase lll. For instance, this happens if agctefl player
infectsM — 1 opponents by playing a triggering action against them.

i) Assumption2: If a player observes a non-triggering action, then this@idelieves
that his opponent made a mistake.

iii) Assumption 3: If a player plays a triggering action and then observes atyishat
has probability zero according to his beliefs, we also say lie is at an erroneous

27For the formation of a player’s beliefs after erroneousdriss, we assume that “mistakes” by infected
players are infinitely more likely than “mistakes” by uniofed players.
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history and will think that there have been as many mistakeki® past rivals as
needed to explain the history at hand.

In the Online Appendix (B.1) we formally prove consistenéytese beliefs.

A.2.1 Modeling Beliefs with Contagion Matrices

So far, we have not formally described the structure of agilaybeliefs. The payoff-
relevant feature of a player’s beliefs is the number of pedy believes to be currently
infected. Accordingly, we let a vectar € R denote the beliefs of playérabout the
number of infected people in the other community at the emzeabdt, wherez!, denotes
the probability he assigns to exactlypeople being infected in the other community. To
illustrate, when playei observes the first triggering action, Assumptibimplies that
! = (1,0,...,0). In some abuse of notation, when it is known that a playeigass$i
probability to more thak opponents being infected, we work withc R*. We say a belief
2t € R* first-order stochastically dominatesbeliefz! if 2* assigns higher probability to
more people being infectele, for eachl € {1,..., k}, > ot > 3% il. LetZ' denote
the random variable representing the number of infecteg@lpen the other community at
the end of period. Let k' denote the eventi‘people in the other community are infected
by the end of period’, i.e., k* andZ! = k denote the same event.

As we will see below, the beliefs of players after differergtbries evolve according
to simple Markov processes, and so can be studied using aopajgte transition matrix
and an initial belief. We define below a useful class of masicontagion matricesThe
element;; of acontagion matrixC' denotes the probability that the stateiVals infected”
transitions to the statej‘rivals infected.” Formally, if we letM,, denote the set of x k
matrices with real entries, we say that a matrixc M, is a contagion matrix if it has the
following properties:

i) All the entries ofC' belong to[0, 1] (represent probabilities).
i) C'is upper triangular (being infected is irreversible).

iii) All diagonal entries are strictly positive (with somegbability, infected people meet
other infected people and contagion does not spread in tihentyperiod).

iv) For eachi > 1, ¢;_y, is strictly positive (With some probability, exactly onewe
person gets infected in the current period, unless evegylsoalready infected.).
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A useful technical property is that, since contagion masiare upper triangular, their
will often be interested in the limit behavior %% whereC'is a contagioﬁ ’matrix and
y is a probability vector. Given a matri, let C;; denote the matrix derived by removing
the last/ rows and columns frond’. Similarly, Cy, is the matrix derived by removing the
first k rows and columns an@y, ; by doing both operations simultaneously. Clearly, if we
perform any of these operations on a contagion matrix, we getv contagion matrix.

A.3 Incentives off-path

To prove sequential rationality, we need to examine playecentives after possible off-
path histories, given the beliefs. This is the heart of thmopand the exposition proceeds
as follows. We classify possible off-path histories of ayplai based on when player
observed off-path behavior for the first time.

e Given the beliefs described above, it is important to firsrabterize the best re-
sponse of a seller who deviates in the first period of the game.

e Next, we consider histories where play@bserves a triggering action (gets infected)
for the first time in the target payoff phase (Phase Ill).

e We then consider histories where playasbserves a triggering action for the first
time during one of the two trust-building phases.

e We discuss non-triggering actions.

e Finally, we discuss two particular types of off-path higearthat might be of special
interest, since the arguments used here can be appliedeosathilar histories.

We need some extra notation to characterize the possiliteibsthat can arise in the
game. Denote &period private history for a playery i!. At any time period, actions are
classified as two types, depending on the information thayep

Good behavior (g): We say that a player observes good behavior, denoteg, lilyhe
observes the action an uninfected player would choose elik@ne exception here:
if the on-path and the off-path actions coincide with theiNastion, then observing
the Nash action is good behavior only if the player is uniteédé®

28 a player is infected and observes a Nash action in one sebd this does not convey information
about how widespread the contagion is. In particular, isdoa point towards fewer people being infected.
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Bad behavior (b): We say that a player observes bad behavior, denotéd ibyhe does
not observe good behavibt.

In a nutshellgood behaviopoints in the direction of fewer people being infected dad
behaviordoes not. If playei observes a-period historyh! followed by three periods of
good behavior and then one period of bad behavior, we reqtrésies byh!gggb. For any
playeri, let g; denote the event “playemobserved, in periodt,” and letU* denote the event
“player i is uninfected at the end of perigd In an abuse of notation, a player’s history
is written omitting his own actions. For most of the argunsdmtlow, we discuss beliefs
from the point of view of a fixed player and so often refer to playein the first person.

A.3.1 Computing off-path beliefs

Since we work with off-path beliefs of players, it is usefal ¢larify at the outset our
approach to computing beliefs. Suppose that | get infectethrme period in Phase |l
and that | face an uninfected player in periog 1. | will think that a seller deviated in
period 1 and that in periodl + 7"+ 1 all infected buyers and sellers played the Nash action
(which is triggering in this period). Therefore, peridtH 7' + 2 must always start with
the same number of players infected in both communitiest Sdfices to compute beliefs
about the number of people infected in the rival communityeSe beliefs are represented
by z'*t! € RM, wherexﬁr !is the probability of exactly: people being infected after period
t + 1, and must be computed using Bayes rule and conditioning omnngte history.
What information do | have after histoiyt'? | know that a seller deviated at period 1,
soz! = (1,0,...,0). | also know that, after any periad< %, | was not infected [(*).
Moreover, since | got infected at periedat least one player in the rival community got
infected in the same period. Finally, since | faced an umiiefé player at + 1, at most
M — 2 people were infected after any peribet ¢ (i.e., Z' < M — 2).

To computer!t!, we compute a series of intermediate beliefsfor t < ¢ + 1. We
computez? from z! by conditioning onU? andZ? < M — 2; then we compute? from
2% and so on. Note that, to computé, we do not use the information that “I did not
get infected at any perio?2l < t < t.” So, at eacht < ¢, z' represents my beliefs when |
condition on the fact that the contagion started at perioadithat no matching that leads to

298y Assumption 1.2, if a player observes off-path behaviat thoes not correspond with the action an
infected player would play, he thinks that this correspaids “mistake” by an infected player, pointing in
the direction of more people being infected. Thus, thisassified as bad behavior.
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more than\/ — 2 people being infected could have been reali#egut differently, at each
period, | compute my beliefs by eliminating (assigning zprobability to) the matchings

| know could not have taken place. At a given perioé ¢, the information that “I did not
get infected at any period with 7 < ¢ < " is not used. This extra information is added
period by periodj.e., only at period: we add the information coming from the fact that
“I was not infected at period” In the Online Appendix (B.3), we show that this method
of computingz'™! generates the required belief®., beliefs at period + 1 conditioning
on the entire history. Now we are equipped to check the ofitynaf the equilibrium
strategies.

A.3.2 A seller deviates at beginning of the game

The strategies specify that a player who gets infected byatieg to a triggering action
henceforth plays his best response to the other playeegegies. As we argued for the
product-choice game, it is easy to show that for a gi¥érif 7 is large enough (and large
relative to7’), a seller who deviates from equilibrium actién in period 1 will find it
optimal to continue deviating and playing his most profigatiéviations, , until the end of
Phase | to maximize short-run gains, and then will switchl&yipg the Nashu} forever.
Note that, here, it is important th@tbe chosen large enough relativeftoFirst, it ensures
that if the seller keeps deviating in Phase |, his short-raimgyin Phase | are larger than
the potential loses in Phase Il. Second, even if the deveigrgaces many occurrences of
a non-Nash action in Phase I, he will assign high probahittthe event that all but one
buyer got infected in Phase I, and that he has been repeatediing the only uninfected
buyer in Phase Il. Under such beliefs, playing the Nash adtid’hase Ill is still optimal
for him.

A.3.3 A player gets infected in Phase IlI

Our analysis of incentives in Phase lll is structured asofedl. First we check the off-
path incentives of a player infected at the start of PhaséNkikt, we analyze incentives
of a player after infection very late in Phase Ill. Finallyg wse a monotonicity argument
on the beliefs to check the incentives after infection ireintediate periods in Phase lII.
Case 1: Infection at the start of Phase Ill.Let h7+7+! denote a history in which | am

30The updating after periatis different, since | know that | was infectedzand that no more thah/ — 1
people could possibly be infected in the other communithatend of period.
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a player who gets infected in peridd+ 7" + 1. The equilibrium strategies prescribe that
| switch to the Nash action forever. For this to be optimal, usinbelieve that enough
players in the other community are already infected. Mydjgldepend on what | know
about how contagion spreads in Phase | after a seller deviatperiod 1. In Phase I,
only one deviant seller is infecting buyers (recall thatdéngycannot spread contagion in
Phase I). The contagion, then, is a Markov process with statee{1, ..., M}, where the
state represents the number of infected buyers. The ti@msiatrix corresponds with the
contagion matrixS,; € M, where a staté transits tok + 1 if the deviant seller meets
an uninfected buyer, which has probabil&&%’f. With the remaining probabilityi,e., %
statek remains at staté. WWhen no confusion arises, we omit subsciptin matrix S,,.
Let si; be the probability that statetransitions to staté Then,

M M
0 & %= 0 0
Sar = :
M—
0 MF & 0
0 M-1 1
M M
0 0 0 1

The transition matrix represents how the contagion is ebgpketo spread. To compute
my beliefs after being infected, | must also condition on itfermation from my own
history. Consider any period < 7. After observing historszJfTJrl = g...gb, | know
that at the end of periot+ 1, at mostM — 1 buyers were infected and | was not infected.
Therefore, to compute’*!, my intermediate beliefs about the number of buyers who were
infected at the end of periad+ 1 (i.e., aboutZ'*1), | need to condition on the following:

i) My beliefs aboutZ*: z'.

i) I was uninfected at the end of+ 1: the eventU/**! (this is irrelevant if | am a seller,
since sellers cannot get infected in Phase 1).

iii) At most M — 1 buyers were infected by the end of peribd- 1: 70! < M — 1
(otherwise | could not have been uninfected at the start aseHl).
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Therefore, giverl < M, if | am a buyer, the probability that exactlybuyers are
infected after period + 1, conditional on the above information, is given by:

P AU NI < M — 1|2t
P(UHT N TH < M — 1at)
xf—lsl—lJﬁ + sy

M-1 (1 M—k ¢ :
k=1 (xk—lsk—l,k M—k+1 + xk;sk,k:)

P(lt+1 ‘xt N Ut—‘rl mIH—l S M — 1) —

The expression for a seller would be analogous, but WitHwtp}“fl;il factors. No-
tice that we can express the transition frefrto 2'*! using what we call theonditional
transition matrix Let C' € M,, be defined, for each pair,l € {1,...,M — 1}, by
Crl i= skl%; by ¢y = 1, and with all remaining entries beirtly

Since we already know that,, = x%}' = 0, we can just work iR*~!. Recall thaC’y
and.S) denote the matrices obtained frathand S by removing the last row and the last
column of each. So, the truncated matrix of conditionalgitiwnal probabilities”;; is as

follows:

1 M-1M-2
M M M-1 0 0
0 2 M-2M-3 0
M M M-2
Cy=| : : : :
M-—2 21
0 0 0 0 S i3
M-—1
0 0 0 0 0 S

Thus, it is crucial for our analysis to understand the ewofubf the Markov processes
associated with matriceS; and Sy, starting out with the situation in which only one
player is infected. Then, for the buyer caseylpt= (1,0, ...,0) and defing/5 ! as

wi_ YOy _ us 0y

Yp = = .
57 s Cyll ~ Tk

Analogously, we define the Markov process for the sellerby usings; instead ofC;.

Therefore, my intermediate beliefs at the end of pefipd”, would be given by,Z if
| am a buyer anqjlg if | am a seller. The following result characterizes the tibehavior
of yl;, andy%, needed to understand for largeT".

