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Abstract

Players coordinate continuation play in a perfect public equilibrium (PPE) of a
repeated game with imperfect public monitoring. We consider the robustness of a PPE
to private-monitoring perturbations that are ex-ante close to public monitoring. We
show that, in games with two players, two public signals, and full support, there is no
PPE robust to private-monitoring perturbations under a certain regularity condition.
On the contrary, we show that, in games with two players, if every mixed action has
individual full rank and the discount factor is sufficiently large, then every interior

belief-free public equilibrium is robust to private-monitoring perturbations.

1 Introduction

The analysis of repeated games with imperfect public monitoring has flourished since Abreu,
Pearce, and Stacchetti (1990) and Fudenberg, Levine, and Maskin (1994) established a

recursive structure of perfect public equilibria (henceforth, PPE). This structure follows from
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the fact that players have common knowledge about public histories and can coordinate their
future play. In this paper, we ask if players can approximately maintain coordination if the
game is perturbed so that there is no longer common knowledge about past histories.

We formalize this question as follows. Fix a repeated game with public monitoring.
Perturb the game so that players observe noisy private signals. Each player has an “inter-
pretation” of signals, which is a function that maps her private signals to public signals. A
private-monitoring structure is close to the public-monitoring structure under a profile of
interpretations if, conditional on each action profile, the probability that all players observe
private signals that are interpreted as a common public signal y under the private-monitoring
structure is close to the probability of y under the public-monitoring structure. Note that
we measure proximity between the two monitoring structures only in the ex-ante sense, and
we do not impose any restriction on a player’s interim beliefs about the opponents’ signals
conditional on her own signals. We say that a PPE of a public-monitoring repeated game
is robust to private-monitoring perturbations if, for every private-monitoring perturbation
close to the original public monitoring under a profile of interpretations, there exists a Nash
equilibrium of the perturbed game close to the translation of the PPE into private strategies
via the same or similar profile of interpretations.

In games with two players, two public signals, and full support, we show that there is no
PPE that is robust to private-monitoring perturbations under a certain regularity condition.
Notable exceptions to the regularity condition are belief-free public equilibria. In games with
two players, and a sufficiently large discount factor, we show that every interior belief-free
public equilibrium is robust to private-monitoring perturbations.

Belief-free equilibria are arguably one of the most important findings in the literature
on private-monitoring repeated games, and have been extensively investigated in the last

decade.! Given the widespread use of belief-free equilibria, our robustness result is probably

! Belief-free equilibria are first introduced by Piccione (2002) in the prisoners’ dilemma. Ely and Vilimiki
(2002) simplify the equilibrium construction. Kandori and Obara (2006) consider belief-free equilibria with

private strategies in a game with public monitoring. Ely, Hérner, and Olszewski (2005) characterize the set of



a “folklore theorem” and hardly surprising. Nevertheless, it should be noted that the robust-
ness result assures that the notion of robustness, as defined in this paper, is not absurdly
restrictive. On the other hand, our non-robustness result has clear implications. In games
with two players, two public signals, and full support, except for belief-free equilibria and
few others, there is no PPE that can be translated into equilibria in all perturbed games.
Either a perturbed game has no equilibrium that is close to regular PPEs, or the way to
translate a regular PPE depends on fine details of the private-monitoring structure.

Most closely related are Mailath and Morris (2002, 2006).? In these papers, Mailath and
Morris require that private-monitoring perturbations be small not only in the ex-ante sense
but also in the interim sense. That is, conditional on that a player observes a private signal
interpreted as a public signal, the probability that the other players observe private signals
interpreted as the same public signal is close to 1. Observing that the interim closeness
renders almost-common knowledge about relevant histories of finite length, Mailath and
Morris (2002) extend Monderer and Samet (1989) to dynamic environments and show that
a strict PPE is robust to almost-public-monitoring perturbations if the PPE has bounded
recall. Also, Mailath and Morris (2006) argue that bounded recall is “essentially” necessary
for robustness. In contrast, if private-monitoring perturbations are small only in the ex-ante
sense, then, conditional on that a player observes a private signal interpreted as a public
signal, the probability that the others observe private signals interpreted as the same public
signal may be bounded away from 1.