Lemma 1. Fix M. Thenlim; . y4 = lim; o v5 = (0,...,0,1).
The intuition for the above lemma is as follows. Note thatldrgest diagonal entry in

the matrixC) (or Sy)) is the last one. This means that the state- 1 is more stable than
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any other state. Consequently, as more periods of contatppse in Phase |, staté — 1
becomes more and more likely. The formal proof is a stragyhthrd consequence of some
of the properties of contagion matrices (see PropositidniBthe Online Appendix).

Proposition 2. Fix 7" and M. If | observe histor)hT'JfTJf1 — ¢g...gbandT is large enough,
then it is sequentially rational for me to play the Nash actit period?” + 7" + 2.

Proof. Suppose that | am a buyer. Since sellers always play the Ndisiman Phase I, |
cannot learn anything from play in Phase IIl. By Lemma T i large enoung, which
coincides Withyg, will be close to(0, ..., 0,1). Thus, | assign high probability td/ — 1
players in my community being infected at the end of PhaskénTat least as many sellers
got infected during Phase Il. If exactly — 1 buyers were infected by the end of Phase II,
then the only uninfected seller must have got infected ifopef’ + 7 + 1 since, in this
period, | was the only uninfected buyer and | met an infectegoment. So, ifl" is large
enough, | assign probability arbitrarily closeltdo all sellers being infected by the end of
T + T + 1. Thus, it is optimal to play the Nash actiok.

Next, suppose that | am a seller. In this case, the fact thatlanger infected me in
Phase Il will make me update my beliefs about how contagisnspaead. However, if’
is large enough relative t, even if | factor in the information that | was not infected in
Phase II, the probability | assign td — 1 buyers being infected by the end of Phase | is
arbitrarily higher than the probability | assignilayers being infected for arly< M —1.
By the same argument as above, playing Nash is optimal. O

Next, we considefT'+1'+1+a)-period histories of the forhI+1+14a — ¢ gbg .o
g, with1 < o < M — 2, i.e, histories where | was infected at peridd+ 7" + 1 and then |
observedy periods of good behavior while | was playing the Nash actkeor. the sake of
exposition, assume that | am a buyer (the arguments for er selt analogous). Why are
these histories significant? Notice that if | get infectegémiod? + 7" + 1, | can believe
that all other players in my community are infected. Howeifeaifter that | observe the
on-path action, I will think that | have met an uninfectedygaand | will have to revise
my beliefs, since it is not possible that all the players incagnmunity were infected after
periodT + 7 + 1. Can this alter my incentives to play the Nash action?

Suppose that = 1. After history A7+7+2 = ¢ ... gbg, | know that at most\/ — 2
buyers were infected by the end of Phase I. So, for ¢ashT’, 2, = %, , = 0. My
beliefs are no longer computed usifig, but rather withC'y, which is derived by removing
the last two rows and columns 6f. By a similar argument as Lemma 1, we can show that
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the new intermediate beliefs? ¢ RM~2, also converge t¢0,0,...,1). In other words,
the statel/ — 2 is the most stable and, fatlarge enough, | assign very high probability to
M — 2 buyers being infected at the end of Phase |. Consequentbasttas many sellers
were infected during Phase Il. This, in turn, implies (justraProposition 2) that | believe
that, with high probability, all players are infected by natt = 7'+ T + 2). To see why
note that, with high probability)/ — 2 sellers were infected during Phase Il. Then, one of
the uninfected sellers met an infected buyer at pefiod 7'+ 1, and | infected the last
one in the last period. So, T is large enough, | still assign arbitrarily high probalilio
everyone being infected by now, and it is optimal for me toypiash. A similar argument
holds for(7 + 7 + 1 + «)-period histories withw € {1,..., M — 1},

We need not check incentives for Nash reversion after estavhere | observe more
thanM — 2 periods ofyg after being infected. Note that these are erroneous hestovihen
| get infected at period” 4+ 7'+ 1, | believe that the minimum number of people infected
in each community is two (at least one pair of players in gkficand one pair in period
T + T + 1). Suppose that subsequently | fatke— 2 instances of;. Since | switched to
Nash after being infected, | infected my opponents in thedas- 2 periods. At the end of
M — 2 observations of, | am sure that even if there were only two players infecteghich
community at the end df + 7 + 1, | have infected all the remaining uninfected people.
So observing more after that cannot be explained by a single deviation in petioThen,
| will believe that in addition to the first deviation by a s&lin period 1, there have been
as many mistakes by players as needed to be consistent witth#erved history.

Finally, consider histories where, after getting infecteabserve a sequence of actions
that includes botly andb, i.e., histories starting withZ+1+1 = g...gband where | faced
b in one or more periods after getting infected. After suchdmiss, | will assign higher
probability to more people being infected compared to hissowhere | observed only
after getting infected. This is because, by definition, geelditional observation dfis an
indication of more people being infected, which increasgsmoentives to play Nash.

Thus, we have shown that a player who observes a triggerimndor the first time at
the start of Phase Il will find it optimal to revert permangrb the Nash action.

Case 2: Infection late in Phase Ill.Next, suppose that | get infected after observing
history h'*' = g...gb, with # >> T + T. This is the situation where the incentives are
harder to verify, because we have to study how the contagiolwves during Phase IIl. In
this phase, all infected players in both communities spteaaontagion and, hence, from
periodT + 7 + 1 on, the same number of people is infected in both communifiée
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contagion can again be studied as a Markov process withsgtate{1, ..., M}.

The new transition matrix corresponds with the contagiotrima € M ,; where, for
each paitc,l € {1,...,M},if k > lorl > 2k, 55y = 0; otherwisej.e, if £ <1 < 2k, the
probability of transition to statg to statel is (see Figure 3):

2
- ((sz) (o - k)!) 2k =DM -0t (K12((M — k)1)?
o M1 = (0= k)D2(2k — DI(M — I
Community 1 (Sellers) Community 2 (Buyers)
(2k —1)! T
Already infected
(5 () @ = w: l
————

|

Newly infected

(A0 (rya—nr |

4
Still uninfected
(M —1)! l

Figure 3:Spread of Contagion in Phase Ill. There afé possible matchings. For stateo transit
to statel, exactly(l — k) infected people from each community must mget k) uninfected people
from the other community. The number of ways of choosing #xd¢— k) buyers fromk infected
ones is(,*,). The number of ways of choosing the correspondihg k) uninfected sellers that

will get infected is(]‘f_‘kk). Finally, the number of ways in which these setglof k) people can be
matched is the total number of permutations efk people,.e., (I — k)!. Analogously, we choose
the (I — k) infected sellers who will be matched tb— k) uninfected buyers. The number of ways
in which the remaining infected buyers and sellers get neatd¢h each other ik — [)! and, for
the uninfected ones, we hay&/ — [)!.

Consider any such thafl'+7" < t < t. Since | have observed histoly™ = g... gb, |
know that “at most\/ — 1 people could have been infected in the rival community aetite
of periodt + 1" (Z'*! < M — 1), and “l was not infected at the end of periog 1" (U1).
As before, let:' be my intermediate beliefs after periedSince, for each < ¢, 2%, = 0,
we can work withz! € RM~1, We want to comput®(I*! [z' N U NI < M —1) for
le{l,...,M—1}andT + 7T < t:

P NnUHI NZH < M — 1) |zt)

PO NTHI < M — 1) |zt)
Zke{l M} xlfcgkl%

.....

P(lt—i-l ‘xt N Ut—‘rl ﬂIH-l S M — 1) —

Siern -2y (reqnan ThBkAF)

777777777
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Again, we can express these probabilities using the casreBpg conditional transition
matrix. LetC' € M, be defined, for each pair,l € {1,..., M — 1}, by ¢y := S 2=L;
by ¢,y = 1; and with all remaining entries beirig Then, given a vector of beliefs at the
end of Phase Il represented by a probability vegtome are interested in the evolution of
the Markov process whetg*! is defined as

—t+l _ gt C?U '
15t Cy |

Note that, as long as< —7 — 17", eachy' coincides with the intermediate belief§+7+t.
Thus, to understand the beliefs after late deviations, weys}’ ast — oo. Importantly,
provided that? > 0, the limit results below do not depend gt i.e., the specific beliefs
at the end of Phase Il do not mattéMe show next that a result similar to Lemma 1 holds.

Lemma 2. Suppose thag? > 0. Thenlim, .., 7' = (0,0,...,0,1) € RM-1,

The lemma follows from properties of contagion matrice® (Beoposition B.1 in the
Online Appendix for the proof). The informal argument is alédws. The largest diagonal
entries of the matrix?u are the first and last oneg,{ and¢,,_1 ys—1), Which are equal.
Unlike in the Phase | transition matrix, staté — 1 is not the unique most stable state.
Here, state$ and M — 1 are equally stable, and more stable than any other state.d&/hy
then have converge 1@, 0, ...,0,1)? In each period, many states transit\to— 1 with
positive probability, while no state transits to state 1d ao the ratiogt”;—;1 goes too ast
increases. 1

Proposition 3. Fix 7' € N, 7' € N, and M < N. If | observe history:'** = ¢...gb and

t is large enough, then it is sequentially rational for me taypthe Nash action at period
t+ 2.

Proof. We want to know how spread the contagion is according to thiefee:**!. To

do so, we start with:!. By Lemma 2, iff is large enoughy'~7-7 is very close to
(0,0,...,0,1). Thus,z! is such that | assign very high probability i — 1 players in
the other community being infected by the end of periodNow, to computer’*! from

z%, 1 add the information that | got infected @t- 1 and, hence, the only uninfected person
in the other community got infected too. Thus, | assign vaghtprobability to everyone
being infected, and Nash reversion is optimal. O

31The conditiony > 0 is just saying that, with positive probability, the deviaetler may meet the same
buyer in all the periods in phases | and .
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Suppose now that | obser#&™ = ¢ . .. gbg and that | played the Nash action at period
t + 2. The analysis of these histories turns out to be more indollaan in Case 1. After
observingh/*2, 1 will know that fewer than(M — 1) people were infected at the end of
periodt since, otherwise, | could not have faceih period? + 2. In other words, | have
to recompute my beliefs using the information that, for eaght, 78 < M — 2. To do so,
| should use the truncated transition matfiy. Since, for each < ¢, 2, = 2%,_, =0,
to obtainz® we just work withzt € R™-2, We have the Markov process that starts with
a vector of beliefs at the end of Phase Il, represented by lzapitity vectorj°, and such
thaty'+! is computed as B
y' Cy
15 Coll
As before, as long as< i—T — 1T, eachj! coincides with the intermediate beliefs+7+,
Also, we want to study the limit behavior §f ast goes toxo and then rely on to compute
beliefs att + 2. The extra difficulty comes from the fact thay 2 /2 < ¢11 = % and
the arguments behind Lemma 2 do not apply to maftixand, indeed, the limit beliefs
do not converge tq0, ..., 0, 1). However, we show that | will still believe that “enough”
people are infected with “high enough probability.” In tleedma below, we first establish
thaty' converges. The result follows from properties of contagimatrices. The proof is
available in the Online Appendix (Proposition B.1). Sinbestlimit only depends o/,
with a slight abuse of notation we denote itHY.

=41 _

Lemma 3. Suppose thag) > 0. Then,lim,_,., 7' = ™, wherey is the unique nonneg-
ative left eigenvector associated with the largest eigemvaf Cy such that||g| = 1.

=M

Thusy"Cy = L.

In particular, the result above implies that the limitagpes to infinity of the beliefs’

is independent of and7". We are interested in the propertiesjdf, which we study next.

Lemma 4. Letr € (0,1). Then, for eachn € N, there isM € N such that, for each
M > M,

S L

j=[rM]

where[z] is the ceiling function and is defined as the smallest integ¢smaller thare.

This result can be interpreted as follows. Think-afs a proportion of people, s@yp.
Givenm, if the population sizé/ is large enough, after observing histéfy2 = g . . . gbg,
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my limiting belief M will be such that | will assign probability at least— -1 ) to at least

90 percent of the population being infected. We can ch@asese enough td andm large
enough and then find/ € N large enough so that | believe that the contagion has spread
enough that playing the Nash action is optimal.

Figure 4 below represents the probabilitley” ”, , 7 for different values of- and
M. In particular, it shows that they go to one very fast with3 From the results in this
section it will follow that, after any history in which | hay®een infected late in Phase llI,
| will believe that the contagion is at least as spreagi*asndicates. For instance, consider
M = 20. In this casej™ is such that | believe that, with probability at le@st5, at least
90 percent of the people are infected. This may be enough teethe right incentives for

many games. In general, these incentives will hold evenrdiolyfsmall population sizes.

1.0 r:0-5 1.0
r=0.75
2 r=0.9 o
.'(.-;0.5 r2095 0.8
Q
E 0.7 \ 0.7
o |
06 | 06
|
|
0.5 . . . . . ' 05 . . . . ; !
0 10 20 i 39 40 5C 0 100 200 300 4(?0 _500 60C
Community Size /) Community Size /)

Figure 4: lllustration of Lemma 4.

In order to prove Lemma 4, we need to study the transitionwds states. There
are two opposing forces that affect how my beliefs evolveraftobservey . .. gbg. On
the one hand, each observationgaguggests to me that not too many people are infected,
making me step back in my beliefs and assign higher weighivel states (fewer people
infected). On the other hand, since | believe that the caoestarted at = 1 and that it
has been spreading exponentially during Phase lll, evapseld period makes me assign
more weight to higher states (believe that more people &eeted). What we need to do
is to compare the magnitudes of these two effects. Two maermvhations drive the proof.
First, each time | observg, my beliefs get updated with more weight assigned to lower
states and, roughly speaking, this step back in beliefstatt to be of the order af/.
Second, we identify the most likely transition from any givstatek. It turns out that the
likeliest transition fromk, say statet’, is abouty/M times more likely than the stafe

32The non-monotonicity in the graphs in Figure 4 may be suimmyisTo the best of our understanding, this
can be essentially attributed to the fact that the statdsatiegpowers of 2 tend to be more likely, and their
distribution within the top\/ — [r M| states varies in a non-monotone way.
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Similarly, the most likely transition fror’, say staté:”, is /M times more likely than the
statek’. Hence, given a proportion of peoples (0,1) andm € N, if M is large enough,
for each staté& < M, we can find another statethat is at leasfl/™ times more likely
than state:. Thus, givenn € N, by takingM large enough, we get that the second effect
on the beliefs is, at least, of an order/af”, and so it dominates the first effect.

We need some preliminaries before we formally prove LemnRetall that

M—k (KD2((M = k)!)? M—Fk—j

(Coluiers = St Ny 5 = GGk — N — kI Mk

Given a state&k € {1,..., M — 2}, consider the transition frorh to state tfk) := k +
LW], where| z] is the floor function defined as the largest integer not latigen -. It
turns out that, for largé/, this is a good approximation of the most likely transitioonh
statek.

We temporarily switch to the case where there is a continuistatesj.e., we think of
the set of states as the intery@ A/]. In the continuous setting, a state= [0, A/], can be
represented as\/; wherer = z/M can be interpreted as the proportion of infected people
at statez. Lety € R. We define a functiorf, : [0,1] — R as

rM(M —rM)

M +7:(T_T2)M+7

fy(r) =

Note thatf, is continuous and, further, thai/ + f;(r) would just be the extension of the
function tr(k) to the continuous case. We want to know how likely the trémsirom state
rM torM + fo(r) is. Define a functiowy: [0,1] — [0, 1] as

g(r) = 2r —r?

The functiong is continuous and strictly increasing. Givere [0, 1], g(r) represents the
proportion of infected people if, at stat@/, fy(r) people get infected. To see why, note
thatr M + fo(r) = vM + (r — 2 )M = (2r — r?)M. Letg?(r) := g(g(r)) and define
analogously any other power gf Hence, for each € [0, 1], ¢"(r) represents the fraction
of people infected aftet steps starting at)/ when transitions are made according§o ).

Claim 1. Let M € Nanda,b € (0,1), witha > b. Then,aM + fo(a) > bM + fo(b).

Proof. Note thatuM + fo(a) —bM — fo(b) = (g9(a) — g(b)) M, and the result follows from
the fact thay(-) is strictly increasing o0, 1). O
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Now we define a function}’: (0,1) — (0,00) as

(rM")2(M —rM)!)? M —rM — fﬁ,(r).

) M — F N — M~ LG M — 70

v

This function is the continuous version of the transitioiveg by the matri>xCy. In partic-
ular, giveny € R andr € [0, 1] the functionh}’(r) represents the conditional probability
of transition from state M to stater M/ + f.,(r). In some abuse of notation, we apply the
factorial function to non-integer real numbers. In suctesathe factorial can be interpreted
as the corresponding Gamma functioa,, a! = I'(a + 1).

Claim 2. Lety € Randr € (0,1). Then,lim,_,. MR (r) = co. More precisely,

. MhY(r) 1
lim = .
M—oo /M rv2m

Proof. This proof is based on Stirling’s approximation. The ingteel reader is referred to
the Online Appendix (B.4) for a proof. O

We are now ready to prove Lemma 4.

Proof of Lemma 4Fix » € (0,1) andm € N. We show that there i3/ such that, for
eachM > M and each state < [rM], there is a staté € {[rM],..., M — 2} such
thaty > M™Y. We show this first for staté, = [rM] — 1. Consider the statel/
and definep := 2m + 3 and7 := ¢”(r). Recall thatr is the state reached (proportion of
people infected) from initial state\/ afterp steps according to the functigp. Recall that
functions f; andg are such that; < 7 < 1. Moreover, suppose that is large enough so
that7)/ < M — 2. Consider the statk, and letk be the number of infected people after
p steps according to function(ty. Givenr € (0, 1), fo(7) and t(7 M) just differ because
fo(7) may not be a natural number, whilgiti/) always is, and so the difference between
these two functions is just a matter of truncation. Henceeérh of steg € {1, ..., p},
there isy; € (—1,0] such that the step corresponds with that of funcfign for instance,

71 is such that tiky) = f., (ko/M). By Claim 1, sincek, < rM, k < M — 2. Moreover,

it is trivial to see thatt > [rM]. Letk, be the state that is reached after the first step
from ko according to function ). Recall that, by Lemma 3 = My Cy. Then,

g = M SR M (Co )iy, > MG (Coy ok, = YT MR (r), which, by Claim 2, can be
approximated b%yj% if M is large enough. Repeating the same argument for the other

T
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intermediate states that are reached in each gf 8teps we get that, it/ is large enough,

1

g > M: oy A M-

=M m+1=
7 vz M e 7 M
The proof for an arbitrary state < [rM| — 1 is very similar, with the only difference
that more steps might be needed to get to a state{[rM],. — 2}; yet, the extra
number of steps makes the difference betwgérandy’’ even blggef’3
Letk € {[rM],. — 2} be a state such th@%w > M™Hmax{g)¥ : k €
{1,..., [rM] —1}. Then z R UV i S O

Corollary 1. Fix a gameG € ¢. There isM}. € N such that, for eachi/ > M},
an infected player in Phase Il with beliefs given ®Y strictly prefers to play the Nash
action.

Proof. Suppose an infected player with beliefs givend{is deciding what to do at some
period in Phase lll. By Lemma 4, the probability that he assitp meeting an infected

player in the current period converges to 1\dgyoes to infinity. This has two implications

on incentives. First, in the current period, the Nash actienomes a strict best reply.
Second, the impact of the current action on the continugtayoff goes to 0. Therefore,

there isM/}, € N such that, for eacti/ larger thaniz}, playing the Nash action is a best
reply giveny™. O

Proposition 4. FixagameG € ¢ andM > M. FixT € NandT € Nand letf > T+7.
Suppose | observe histohy*? = g. .. gbg. Then, it is sequentially rational for me to play
the Nash action at periotl+ 3.

Proof. Now, we want to know how spread the contagion is accordindpédeliefsz!+2,
As usual, to do so we start witH, my beliefs computed conditioning only the information
that at most\/ — 2 people were infected after periodnd that | was uninfected until period
£+ 1. From Lemma 3, if is large enoughy?, which coincides withji=7-7, is very close
to 7™ and, further, also all subsequent elemefitd —% with ¢ > 7 are very close tg™. In
particular, we can assume that, takimg= 1 in Lemma 4, | believe that, with probability
at leastl — M, at least- 1/ people are infected. We can useto compute my beliefs at the

end of period + 2.

33t is worth noting that we can do this argument uniformly floe wifferent states and the corresponding
~'s because we know that all of them lie insidel, 0], a bounded interval; that is, we can takebig enough
S0 as to ensure that we can use the approximation given by kee2rfor all in [—1, 0].
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e After period? + 1: | computez'*! by updatingz?, conditioning on i) | observed
in period? + 1 and ii) at mostM/ — 1 people were infected aftér+ 1 (I observed
g att + 2). Let ! be the belief computed fron? by conditioning instead on i) |
observed; in period? + 1 and ii) at most\/ — 2 people are infected. Clearly!*
first-order stochastically dominatés™, in the sense of placing higher probability
on more people being infected. Moreover! coincides withy+~7—7 which we

argued above is also close enouglyta

e After period? + 2: | computez**? based on:**! and conditioning on i) | observed
g; i) | infected my opponent by playing the Nash actiort at 2; and iii) at most
M people have been infected afte# 2. Again, this updating leads to beliefs that
first-order stochastically dominaté*?, the beliefs we would obtain if we instead
conditioned on i) | observegand ii) at most\/ — 2 people were infected aftér- 2.
Again, the belief:*+? would be very close tg™.

Hence, if it is optimal for me to play the Nash action when mijdfe are given byj"/, it
is also optimal to do so after observing the histbfy? = ¢ . .. gbg (provided that is large
enough). By Corollary 1, if\f > M}, the beliefs;* ensure that | have the incentive to
switch to Nash. O

As we did in Case 1, we still need to show that Nash reversioptisnal after histories
of the formh*t1+e = g .. gbg .. g. The intuition is as follows. Ifv is small, then | will
think that a lot of players were already infected when | gé¢dted, the argument being
similar to that in Proposition 4. H is large, | may learn that there were not so many players
infected when | got infected. However, the number of playenyself have infected since
then, together with the exponential spread of the contagidhbe enough to convince me
that, at the present period, contagion is widespread anyway

To formalize the above intuition, we need the following stithening of Lemma 4. We
omit the proof, as it just involves a minor elaboration of #nguments in Lemma 4.

Lemma 5. Letr € (0,1). Then, for eachn € N, there arer € (r,1) and M € N such
that, for eachM > M,

liM] =
D= 77 o1 1

M = m
1= i M—iM41 ' M
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Proposition 5. Fix a gameG € ¢. Then, there is\/2 such that, regardless & < N and

T € N, for eacht > T + T the following holds. For eact/ > M2, if | observe history
Ritte = g gbg .. g witha > 1, then it is sequentially rational for me to play the
Nash action at period + 2 + a.

Proof. The proof is similar to that of Proposition 4, so we relegatmithe Online Ap-
pendix (B.4). O

Finally, we consider histories in which, after getting ictied, | observe actions that in-
clude bothy andb, i.e., histories starting witik'*' = ¢ ... gb and in which | have observed
b in one or more periods after getting infected. The reasoisitige same as in Case 1. Af-
ter such histories, | will assign higher probability to mpesople being infected compared
to histories where | only observedafter getting infected.

Case 3: Infection in other periods of Phase Il (“monotonicty” of beliefs). So far, we
have shown that if a player is infected early in Phase I, fiekis that he was the last
player to be infected and that everybody is infected, makiagh reversion optimal. Also,
if a player is infected late in Phase Ill, he will believe tleamtough players are already in-
fected for it to be optimal to play the Nash action (with hisili belief being given byj*).
Next, we show that the belief of a player who is infected nay\Vate in Phase Il will lie
in between. The earlier a player gets infected in Phasehil ctoser his belief will be to
(0,...,0,1), and the later he gets infected, the closer his belief witidog".

Proposition 6. Fix a gameG' € ¢ and letM > max{M}, M2}. FixT € N. If T'is large
enough, then it is sequentially rational for me to play theshaction after any history in
which | get infected in Phase lII.

Proof. Let M > max{M/}, MZ}. In Cases 1 and 2, we showed that if | get infected at
the start of Phase Ill (af + 7 + 1) or late in Phase Il (at > T + T), | will switch
to the Nash action. What remains to be shown is that the saingeisf | get infected at
some intermediate period in Phase lll. We prove this foroniss in Phase Il of the form
hi*2 = ¢...gbg. The proof can be extended to include other histories, jsist £ases 1
and 2. We want to compute my belief2 after historyht”r2 =g...gbg. We first compute
the intermediate belief’, for ¢t < .