In repeated games with private monitoring, Peski (2009a) shows that there is no equi-
librium other than repetitions of static equilibria if (i) the private monitoring is sufficiently
“connected” in the sense that a player’s belief about the opponents’ signals conditional on

her signal changes continuously in her signal, (ii) the continuation strategies depend only

belief-free equilibrium payoffs in a general two-player game. Yamamoto (2009) extends the characterization
to a general n-player game. Horner and Olszewski (2006) use “block belief-free” equilibria to show the folk

theorem for a game with almost-perfect private monitoring.
2See also Horner and Olszewski (2009) and Mailath and Olszewski (2009).



on finite partitions of the past histories, and (iii) there are smooth i.i.d. payoff shocks.> By
the connectedness, a player’s belief about the opponents’ continuation strategies changes
continuously in her past signals. Combined with smooth payoff shocks, she plays actions
continuously with respect to her past signals. However, from the finite-past property, her
continuation strategies have only finitely many values, so are constant. In our non-robustness
result, we also use connected perturbations, and any strategy constructed by translating a
public strategy with finitely many public signals always have finite past. Our non-robustness
result does not, however, need payoff shocks.

Fudenberg and Olszewski (2009) analyze repeated games with a long-run player against
a sequence of short-run players under asynchronous monitoring, where each player observes
underlying public signals of actions at random and privately known times. They show that
the best “cutoff” equilibrium payoff can be strictly lower under asynchronous monitoring
than under synchronous monitoring. To see this result, suppose that the long-run player
observes a signal near but above the cutoff. Since short-run players observe signals with
different noise, the long-run player believes with probability close to 1/2 that the next short-
run player has already observed a signal below the cutoff and switched to the punishment
phase. This diminishes the long-run player’s incentive to maintain the cooperation phase.
This intuition is similar to that behind our non-robustness result.

In the class of repeated games with perfect monitoring, Ely (2002) introduces the notion of
weak robustness, and shows in his Theorem 1 that, there is no strict Nash equilibrium that is
weakly robust, except for repetitions of static Nash equilibria.* Note that our non-robustness
result assumes full-support public monitoring, and applies to mixed (hence non-strict) PPEs
as well as pure PPEs.

To close Introduction, we must mention that, although belief-free equilibria are robust to
private-monitoring perturbations, they may not be robust to other kinds of perturbations.

Applying the purification exercise a la Harsanyi (1973) to the repeated prisoners’ dilemma,

3See also Peski (2009b).
4See also Matsushima (1991).



Bhaskar, Mailath, and Morris (2008) argue that the belief-free equilibrium constructed by
Ely and Vilimaki (2002) is not robust to smooth i.i.d. payoff perturbations.’®

The rest of the paper is organized as follows. Section 2 defines repeated games with
public monitoring and their private-monitoring perturbations. Section 3 gives two examples.
Section 4 provides a formal definition of robustness to private-monitoring perturbations.
Sections 5 and 6 show non-robustness and robustness results, respectively. Section 7 discusses

various extensions.

2 Framework

2.1 Repeated Games with Public Monitoring

We begin our analysis by describing a repeated game with public monitoring. Let I =
{1,...,n} be the set of players with n > 2. For each ¢ € I, A; is a finite set of actions
available to player i in each period. If the players play an action profile a = (ay,...,a,) €
A= Ay x--- x A,, then a public signal y is drawn from a finite set Y with probability
p(y | a), and each player i receives ex-post payoff u}(a;,y), which induces ex-ante expected
payoff u;(a) == >°, .y p(y | @)u; (i, y).

The repeated game with public monitoring is the infinite repetition of this game. A public
history at the beginning of period ¢ is given by h; = (y1,...,y:-1) € Hy := Y"1, A public
strategy of player i is a function §; from H := J, H; to AA;. The continuation strategy of §;
after h € H is denoted by §; | h. Let U;(8) denote the discounted expected payoff of player
i with discount factor § when players obey a profile § = (51, ...,3§,) of public strategies. A
public-strategy profile § is a perfect public equilibrium (PPE) if, for each h € H, the induced
continuation strategy profile § | h = (51 | h,..., 8, | h) is a Nash equilibrium of the repeated
game, i.e., U;(§ | h) > U;(8,,8_; | h) forall i € I, h € H, and &, where S_; | h = (5; | h);4-

The public-monitoring structure (Y, p) is said to have full support if p(y | a) > 0 for all

®See also Bhaskar (1998) and Bhaskar, Mailath, and Morris (2010).



acAandyeY.