Beliefs are computed using matii%, in Phase I, and’y in Phase IIl. We know from
Case 1 that, fof" large enoughy 7! € R is close to(0, . . ., 0, 1). Using the properties
of the contagion matriK_JQJ (see Proposition B.2 in the Online Appendix), we can show tha

38



if we start Phase Ill with such a belief *7+1, 2 first-order stochastically dominatg¥, in
the sense of placing higher probability on more people beifegted. My beliefs still need
to be updated from' to /' and then from:*** to 2/*2. We can use similar arguments as
in Proposition 4 to show that'*2 first-order stochastically dominatg4’. Hence, if it is
sequentially rational for me to play the Nash action when mliels are given by, it is
also sequentially rational to do so when they are givenhy. O

We have established that if a player observes a triggeritigraduring Phase lll, it is
sequentially rational for him to revert to the Nash action.

A.3.4 A player observes a triggering action in Phases | or Il

It remains to check the incentives for a player who is inféadering the trust-building
phases. We argued informally in Section 3.2 that buyersiatkin Phase | find it optimal
to start the punishment only when Phase Il starts. To getdHithat is needed is that, in
each period of Phase I, the likelihood of meeting the desahér is low enough. For each
gameG, there isMg, such that, iftM > M2, this will be the case. Also, we argued that in
case of being infected in Phase I, they would find it optinsagwitch to the Nash action.
We omit the formal proofs, as the arguments are very sinoléndse for Case 1 above.

A.3.5 A player observes a non-triggering action

An uninfected player who observes a non-triggering actioovks that his opponent will
not get infected, and will continue to play as if on-path.c&ihe knows that contagion will
not start, the best thing to do is also to ignore this off-gehavior.

A.3.6 Off-path histories with more than one deviation

First, consider the situation in which the deviating plagbserves a probability zero his-
tory. In such a case, he will be at an erroneous history (Agsiom 3 in Section A.2)
and will think that there have been some mistake, updatediisfs accordingly and best
respond.

Second, suppose | am an infected player who deviates frorpriszribed off-path
action. The strategies prescribe that | subsequently glagring my own deviationi .,
play the Nash action). To see why this is optimal considerstohy in which | have been
infected at a perioé+1 late in Phase Ill and have observed histbiy! ™ = ¢ ... gbg ... g.
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Further, suppose that, instead of playing Nash, | have glayeon-path action after being
infected.

To argue why | will still think that contagion is widely spréeegardless of how large
is,34 let us compare the Markov processes needed to compute myadate beliefs with
the one used to obtain the beliefs after histbry' = g. .. gb.

History hit! = g...gbg. For this case we built upon the propertiegjéf to check the
incentives (see Corollary 1). Recall that is the limit of the Markov process starting
with some probability vectog® with y{ > 0 and transition matrixCs .

History hitlte = g...gbg...g. We start with the intermediate beliefs. Regardless
of the value ofa, since | am not spreading contagion (I may be meeting the same
uninfected player in every period since | got infected), ll fill think that at most
M — 2 people were infected at any period ¢. As above, the transition matrix is
Cy, andz? will be close tog™. To compute subsequent beliefs, since | know that
at least two people in each community were infected dftere have to use matrix
Ch 9, Which shifts the beliefs towards more people being infé¢telative to the
process given by’ ). Therefore, the ensuing process will converge to a limt th
stochastically dominateg" in terms of more people being infected.

Finally, to study the beliefs after histories in which, ateing infected, | alternate on-path
play with the Nash action, we would have to combine the abogeraents with those in
the proof of Proposition 5 (Online Appendix, B.4).

A.4 Choice of Parameters for Equilibrium Construction

We now describe the order in which the parametéfs, 7, 7', andd, must be chosen to
satisfy all incentive constraints simultaneously. Fix gaymeG € ¢ with a strict Nash
equilibriuma* and a target payoff € F,-.

The first step is to choosk®/ > max{M¢, M2, M2 }. This ensures that a buyer who
gets infected in Phase | starts punishing in Phase Il andtieaincentive constraints in
Phase Il are satisfied,e., a player who observes a triggering action late in Phase llI
believes that enough people are already infected so thdt iéasrsion is optimal. As we
argued in the discussion after LemmaM/, =~ 20 should suffice for many games. A
similar argument would apply td7Z. Finally, M2 will typically be smaller. However,

34Note that the arguments in Proposition 5 cannot be appliekdiam not spreading the contagion.
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these are rough estimates. The precise computation ofttmirds is beyond the scope of
this paper.

There is one subtle issue. Ontg 7', andT are chosen, we need players to be patient
enough to prevent deviations on-path. But we also need tckahat a very patient player
does not want to slow down the contagion once it has starteel e§sence of the argument
is in observing that, for a fixed population size, once coota¢as started, the expected
future stage-game payoffs go down to the Nash pay(fif) exponentially fast. That is,
regardless of how an infected player plays in the futureptidiscounted sum of possible
future gains he can make relative to the payoff from Nashrstwe is bounded above.
Thus, in some sense, even a perfectly patient player beceffeesively impatient. In the
Online Appendix (B.5), we show formally that even an infityteatient player would have
the incentives to revert to the Nash action when prescribeib tso by our strategies.

OnceM is chosen, we picK’ large enough so that a buyer who is infected in Phase |
and knows that not all buyers were infected by the end of Phati# has an incentive
to revert to Nash in Phase II. This buyer knows that contagiinspread from Phase Il
anyway, and the Nash action gives her a short-term gain isd*haHence, ifl" is long
enough, she will revert to Nash in Phase II.

Next, 7" is chosen large enough so that i) a buyer infected in Phase has observed
a; in most periods of Phase | believes that with high probabdlt buyers were infected
during Phase I; ii) a seller infected in Phase Il believes with high probability at least
M — 1 buyers were infected during Phase I; iii) a seller who degah Phase | believes
that, with high probability, he met all the buyers in Phasarid iv) players infected in
Phase Il believe that, with high probability, “enough” pé®were infected by the end of
Phase Il.

Finally, onceM, T', andT" have been chosen, we find the threshbklich that i) for
discount factorg > ¢, players will not deviate on-path and ii) the payoff asstedavith
our strategies is as close to the target payoff as needed.
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B For Online Publication

B.1 Sequential Equilibrium: Consistency of Beliefs

In this section we prove that the beliefs we have defined ansistent. First, recall the
assumptions used to characterize them.

i) Assumption 1: If a player observes a triggering action, then this playdiebes
that some player in Community 1 (a seller) deviated in the fiesiod of the game.
Subsequently, his beliefs are described as follows:

e Assumption1.1: He believes that after the deviation by a seller in the first pe
riod, play has proceeded as prescribed by the strategmsdpd his observed
history is can be explained in this way.

e Assumption 1.2: If his observed history cannot be explained with play having
proceeded as prescribed by the strategies after a selsiatibn in period 1,
then we call this arerroneous history® In this case, the player believes that
after the seller deviated in the first period of the game, anenore of his
opponents in his matches made a mistake. Indeed, this phalfehink that
there have been as many mistakes by his past rivals as nez@eglain the
history at hand.

i) Assumption2: If a player observes a non-triggering action, then this@idglieves
that his opponent made a mistake.

iii) Assumption 3: If a player plays a triggering action and then observes atyishat
has probability zero according to his beliefs, we also say lie is at an erroneous
history and will think that there have been as many mistakeki® past rivals as
needed to explain the history at hand.

Let o andy denote the equilibrium strategy profile and the associatstgm of beliefs,
respectively. We prove below that there is a sequence of ety mixed strategies con-
verging uniformly too such that the associated sequence of systems of belietgjaiyi
derived from the strategies by Bayes rule, converges p@stt .. Indeed, convergence
will be uniform except for a set of pathological historieatthas extremely low probability

35For the formation of a player’s beliefs after erroneousdriss, we assume that “mistakes” by infected
players are infinitely more likely than “mistakes” by uniofed players.
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(and therefore, would have no influence at all on incentivisy worth noting that there
is hardly any reference in the literature in which consisyenof beliefs is formally proved,
so it is not even clear whether uniform convergence shoulgrbéerred over pointwise
convergence. For the reader keen on former, at the end afebison we present a mild as-
sumption on the matching technology under which uniformveogence to the limit beliefs
would be obtained after every history.

Before moving to the proof, we present the notions of poisénand uniform conver-
gence adapted to our setting (we present them for beliefis tixe definitions for strategies
being analogous):

Pointwise convergenceA sequence of belief§u, } ey converges pointwise to the belief
w if, for eachd > 0 and eacli” € N, there isn € N such that, for each > 7 and
each information set at a peried< 7', the probability attached by,, at each node
of that information set differs by less tharirom that attached by.

Uniform convergence.A sequence of belief§u, } ,en converges uniformly to the belief
w if, for eachd > 0, there isn € N such that, for each > 7 and each information
set, the probability attached hy, at each node of that information set differs by less
thand from that attached by.

Proof of consistencyFirst, we construct the sequence of completely mixed gfiesecon-
verging to our equilibrium strategies, and let;, be a belief system satisfying assump-
tions 1-3. Fix a playei and letD + 1 be the number of actions available to playar the
stage game. Then, for eaghe N, lete,, = % Now, we distinguish two cases:

A buyer at period ¢ < T'. An uninfected buyer plays the prescribed equilibrium actio
with probability (1 — %) and plays any other action with probabili%l. For an
infected buyer these probabilities die— £7") anda—g, respectively. These trembles
convey the information that early deviations are more ikahd that, in Phase |,
mistakes by uninfected buyers are more likely than mistakesfected ones.

A buyer at period ¢ > T or a seller at any period. Each uninfected player plays the pre-
scribed equilibrium action with probabilityi — £7*) and plays any other action with
probability%t. For an infected player these probabilities @re- *,) and%, respec-
tively. These trembles convey again the information thalyedeviations are more
likely, but now infected players are more likely to make rakss.
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Note that the above beliefs are natural in the spirit of trémgbhand perfection: more
costly mistakes are less likely. This is why except for theecaf uninfected buyers in
Phase |, whose mistakes are ignored anyway, mistakes lteafplayers are more likely
(contagion will spread anyway).

For eachn € N we denote by, the corresponding completely mixed strategy and
by 1, the belief system derived from, using Bayes rule. Clearly, the sequedeg },.cn
converges uniformly ter. We move now to the convergence ©f,, },,.en to 1, which we
discuss through a series of representative histories. ®We sith the case that is more
important for the incentives of our equilibrium strategies

Case 1.Consider a histonyt/, late in Phase lIl{>> T + T'), such that playe, a buyer,
gets infected at timé, i.e, k' = ¢...gb. We show that, as goes toco, the beliefsy,
are such that the probability that playeattaches to a seller having deviated in period 1
converges to one.

For eacht € Nandr € N, with 7 < ¢ we define?{(t, 7) as the set of all histories of the
matching process such that:

e Playeri observed historyt’ = g . . . gb.

e The first triggering action occurred at period

Let P, (¢, 7) denote the sum of the probabilities of the historie®(ift, 7) according tqu,,.
Then, we want to show that, as goes tooco, P,(f,1) becomes infinitely larger than
2522 P..(t, 7). To do so, we start comparing the probabilitiesd(¢, 1) and? (¢, 2). Take
H € #(t,2) and associate with it an elemeHte H(#,1) such that:

e The same two players who got infected at perogiccording toH get infected in
period1 according taf.

e These two players were matched to each other also in p2riod

e The realized matches if and H are the same from periaduntil ¢.

We show that, as goes toso, playeri assigns arbitrarily higher probability #6 compared

to H. Recall that, at a given periadthe probability that a player plays the prescribed action
is eitherl — ¢!, or 1 — . Finally, note that triggering actions in Phase | must coroenf
sellers and, therefore, all triggering actions have prdhmtf%. Then,

€2n n _
P(H) _ (=)™ (1 - g
P(H) = 3(1—g,)2M1(1 —e2)2Mg
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wheregq is the probability of the realizations from peri@dintil ¢, which, by definition, is
the same fo/ and H. Simplifying the above expression we get

W= )P (1 — ey

e (T &

and, asn goes toco, this converges to zero. We could have derived a similaresgion
if comparing histories i (¢, 7) and (¢, 7 + 1). Further,z would not appear in these
expressions, which is important for our convergence argusie hold uniformly (not just
pointwise).

Next, to compareP, (¢, 1) with P,(¢,2) we have to note the following. Givell €
H(t,2), there areM! elements ofH(¢,2) that coincide withH from period 2 onwards
(corresponding to all the possible matchings in period 1.ti@& other hand, giveH &
H(t,1), there are justM — 1)! elements of#(, 1) that coincide withH from period 2
onwards (the players infected in period 2 must be matchexialperiod 1). What this
implies is that if we want to compaf®, (¢, 1) andP,, (¢, 2) relying on the above association
between elements 6{(¢, 1) and# (¢, 2), we have to account for the fact that each element
of H(t,1) will be associated withV/ different elements of{(¢,2). Thus, if we define

H(t, 1) as the set formed by the elementsioft, 1) that are associated with some element
of H(¢,2), we have thatH (¢, 2)| = M|H(t,1)|. Then,

~

P,(Firstdev. atr = 2|h%)  P.(5,2) D meniz Pn(H) - > men(ra) Pn(H)
P, (Firstdev. atr = 1[h")  Pu(t,1) X piepeay Pa(H') ~ Zﬁeﬂ(ﬂl) P, (H)

which by the above argument and Equation 1 reduces to

n(]' _ 62)21\/[(1 _ Ein)QM—l

Mo =,y — ez

which, as we increase, soon becomes smaller thah

Wrapping up, we have shown that, according to the beliefesyst,, the event “the
first triggering action occurred at period 1” is, for langeat Ieas% times more likely than
the event “the first triggering action occurred at period\&ith g converging tooo asn
goes tox. n

More generally, the above arguments can be usedandis mutandjgo show that the
event “the first triggering action occurred at peridds, for largen, at Ieast% times more

45



likely than the event “the first triggering action occurregariodr + 1”. Thus, in general
we have that, for large,

— 2 - . 4 T 2(7’ 1) T
Pn(t_, ) < €n77n(t,_7 1) < €n7)n(t,_T 2) <. < 7? (t,1) _ 20D
Pa(t, 1) Pa(t, 1) Pa(t,1) Pu(t, 1)
Therefore, for large: we have
. 7 t — t 00
P, (First dev. atr # 1 |hf) _ P”<,’ ) N 20D o 252(7 D _ g2
P,(Firstdev. atr = 1 |n) 4 P,(t.1) — = " —" 1—¢e2’

which, as we wanted to prove, converges to zera gees toco and, further, this conver-
gence is uniform on.

Case 2. Consider a historyt, in Phase I{ < 7)), such that playe, a seller, observes
a nontriggering action at time i.e., kit = ¢...gb. In this case, what is relevant for the
incentives is that the seller believes that there has bednguering action so far.

First, by similar arguments to those in Case 1, we can shotydsa goes toco, the
set of histories with a triggering action in period 1 beconmégitely more likely than the
set of histories with the first triggering action at a period- 1. We argue now why the
former histories become themselves infinitely less lika histories in which there has
been no triggering action. The idea is that, to explain treeolmtion ofh! = ¢ . .. gb with
a history that entails a triggering action at period 1, onedseat least two deviations from
the equilibrium strategy: one at period 1, with probabif%yand another one by a buyer at
periodt, which has probability at mo%f_; (if the buyer was uninfected). On the other hand,
explaining the observation df = g¢...gb with histories without triggering actions just
requires one deviation by a buyer at perioshhich has probabilit)% (no one is infected).
Comparing the likelihood of the two types of histories itisar that the later ones become
infinitely more likely asn goes toco.

Case 3.We discuss now the beliefs after an erroneous history. @ensihistory:/, at
the start of Phase llli(= 7'+ T + 1), such that playet, a buyer, gets infected at period
and then observe®/ — 1 periods of good behavior while he is playing the Nash action:
RHM-1 — g gbg...q. As argued at the end of Case 1 in Section A.3.3, such a history
is erroneous, since a deviation by a seller at period 1 doesuffice to explain i€® Then,

3éWe briefly recall the argument used there. Playbelieves that at least two people are infected at the
end of period (at least one pair of players in period 1 and one pair in pefio@uppose that subsequently
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Assumption 1.2 on beliefs says that, in addition to the fiestiaktion by a seller in period 1,
there was another mistake; in this case, this means thatfahe &/ — 1 opponents that
player: faced after period was infected and, yet, he played as if on-path.

It is worth noting that history'+~! = ¢ ... gbg . . . g can be alternatively explained by
one deviation: the triggering action observed by playarperiod: was the first triggering
action of the game and, hence, only one player in each contynuas infected after at the
end of that period; in the othérl — 1 subsequent periods playeinfected each and every
player in the other community one by one.

We informally argue why, as goes taxo, histories like the one above become infinitely
less likely than those with a seller deviating in period 1.eTey is that deviations by
infected players are much more likely than those by unieficnes.

First triggering action at period 1. In this case the probability goes to zero at speed, at
most,c" - €f+M—1 — €n+f+M—1'

First triggering action at period t. As n goes toco, the probability of these histories
goes to zero at speeff’, which comes from the probability that an uninfected player
deviates from the equilibrium path at periad

Clearly, asn goes tooo, £ goes to zero faster thari***" -1, The same kind of com-

parison would arise for similar histories in whi¢h>> 7'+ T, and therefore uniform

convergence of beliefs would not be a problem either. Yegra&l proof would require

an analysis similar to that of Case 1, to factor in the likeditl of the matching realizations
associated with different histories.

Case 4.To conclude, we discuss another type of erroneous histdaesvhich con-
vergence is only achieved pointwide.Consider a history in which playermakes the
first triggering deviation of the game at period= 7' + 7' + 1 and that, since then, he
has always observed the Nash actloa- ¢...gbbb . ... Then, player believes that, very
likely, he has been meeting the same player, say playever since he deviated (setting
aside “mistakes”, no other player would have played the Nas$ion at period + 1, for
instance). Given this belief suppose that, after deviagayer: played an action that is

playeri facesM — 2 instances of;. Then, since playerswitched to the Nash action after getting infected,
he has infected each and every one of his opponents in th&/last2 periods. Then, at the end 8f — 2
observations of, he is sure that even if there were only two players infeategbich community at the end
of ¢, he has infected all the remaining uninfected people. Serebg) moreg after that cannot be explained
by a single deviation in period 1.

37We thank an anonymous referee for pointing this out.
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neither the on-path action nor the Nash action (maybe maxignshort-run profits before
the contagion spreads). The question now is, how does pjageplain the history he is
observing?

First of all, note that the types of histories we are deseglare very pathological:
players: andj are matched in every single period after peripavhich is very unlikely
and leads to a situation in which, period after period, playeas very precise information
about how the contagion is spreading. Since these histoaesvery low probability, they
will have no impact on the incentives of a player who may besagring a deviation in
Phase Ill but, in any case, we argue below why the beliefsafgsl; converge to those in
which he thinks that a seller deviated in period 1 and all olz®ns from period onwards
have been mistakes. Letbe the number of periods aftein which players and; have
been matched and consider the following two histories:

First triggering action at period 1. The probability of these histories goes to zero at speed

T - -
_ 204 7+1 2047+1

n t+t _ n T +2T+ __ntT +2T+
En €, — &, En = é&n
t=1

First triggering action at period . As n goes toco, the probability of these histories
goes to zero at speeff’, which comes from the probability that an uninfected player
deviates from the equilibrium path.

- + 2741
Then, for eachr € N, asn goes toco, €™ goes to zero faster thai '~ > . However,

differently from Case 3, the convergence cannot be madewumif The reason is that for

2t+7+41

a fixedn, no matter how large, we can always fince N such that, = 2 is smaller
than<"?; take, for instance; = n. O

B.1.1 Ensuring uniform convergence of beliefs

We have seen above that there are histories after which thvergence of beliefs required
for consistency is achieved pointwise. These historievang special, since they require
the same two players being matched in many consecutivedsenichich results in one of
the players being highly informed about the evolution oftagion. At soon as there is a
period in which these two players do not face each otherpumitonvergence is recovered.
The preceding argument suggests a natural modificationrtenatching assumptions
to ensure uniform convergence of beliefs after every hystdhe modification would be
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to assume that there iI6 € N such that no two players are matched to each other for
more thanL consecutive periods. In particulat, = 1 would mean that no players are
matched together twice in a row. Thus, matching would notdrepietely independent
over time. We conjecture that, regardless of the valug,aur construction goes through
and convergence of beliefs would be uniform. However, a &ranalysis of this modified
setting is beyond the scope of this paper.

B.2 Properties of the Conditional Transition Matrices

In Section A.2, we introduced a class of matrices, contagiatrices, which turns out to
be very useful in analyzing the beliefs of players. Firstertbat, since contagion matrices
are upper triangular, their eigenvalues correspond wighdiagonal entries. It is easy to
check that, given a contagion matrix, any eigenvector astaatwith the largest eigenvalue
is either nonnegative or nonpositive. Givere R, let ||y|| := >ic(,...ky Yi- We are often
interested in the limit behavior of* := ”z—gz” whereC' is a contagion matrix angd is a
probability vector. We present below a few results abouwtlimit behavior. We distinguish
three special types of contagion matrices that will deldiéferent limiting results.

-----

.....

Property C3: For each < k, C} satisfies C1 or C2.

Lemma B.1. LetC be a contagion matrix and lét be its largest eigenvalue. Then, the left
eigenspace associated witthas dimension one. That is, the geometric multiplicity of
one, irrespective of its algebraic multiplicity.

Proof. Let [ be the largest index such that = A > 0, and lety be a nonnegative left
eigenvector associated with We claim that, for each < [, y; = 0. Suppose not and leét
be the largest index smaller thasuch thaty; # 0. If i < [ — 1, we have thay;,; = 0 and,
sincec; ;41 > 0, we get(yC);;1 > 0, which contradicts thaj is an eigenvector associated
with \. If ¢ =1 —1, then(yC); > cuyr + c—1,y1—1 > cuyr = Ay, Which, again, contradicts
thaty is an eigenvector associated withThen, we can restrict attention to matei;_).
Now, X is also the largest eigenvalue 6f;—_) but, by definition ofl, only one diagonal
entry of C;—y) equals) and, hence, its multiplicity is one. Then,c R¥=(=1) js a left
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eigenvector associated withfor matrix Cj;_y) if and only if (0,...,0, z) € R¥ is a left
eigenvector associated withfor matrix C. O

Given a contagion matrig’ with largest eigenvalug, we denote by the unique non-
negative left eigenvector associated witsuch that|y|| = 1.

Proposition B.1. Let C' € M, be a contagion matrix satisfyingl or C2. Then, for each
nonnegative vectoy € R* with y; > 0, we havdim,_, ., Hz—gzl\ = y. In particular, under
C2,y=1(0,...,0,1).

Proof. Clearly, since” is a contagion matrix, if is large enough, all the components/bf
are positive. Then, for the sake of exposition, we assunteaththe components af are
positive. We distinguish two cases.

C satisfies C1.This part of the proof is a direct application of Perron-Feoins theo-
rem. First, note thqﬁj%i” can be written aﬁ% Now, using for instance Theorem 1.2
in Seneta (2006), we have th%tt converges to a matrix that is obtained as the product of
the right and left eigenvectors associated\toSince in our case the right eigenvector is
(1,0,...,0), f—f converges to a matrix that hgsin the first row and with all other rows
being the zero vector. Therefore, the result follows froenférct thaty; > 0.

C satisfies C2. We show that, for each < k, lim; ,..y! = 0. We prove this by
induction oni. Leti = 1. Then, for each € N,

t+1 t t t
Y1 ful C11Y; Y1

t+1 - t t —
Yk Zlgk arY;  CkkYyp Yy

where the first inequality is strict becauge.; > 0 andc,_;, > 0 (C is a contagion
matrix); the second inequality follows from C2. Hence, thﬁai’—% is strictly decreasing

in t. Moreover, since all the components gflie in [0, 1], it is not hard to see that, as
far asy! is bounded away frond, the speed at which the above ratio decreases is also
bounded away from.*® Therefore]im;_ .., 41 = 0. Suppose that the claim holds for each
1< j <k—1.Now,

?J;H Zlgj iy Zlq iy _ Z Gy yl ng y] < Z Gy yl y;

+1 :
Yy, Zlgk Clkyz Ckkyk Ckk yk Ckk yk Ckk yk Z/k

I<j I<j

38Roughly speaking, this is because the stateill always get some probability from statevia the
intermediate states, and this probability will be boundedyafrom O as far as the probability of state 1 is
bounded away from 0.
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By the induction hypothesis, for ea¢h< j, the term% can be made arbitrarily small for
large enouglt. Then, the first term in the above expression can be madeailyismall.
Hence, it is easy to see that, for large enougine ratioz—z is strictly decreasing in. As
above, this can happen onlylifn, . 3% = 0. O

Recall the matrices used to represent a player’s belieds hét observes history =
g...gb. Atthe beginning of Phase lll, the beliefs evolved accagdim matrices”;; and
Sy, and late in Phase Ill, according (Bu. Note that these three matrices all satisfy the
conditions of the above proposition. This is what drives beas 1 and 2 in the text. Con-
sider the truncated matriky that gave the transition of beliefs of a player who observes
historyh! = ¢...bg. This matrix also satisfies the conditions of the above psijom, and
this suffices for Lemma 3.

Proposition B.2. LetC' € M,, be a contagion matrix satisfyingl and C3. Lety ¢ R*
be a nonnegative vector. Thenyifs close enough t(, ..., 0, 1), we have that, for each
teNandeach € {1,...,k}, %yt > 3% 4.

Whenever two vectors are g5andj above, we say thaf' first-order stochastically
dominategj (in the sense of more people being infected).

Proof. For eachi € {1...,k}, lete; denote the-th element of the canonical basisi.
By C1, ¢, is larger than any other diagonal entry ©f Let y be the unique nonnega-
tive left eigenvector associated with, such that)|y|| = 1. Clearly,; > 0 and, hence,
{4, ea,...,ex} is a basis iR*. With respect to this basis, the mattixlooks like

C11 0

Now, we distinguish two cases.
Cp, satisfies C2.In this case, we can apply Proposition B.1(ig to get that, for each

. . zC
nonnegative vector € R~ with z; > 0, limy_, ﬁ = (0,...,0,1). Now, lety € R*
. . .n
be the vector in the statement of this result. Sipde very close to0,...,0,1). Then,

using the above basis, it is clear that ay + v, with « > 0 andv =~ (0,...,0,1). Let
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t € N. Then, for eacht € N,

. oyCt NMag 400t Nag + [vC || i ||thH

’y _= = =
lyC]l Iyl Iyl
Clearly, ||yCt|| = [|May + ||[vCt| 55 cht” || and, since all the terms are positive,
t t t C t t
lyCHl = I gl + [l ] eg] = 1A all + lvc”]
and, hence, we have thgtis a convex combination af and IIthII Sincev = (0,...,0,1)
and ”ZStH — (0,...,0,1), itis clear that, for each € N, ot CtH first-order stochastlcally

dominateg; in the sense of more people being infected. Therefore,iAlaall first-order
stochastically dominatg.

Cp satisfies C1By C1, the first diagonal entry @}, is larger than any other diagonal
entry. Lety? be the unique associated nonnegative left eigenvectortbathy?|| = 1. Itis
easy to see thag first-order stochastically dominatgsthe reason is that?> andy are the
limit of the same contagion process, with the only diffeeetitat the state in which only
one person has been infected is known to have probabilitien using obtaining? from
Cp. Clearly,y3 > 0 and, hence{y, J?, es, ..., e} is a basis ifR*. With respect to this
basis, the matriX’' looks like

C11 0
0 | co
00| op

Again, we can distinguish two cases.

e C|, satisfies C2.In this case, we can repeat the arguments above to show'that
is a convex combination of, ¢* and ||th” Since bothy? and vatll first-order

stochastically dominatg, ' also does.

e Cp, satisfies C1. Now, we would get a vectoy®, and the procedure would con-
tinue until a truncated matrix satisfies C2 or until we get sibaf eigenvectors, one
of them beingy and all the others first-order stochastically dominatingn both
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situations, the result immediately follows from the aboxguanents. 0J

Note that the matrixCy, which gave the transition of beliefs of a player conditicora
historyh! = g...gbg late in the game, satisfies the conditions of the above pitipos
This property is useful in proving Proposition 6.

B.3 Updating of Beliefs Conditional on Observed Histories

Below, we validate the approach to computing off-path ekikscussed in Section A.3.1.
Suppose that playérobserves historji’*! = ¢. .. gbg in Phase Ill, and we want to com-
pute her beliefs at periodl+ 1 conditional onh'*!, namelyz'*'. Recall our method for
computingzi*!. We first compute a set of intermediate beliefdor ¢t < ¢ + 1. For any
period, we computer™™! from 2™ by conditioning on the event that “I was uninfected
in periodT + 1” and that “‘Z7** < M — 2" (Z! is the random variable representing the
number of infected people after perigd We do not use the information that “I remained
uninfected after any periadwith 7+1 < ¢ < ¢.” This information is added later, period by
period,i.e., only at period, we add the information coming from the fact that “I was not
infected at period.” Below, we show that this method of computing beliefs isigglent
to the standard updating of beliefs conditioning on thereritistory at once.

Leta € {0,..., M —2} and leth!™** denote thét+1+«)-period historyy . . . gbg .2.
g. Recall thatU* denotes the event thais uninfected at the end of periad Let b, (¢;)
denote the event that playgiacedb (¢) in periodt. We introduce some additional notation.

o I) denotes the event< ' < £, i.e., the number of infected people at the end of
periods is at leastand at most.

o Bl = FE!' N If?\}_aﬂ alan
e Foreachd € {1,...,a— 1},

t+14
Eﬁj”ﬁ — E‘é—i‘ﬁ N IB+1J\§—a+B+1 N gt+1+6

° E(z;—l—l—l—a e E(1;+a N gt+1+a — ht+1+a.

Let H! be a history of the contagion process up to petiodet #! be the set of allf®
histories.?! denotes the set a@fperiod histories of the stochastic process wtEre- k.
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We sayH'"! = hi*! if history H*! implies that | observed histo/™!. Let: g

denote the event that stat&ransits to staté in periodt + 1 + 3, consistently withh!+1+e,
or, equivalently, consistently with’+5,

The probabilities of interest a(Z '+ = k |ji111a) = P(THHY = k| gi11a). We
want to show that we can obtain the probabilities afterl + o conditional onh!*1+ by
starting with the probabilities aftérconditional onE?, and then let the contagion elapse
one more period at a time conditioning on the new informatian, adding the “local”
information that playef observed; in the next period and that infected one more person.
Precisely, we want to show that, for eaéle {0, ...,a},

t+1+6 .
P(THB = k| iries) = it P )P0 = i| o)
= Eé+1+ = .
S Sy PG TR PT = | pes)

Fix 8 € {0,...,a}. For eachH!**# ¢ H!+1+5 |et H!+1+55 denote the uniquél' ™’ ¢
H!+P that is compatible withi7'*1+7 i.e, the restriction off'*1*# to the firstt + /3 pe-
riods. LetF1+f .— {ﬁt+1+ﬁ € HITHB . [tH1+8 o Et+1+5} Let Fkl+6 = {ﬁt+1+ﬁ c
FIH6 . qiH1H6 ¢ (7101 Clearly, theF, " sets define a “partition” of'*# (one or
more sets in the partition might be empty). U&f := {H'*0 ¢ FI+F . Fi+1+56 ¢

”’3} Clearly, also theFk sets define a “partition” of'*#. Note that, for each pair
HFHB HiA6 ¢ PP AP P(HA Y |y s) = P(H™'P | 7,44,5). Denote this prob-
ability by P(F” i FP). Let|i i k| denote the number of ways in whi¢tcan
transition tok at periodt + 1 + 3 consistently withh! ™1 or, equivalently, consistently
with EtH1+8, Clearly, this number is independent of the history thattedpeople being
infected. Now,P(i "5 k) = P(FP "7 F1+6))i "7 k|. Then,

P10 =k |E}§+1+6) =

= Z P(H!TIHE | priies) = Z P(H!TE | pe1a)
Ht+1+8eyiHIHh Ht+1+Be I tro
_ Z P(Ht-i-l-i-BﬁEé"‘l'f‘B) _ 1 Z P(Ht+1+ﬁ)
P(Eéf”ﬁ) P(E?HB)

Ht+1+Be R Ht+1+8e Rl

= Et+1+ﬁ Z Z P<Ht+1+6)

=1 gti+se !t Pnpf
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= t+1+6 Z Z P(HHHB|Ht+1+ﬁ,6)P(Ht+1+B’ﬁ\E(tjﬁ)P(Eéfﬁ)

=1 gt+146eptPnFf
P Et+5 M
— (7 ZP B t+1+6 F1+6> Z P(Ht+1+ﬁ,6 |E§jﬁ)

t+1+6
P(Eq Ht+1+8e R PnRf
P(EH) -l B TR plpy ) LS
- WZP EOETSTH 3L P )
Ht+Be! TP
P(EL?) &

t+1+ﬁ t+1+7
- WZP TSRO TS P = i)

P(EMP) l t+14+8

— P(TJ‘:H&)ZP@ =" k)P =i o)
@ =1

It is easy to see thalb(E,H+7) = Y1, P(EL) SN, Pi LT HP(IH = i] o),
and the result follows. Similar arguments apply to his®hg! ™ = ¢...gbg .«. where
playeri observes botlp andb in the o periods following the first triggering action.

B.4 Proofs of Claim 2 and Proposition 5

Proof of Claim 2. We prove the claim in two steps.

Step 1: v = 0. Stirling’s formula implies thalimn%o(e‘"n“%\/ﬁ)/n! = 1. Given
€ (0,1), to studyhl/(r) in the limit, we use the approximationl = ™" n"ta/2m.

Substituting and simplifying, we get the following:

(MO =DMy
M2 M)(((r = r2)M)N2((1 — r)2M)!
M(TM)lJ’_ZTM((l _ T)M)l+2(1—r)M(1 _ 7,)
V2RI ME+HM (1 — p)2 M) 1H20-m2M (( — p2) N )2 Hr=r)M (p2 ) f)3+r2M
VM
rver

Step 2: Lety € Randr € (0,1). Now,

Mhg'(r) = M

W) _ (M =)l = )M 4+ )L = rPM =) (L= )M
nr) PN = MDA —nPDL (A=A =y
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Applying Stirling’s formula again, the above expressiondiaes

(T2M_,Y)%+7-2M—w ((T,_TQ)M+,y)1+2(r—7«2)]¥{+2-y ((1—r)2M——y)%+<1*7‘)2M*"f (1-1)2M 5
(7‘2M)%+T2M ((r—r2)M)1+2(T*T2)M (1=r)2M) 3+0-n2M  (1-r)2M—y" ( )
To compute the limit of the above expressionlds— oo, we analyze the four fractions
above separately. Clearly,l —r)*M)/((1 —r)>M —~) — 1 asM — co. So, we restrict
attention to the first three fractions. Take the first one:

(rzM _ ,}/)%+T2M—“{

R ARy _
(T2M)%+T2M =(1- )2 (1= =) 2M'(7’2M—7) V= Ay Ay As,

M M

wherelim,;_,,, A; = 1 andlim,,_,,, As = e~7. Similarly, the second fraction decomposes
asB;-By- Bz, wherelimy; .. B; = 1,limy; .o Bo = ¢*YandB; = ((r—r*)M+~)*'. The
third fraction can be decomposed@sCs-Cs, wherelim;_, .. C; = 1, limy;_oo Co = ™7
andC3 = ((1 — r)?M — ~)™". Thus, the limit of expression (2) d4 — oo reduces to
lim __ e ((r —rH )M + )% - ! =
M=voo €7 (r?M — )7 ((L—=r)*M =)

N (s R
e, <(T2M (L —r)2M — 7)>

which delivers the desired result. O

Proof of Proposition 5.First, | know that at mosfi/ — a — 1 people were infected after
periodz. The new limit vectory* € R ~>~! must be computed using mattiX,.1). If
we definez .= (M, ... g3 ), itis easy to see that = ﬁ?g

Second, consider the following scenario. Suppose that,itaPhase lll, an infected
player happened to believe that exactly two people weretedein each community, and
then he played the Nash action for multiple periods whileeolisag onlyg. In each period,
he infected a new person and contagion continued to sprgazhertially. If the number
of periods in which the player infected people is large empiash reversion would be the
best reply. This number of periods only depends on the spegaineG and on the pop-

ulation sizeM and, thus, we denote this number &y()). Since the contagion spreads

7' Cy ' Claty

39 o CLV C 1 C
One way to see this is to recall thg! = hmt—joo e Y lim; 00 X and note that,

for eacht and eactk € {1,..., M —a — 1}, 2} = Hgéll‘
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exponentially, for fixedw, ¢“(M) is some logarithmic function of/. Hence, for each
# € (0,1), there isM such that forM > M, #M > ¢%(M). Now, givenr € (0,1) and
m € N, we can find* € (r,1) and M such that Lemma 5 holds. For the rest of the proof,
we work with M > max{M, M}. There are two cases:

a < ¢%(M): In this case, we can repeat the arguments in the proof ofoRitpn 4
to show that my beliefgt!+ first-order stochastically dominatg. Since | observed
periods of good behavior after being infected, | know thamatt M/ — o players were
infected at the end of period Now, sincefM > ¢%(M), we have that M — M| <
M — ¢%(M) < M — «. Then, we can parallel the arguments in Proposition 4 and use
Lemma 5 to find anV/; that ensures that the player has strict incentives to playgsh
action if the population size is at leakf.

a > ¢%(M): In this case, | played the Nash action femperiods. By definition of
$% (M), playing Nash is the unique best reply after observifig*.

Finally, we can just také/2 = max{ Mg, M, M}. O

B.5 Incentives of Patient Players

We formally show here that even an infinitely patient playeuld have the incentive to
punish when prescribed to do so. This is important for theudision in Section A.4.

Let m be the maximum possible gain any player can make by a uraladewriation
from any action profile of the stage-game. Léte the minimum loss that a player suffers
in the stage-game when he does not play his best responseivdiis strict Nash action*
(recall that, since* is a strict Nash equilibrium, > 0). Suppose that we are in Phase lll,
and take a playetr who knows that the contagion has started. For the analydisisn
section, we use the continuation payoffs of the Nash remeistrategy as the benchmark.

For any given continuation strategy of a playelet v(M) denote playei’s (expected)
undiscounted sum of future gains relative to his payoff fithid Nash reversion strategy.
It is easy to see that()M) is finite. Playeri knows that contagion is spreading exponen-
tially and, hence, his payoff will drop to the Nash payoft:*) in the long run. In fact,
althoughv (M) increases withl/, since contagion spreads exponentially fagl/) grows
at a slower rate thai/. Similarly, for any continuation strategy, and for eack (0, 1],
letv(r, M) denote the (expected) undiscounted sum of future gaingplaan make from
playing this continuation strategy relative to the payodith Nash reversion, when he is in
Phase Ill and knows that at least/ people are infected in each community. In the result
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below, we show that(r, M) is uniformly bounded ord/.

Lemma 6. Fix a gameG € ¢. Letr > 1/2. Then, there i/ such that, for eaclr > r
and eachM € N, v(7, M) < U.

Proof. Let P(r, M) denote the probability of the event: “[i-)M ] people are infected at
periodt, the number of infected people at period 1 is, at least|r M + %M} " that is,
P(r, M) is the probability that at least half the uninfected peojgleigfected in the present
period, given that M people are infected already. We claim tli%(%, M) > %

Suppose that/ is even andz‘2—4 people are infected at the start of periogd.e., » = %).
What is the probability of at Ieaé}f more people getting infected in this period? It is easy
to see from the contagion matrix that there is a symmetryerttansition probabilities of
different states. The probability of no one getting infelcte this period is the same as
that of no one remaining uninfected. The probability of oreespn being infected is the
same as that of only one person remaining uninfected. Inrgempeobability ofk < M /4
players getting infected is the same as that ptayers remaining uninfected. Tsimilarhis
symmetry implies immediately that(%, M) > 1.

It is easy to see that for > L, [rM] > &, and furtherP(r, M) > P(3,M) >
Thus, for eachr > 1 and eachM € N, P(r,M) > 1. Also, for any fixedr > 1,
limy, o, P(r, M) = 1. Intuitively, if more than half the population is alreadyfénted,
then the largerV/ is, the more unlikely it is that more than half of the unintstipeople
remain uninfected. Hence, given > % there isp < % such that, for eacd/ € N,
P(r,M) >1-0p.

Given any continuation strategy, we want to compute M ). Note that if a player
meets an infected opponent, then not playing the Nash aictvoihves a minimal loss of;
and if he meets an uninfected opponent, his maximal gainivelto playing the Nash
action ism. So, we first compute the probability of meeting an uninféqiayer in any

future period. Suppose thpt)M'| people are infected at the start of periotlet so = 1—r-.

= N

Current period:: There are[rM | infected players. So, the probability of meeting an
uninfected opponentid — r) = s.

Periodt+ 1: With probability at least — p, at least half the uninfected players got infected
in periodt and with probability at mosg, less than half the uninfected players got
infected. So, the probability of meeting an uninfected o in this period is less
than(1 — p)% + pso < 3 + pso.
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Periodt + 2: Similarly, using the upper boun§ + ps, obtained for period + 1, the
probability of meeting an uninfected opponent in period?2 is less than

/S0 . S0 . S0 | . S0 S0 . 1
(1 —p)(z +p5) +p((1 —p); + pso) < n +2P5 + pPso = 80(5 +p)*.

Periodt + 7: Probability of meeting an uninfected opponent in pericd 7 is less than
1 AT
so(3 + )"

Therefore, we have

1
U(’/’,M) < Ssgm — (1 — So)l+80(§ —|—]§)m— (1 —80(

1 1 > 1
— — 49V m— (1 =so(=+p) ) < —+p)
> 5ol + )= (=30l P < 3 solz + A
I B -
= Som (§+p) = U
7=0

Convergence of the series follows from the fact t@at p < 1. Clearly, forr > r,
v(r, M) < v(r, M), and, hencey(r, M) is uniformly boundedi.e., for eachr > r and
eachM € N, v(r, M) < U.%° O

Proposition 7. Fix a gameG € ¢. Then, there exist € (0,1) and M € N such that, for
eachr > r and eachM > M, a player who gets infected very late will not slow down the
contagion even if he is infinitely patiert £ 1).

Proof. Taker > % By Lemma 4, if M is big enough, a player who gets infected late

in Phase Il believes that “with probability at lealst- ﬁ at leastrM people in each
community are infected.” Consider a continuation stratebgre he deviates and does not

play the Nash action.

i) With probability 1 — % at leastr M people are infected. So, with probability at

leastr, he meets an infected player, makes a loss of at leaginot playing Nash,

49The upper bound obtained here is a very loose one. Noticedn#gion proceeds at a very high rate. In
the proof of Lemma 4, we showed that if the state of contagi@uch that number of infected people i,
the most likely state in the next period(&- —r2) M. This implies that the fraction of uninfected people goes
down from(1 —7)to (1 —2r—r?) = (1 —r)2. More generally, if we consider contagion evolving alonig th
path of “most likely” transitions fot consecutive periods, the number of uninfected people wgaldown
to (1 -— r)Qt, i.e., the contagion spreads at a highly exponential rate. Inqudat, this rate of convergence is
independent of\/.
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and does not slow down the contagion. With probability », he gains, at mosip
in the current period and(r, M) in the future.

i) With probability ﬁ fewer than- M people are infected, and the player’s gain is, at
most,m in the current period and, at most,\/) in the future.

Hence, by Lemma 6, the gain from not playing the Nash actigtead of doing so is
bounded above by:
m +v(M) 1 M +m 1

Ve +(1—W)(—rl+(1—7’)(m+v(M, 7)) < W+(1—W)(—rl+(1—r)(m+(7)).

The inequality follows from the facts thaf /) is finite and increases slower than the rate

of M and thatU is a uniform bound fow(r, M) for anyr > % If M is large enough
andr is close to 1, the expression is negative. So, there is nmiiveeto slow down the

contagion. n

B.6 Uncertainty about Timing

In this section we investigate what happens if players atesume@ about the the timing of
the different phases. We conjecture that a modification ostrategies is robust to the in-
troduction ofsmalluncertainty about timing. To provide some intuition forstkbnjecture,
we consider a setting in which there is uncertainty aboutithang of the phases. More
precisely, the players don’'t know precisely which equilibn they are supposed to play,
among all that can be defined via paﬂi?, T). For the sake of exposition, we restrict atten-
tion to the product-choice game and try to sustain a payofeto the efficient outcome
(1,1).

Given the product-choice game and community siZze we choose a paif’ and 7’
that induces an equilibrium. At the start of the game, eaakiglreceives an independent,
noisy but informative signal about the timing of the trusiting phases (values af and
T). Each player receives a signal = (d;, A;, d;, A;), which is interpreted as follows.
Playeri, on receiving signab;, can bound the values @f and7” with two intervals;i.e.,
she knows thaf’ € [d;,d; + A;] andT' € [d;, d; + A;]. The signal generation process
is described below. The idea is that players are aware tlea¢ thre two trust-building
phases followed by the target payoff phase, but are unoeataout the precise timing of
the phases. Moreover, signals are informative in that tleeittervals are non-overlapping
and larger intervals (imprecise estimates) are less lilkelp smaller ones.
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i) A, is drawn from a Poisson distribution with parameteand theni; is drawn from
the discrete uniform distribution ovéf’ — A;, 7 — A, +1,...,T]. If either1 or T
lie in the resulting intervald;, d; + A,], thenA; andd; are drawn again.

i) After A; andd; are drawn as abové), is drawn from a Poisson distribution with
parametery. Finally, d; is drawn from the discrete uniform distribution 0\,{6? —
A, T —A; +1,...,T). If the resulting intervald;, d; + A;] overlaps with the first
interval [d;, d; + A}, (i.e.d; + A; € [d;, d; + A,)), thend; is redrawn.

In this setting, players are always uncertain about thé stdhe trust-building phases and
precise coordination is impossible. However, we conjecthat with a modification to

our strategies, sufficiently patient players will be ablat@in payoffs arbitrarily close to
(1, 1), if the uncertainty about timing is very small.

Equilibrium play: Phase I: Consider any playerwith signalw; = (d;, A;, d;, AA;). Dur-
ing the firstd; + A, periods, he plays the cooperative actigh,(or By). Phase II:
During the nextl; — (di + A,) periods, he plays as if he were in Phasé.d, a seller
playsQ; and a buyet3;;. Phase IlI: For the rest of the gamé €., from periodd;
on), he plays the efficient actio®{ or By).

Off-Equilibrium play: A player can be in one of two moodsninfectedor infected with
the latter mood being irreversible. We define the moods la liifferently. At the
beginning of the game, all players are uninfected. Any actabserved or played)
that is not consistent with play that can arise on-path,gihe signal structure, is
called a deviation. We classify deviations into two typegviations that definitely
entail a short-run loss for the deviating player are catled-triggeringdeviations
(e.g., a buyer deviating in the first period of the game). Atieodeviation is called
atriggeringdeviation {.e., these are deviations that with positive probability give t
deviating player a short-run gain). A player who is aware triggering deviation
is said to be infected. Below, we specify off-path behavidle do not completely
specify play after all histories, but the description belell suffice to provide the
intuition behind the conjecture. An uninfected player aounes to play as if on-path.
An infected player acts as follows.

e Deviations observed befode+A;: A buyeri who gets infected before peridg
switches to her Nash action forever at some period betweamdd; + A, when
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she believes that enough buyers are infected and have altethetk Note that
buyers cannot get infected betweérandd; + A, since any action observed
during this period is consistent with equilibrium playe( a sellerj playing@,
attimet € [d;, d; + A;] may have received a signal such that- A; = t).

A selleri who facesB; before periodd;, ignores it (this is a non-triggering
deviation, as the buyer must still be in Phase I, which melaaisthe deviation
entails a short-term loss for her). If a seller obserBgdbetween periodéz- and
d; + A;, he will switch to Nash immediately.

Deviations observed betweén+ A; + 1 andd,: A player who gets infected in
the intervalld; + A; + 1, d;] will switch to Nash forever from period;. Note
that buyers who observ@ ignore such deviations as they are non-triggering.

Deviations observed aftel: A player who gets infected aftet, switches to
the Nash action immediately and forever.

We argue below why these strategies can constitute an lequiti by analyzing some
important historiesincentives of players on-path: If triggering deviations are definitely
detected and punished by Nash reversion, then, for suffigipatient players, the short-
run gain from a deviation will be less than the long-term lwspayoff from starting the

contagion. So, we need to check that all deviations are wetdthough, possibly with
probability < 1), and that the resultant punishment is enough to deter tiatdm.

e Selleri deviates (plays);) att = 1: With probability 1, his opponent will detect
the deviation, and ultimately his payoffs will drop to a véow level. A sufficiently
patient player will, therefore, not deviate.

Selleri deviates a < ¢ < d; + A;: With positive probability, his opponerjthas
dj > t, and will detect the deviation and punish him. But, becadskeouncertainty
about the values df and7’, with positive probability, the deviation goes undetected

and unpunished. The probability of detection depends oritties of the deviation
(detection is more likely earlier than later, because eamlymost players are outside
their first interval). So, the deviation gives the seller aBrourrent gain with prob-
ability 1, but a large future loss (from punishment) with probabildégs than 1. If
the uncertainty abouft’ and7 is small enoughi(e., signals are very precise), then
the probability of detection (and future loss) will be higkor a sufficiently patient
player, the current gain will then be outweighed by the elgxbtuture loss.

62



e Selleri deviates (plays),) at¢ > d;: With positive probability, his opponerjthas
signald; = d;, and will detect the deviation.

¢ All deviations by buyers (playing;) are detected, sincg;, is never consistent with
equilibrium play. If a buyer plays a triggering deviatid#),, she knows that with
probability 1, her opponent will start punishing immediately. The buyantentives
in this case are exactly as in the setting without uncestakdr appropriately chosen
T andT’, buyers will not deviate on-path.

Optimality of Nash reversion off-path: Now, because players are uncertain about the
true values of” and7’, there are periods when they cannot distinguish betwesititegum
play and deviations. We need to consider histories wherayepkan observe a triggering
deviation, and check that it is optimal for him to start pimmients. As before, we assume
that players, on observing a deviation, believe that sorher skeviated in the first period.
First, consider incentives of a seller We argue that a seller who deviatestat 1
will find it optimal to continue deviating. Further, a selleho gets infected by a triggering
deviation at any other period will find it optimal to revertnmediately to the Nash action.

e Suppose that selledeviates at = 1, and plays) ;. He knows that his opponent will
switch to the Nash action at most, at the end of her first ialglose to the trug’
with high probability), and the contagion will spread expatially from some period
close to the trud"+7'. Thus, if seller is sufficiently patient, his continuation payoff
will drop to a very low level aftefl” + T, regardless of his play in his Phase | (until
periodd; + A;). Therefore, for a gived/, if T is large enough (and s + A, is
large), the optimal continuation strategy for sellevill be to continue playing);..

e Selleri observes a triggering deviation &f;: If a seller observes a triggering de-
viation of By, by a buyer (in Phase 1), he thinks that the first deviationuoed at
period1, and by now all buyers are infected. Since, his play will haveegligible
effect on the contagion process, it is optimal to pday.

Now, consider the incentives of a buyer.

e Buyeri observes), at1 < t < d;: This must be a triggering deviation. A sellgr
should switch tay;, only at the end of his first intervadi{ + A;), and this cannot be
the case because, then, the tfudoes not lie in players first interval. On observing
this triggering deviation, the buyer believes that the filstiation occurred at= 1
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and the contagion has been spreading since then. Consbkrskeatvill switch to her
Nash action forever at some period betwéeandd; + A; when she begins believing
that enough other buyers are infected and have switchectlb8tis easily seen that,
at worst, buye¥ will switch at periodd; + A;.).

e Buyeri observeg); att > d; + A;. Sincei is at the end of her second interval, she
knows that every rival has started his second interval, odld be playing) . So,
this is a triggering deviation. She believes that the firsiateon occurred at = 1,
and so most players must be infected by now. This makes Nashsren optimal.

Note that in any other period, buyers cannot distinguishvaatien from equilibrium play.

i) Any action observed by buyerin her first interval {e., for ¢ such thatd; < t <
d; + A;) is consistent with equilibrium play. A sellgrplayingQy could have got
signald; > t, and a seller playin@;, could have got signai; + A; < t.

i) Any action observed by buyebetween her two interval&€., att such thatl,+A; <
t < d;) is consistent with equilibrium playQ;, is consistent with a sellerwho got
d; + A; < t, andQy is consistent with a seller with signal such that d; + A;.

iii) Any action observed by buyerwithin her second intervai.g., at¢ such thatd; <
t < d; + A,) is consistent with equilibrium playy; is consistent with a sellerwho
got ch >t (saydj = d; + A;), andQy is consistent with a seller with signal such
thatdj < t (sayj got the same signal as buy@r

B.7 Interchangeable Populations

We assumed that each player belongs either to Community d Gommunity 2. Alter-
natively, we could have assumed that there is one populatmse members are matched
in pairs in every period and, in each match, the roles of pkagee randomly assigned. At
the start of every period, each player has an equal probabilplaying as playet or 2 in
the stage-game. A first implication of this setting is thaegative result like Proposition 1
may no longer be tru#. We believe that the trust-building ideas that underlie frper
can be adapted to this new setting.

41A buyer infected in period 1 might become a seller in periodu2d he might indeed have the right
incentives to punish.
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Consider the repeated product-choice game when rolesdemdy assigned in each
period. We conjecture that the following version of our &gges can be used to get as
close as desired to paydff, 1). There are two phases. Phase | is the trust-building phase:
sellers play), and buyers play3y; the important features of this profile being that i) only
buyers have an incentive to deviate, and ii) sellers areipdag Nash action. Phase Il is
the target payoff phase and)y, By) is played. Deviations are punished through Nash
reversion with no delay in the punishment. Thus, contagiea takes place in Phase I;
whenever an “infected” player is in the role of a buyer, hel pidy B; and spread the
contagion, so we do not have a single player infecting pepleis phase. This implies
that we do not need a second trust-building phase, sinceiitgagy goal was to give the
infected buyers the right incentives to “tell” the selldnattthere had been a deviation.

The arguments would be very similar to those in the settirty wmidependent popula-
tions. After getting infected, a player would believe thauger deviated in period one and
that punishments have been going on ever since. The keywalbieer is that an infected
player early in Phase | knows that contagion will spreadnaigas of his action, and so he
wants to get all the short-run gains he can when he is a buyeilgsto the incentives of
the deviant seller in Phase | in our construction). Proviorgnially that players have the
right incentives after all histories is hard, and we canebt on the analysis of the inde-
pendent populations. Interchangeable roles for playess tveo main consequences for the
analysis. First, the contagion process is not the same, alighdly different mathematical
object is needed to model it. Second, the set of historieay@epbbserves would depend on
the roles he played in the past periods, so it is harder taachenize all possible histories.
We think that this exercise would not yield new insights, andeave it as a conjecture.

B.8 Can we get a (Nash Threats) Folk Theorem?

Our strategies do not suffice to get a folk theorem for all gan¢/. For a games € ¢
with strict Nash equilibriumz*, the setF,- does not include action profiles where only
one player is playing the Nash actiap. For instance, in the product-choice game, our
construction cannot achieve payoffs close(to+ g, —[) or (—[,1 — ¢). However, we
believe that the trust-building idea is powerful enoughalketus farther. We conjecture we
can obtain a Nash threats folk theorem for two-player gamyemddifying our strategies
with the addition of further trust-building phases. We dé mmve a folk theorem here, but
hope that the informal argument below will illustrate howstimight be done. To fix ideas,
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we restrict attention to the product-choice game, althabghextension to general games
may entail additional difficulties.

Consider a feasible and individually rational target pétfwdt can be achieved by play-
ing short sequences 60 5, By ) (10 percent of the time) alternating with longer sequences
of (Qu, Br) (90 percent of the time). It is not possible to sustain this payoPhase Il
with our strategies. To see why not, consider a long time awnd Phase 11l where the
prescribed action profile i8) 4, Br). Suppose that a buyer fac€s, for the first time in
a period of this phase followed by many periodgf. Notice that since the action for a
buyer isBy, in this time window, she cannot infect any sellers hersédtier, with more and
more observations af g, she will ultimately be convinced that few people are indeict
Thus, it may not be optimal to keep playing Nash any more. Bhis sharp contrast with
the original situation, where the target action W@s;, By ). In that case, a player who gets
infected starts infecting players himself and so, aftemast, A/ — 1 periods of infecting
opponents, he is convinced that everyone is infected.

What modification to our strategies might enable us to atteese payoffs? We can use
additional trust-building phases. Consider a target daylodse that involves alternating
sequences afl) g, By,) for T7 periods andQ g, By ) for T, = %Tl periods. In the modified
equilibrium strategies, in Phase lll, the windows(&fy, Br) and(Qy, By) will be sepa-
rated by trust-building phases. To illustrate, we startighme as before, with two phases:
T periods of(Qy, By) andT periods of(Q, By). In Phase Ill, players play the action
profile (Qy, By) for T; periods, followed by a new trust-building phaseléfperiods dur-
ing which (@, By) is played. Then, players switch to playing the sequenc&)ef, By )
for T, periods. The new phase is chosen to be short enaughl’ < 7)) to have no
significant payoff consequences. But, it is chosen long gh@o that a player who is in-
fected during thd; period window, but thinks that very few people are infecti, still
want to revert to Nash punishments to make short-term gairinglithe new phas&. We
conjecture that adding appropriate trust-building phaséke target payoff phase in this
way can guarantee that players have the incentive to ravétash punishments off-path
for any beliefs they may have about the number of peopleiefec

42For example, think of a buyer who observes a triggering ackis the first time in Phase Il (while
playing(Q#, Br.)) and then observes only good behavior for a long time whitginaing to play(Q z, By).
Even if this buyer is convinced that very few people are itddcshe knows that the contagion has begun,
and ultimately her continuation payoff will become very I080o, if there is a long enough phase of playing
(Qr, By) ahead, she will choose to revert to Nash because this is thpimest response, and would give
her at least some short-term gains.
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B.9 A Problematic Game outside4

Consider the two-player game in Figure 5. This is a game wiitttly aligned interests. For

L C R
—5,-5] —1,8 | 5,5
—5, 5| —2,-2]| 8,—1
—3,-3|-5,-5] —5,-5

WS

Figure 5: A game outsid# .

each (pure) action profile, either it is a Nash equilibriunboth players want to deviate.
The difference with respect to other strictly aligned ietds games, such as the battle of
the sexes or the chicken game, is that there is a Pareto effiagoff, (5, 5), that cannot be
achieved as the convex combination of Nash payoffs. Fyrtirere it Pareto dominates the
pure Nash given byB, L), it might be possible to achieve it using Nash reversion.eNot
that, given a strictly aligned interests game and an actiofilg, if a player plays her best
reply against her opponent’s action, the resulting progile Nash equilibrium.

What is special about games like this that make it harder tc@gperation? Suppose
that we want to get close to paydff, 5) in equilibrium in the repeated random match-
ing game. Both players have a strict incentive to deviatenf(@', R), the action profile
that delivers(5,5). For this game, we cannot rely on the construction we usedaeep
Theorem 1, since there is no one-sided incentive profile¢dgruPhase I.

The approach of starting play with an initial phase of plgyiash action profiles does
not work well. This suggests that play in the initial phaseh& game should consist of
action profiles where both players have an incentive to deviduppose that we start the
game with a phase in which we aim to achieve target payoff), with the threat that any
deviation will, at some point, be punished by Nash reversiof-3, —3). Suppose that a
player deviates in period 1. Then, the opponent knows thainsoelse is infected in her
community and that Nash reversion will eventually occur.né® both infected players
will try to make short-run gains by moving to the profile thates them8. As more
players become infected, more people are playihgndC and the payoff will get closer
to (—2,—2). In this situation, it is not clear how the best-replying dyrics will evolve.
Further, what is even more complicated, is that it is verydharprovide the players with
the right incentives to move to-3, —3). Note that, as long as no player plagor L, no
one ever gets something belev2, while B and L lead to, at most;-3. That is, a player
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will not switch to B unless she thinks that a high number of players in the othenaanity
are already playind. but, who will be the first one to switch? Can we ensure somehow
that players coordinately switch te-3, —3) in this setting?
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