2.2 Private-Monitoring Perturbations

The objective of this paper is, given an arbitrary PPE of the repeated game with public
monitoring, to check the robustness of the PPE to private-monitoring perturbations. For
this purpose, we consider private-monitoring perturbations as follows.

A perturbed game is a repeated game with private monitoring. In each period, if the
players play an action profile a € A, a profile w = (wy,...,w,) of private signals is drawn
from a product € := Qy x- - - x 2, of measurable spaces according to joint probability 7(- | a).
Each player i observes w;, interprets it as f;(w;), and receives ex-post payoff uf(a;, fi(w;)),
where f; is a measurable function from €2; to Y. We call f; player i’s signal interpretation.

Let £ = (f1,..., f).

A private history of player i at the beginning of period ¢ is given by h;; = (al ', w!™") €
H;y = Af_l X Qf‘l, which consists of player i’s past actions af‘l = (aj1,...,a;4-1) and
private signals w!™! = (Wi, wit—1). A private strategy s; of player i is a measurable

function from (J, H;, to AA,.

We define the closeness of private monitoring to public monitoring in the following sense.

Definition 1. For € > 0, a private-monitoring structure (2,7, f) is ex-ante e-close to the

public-monitoring structure (Y, p) if
IT{weQ: fi(w) =yforalliecl}|a)—p(y|a)<e
forallace Aand y €Y.

Note that the definition of ex-ante closeness does not impose any restriction on a player’s
interim beliefs about the opponents’ signals conditional on her own signals. This is in contrast
with the approach by Mailath and Morris (2002, 2006), who require both ex-ante closeness

(Definition 1) and interim closeness, that is,
T{w_oi € Q. fi(wj) =y foralj#i}|aw)>1—¢
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foralli € I,a€ A, and w; € f; ' (y) whenever the conditional probability is well defined.®”

3 Examples

In this section, we give two examples to illustrate how private-monitoring perturbations
prevent players from coordinating their future play. These examples also motivate the formal

definition of robustness to private-monitoring perturbations in Section 4.

3.1 One-Period Punishment

The first example is the prisoners’ dilemma game with two signals, taken from Mailath and
Morris (2002, Section 3.1). Let I = {1,2}, A; = Ay = {C, D}, and Y = {y,7}. Each signal
realizes with probability

(

p ifa=0CC,

p(¥la)=1q ifa=CD or DC, plyla)=1-pF]|a).

U ifa=DD,

We assume that 0 < p < 1 so that both signals occur with positive probabilities when the

players play CC'. Ex-post stage-game payoffs are given by
C D

cl 22 -1,3
D|3,-1 0,0

6Mailath and Morris (2006) extend the definition of interpretations so that f; is a measurable function
from Q; to Y U{0}. Here, f;(w;) = 0 means that w; is an “uninterpretable” signal with no corresponding

public signal. We will discuss the issue of uninterpretable signals in Section 7.
"Mailath and Morris (2002) require that €2; = Y and f; is the identity function for every i € I. In this

case, ex-ante closeness implies interim closeness if (Y, p) has full support.



We consider the following strategy:

B C ift=1lory_1 =1,
Sz‘(ht> =
D ift22andyt_1:g.
Under this strategy, players punish each other for one period immediately after y is observed.
We assume r > ¢ and § > (3p — 2¢ — r)~! so that the profile § = (51, 5;) is a PPE.
Given the repeated prisoners’ dilemma and the one-period-punishment strategy, we define

the following 2 x 2 game:

Y Y

G(s) = Ur(51 19,321 9), U251 19,52 1Y) Ui(31 17,52 1y),Ua(51 7,82 | y)

)

Y | Ui(31 |y, 82[9),Ua(51 |y, 521 9) Un(Si |y, 821 y), Ua($1 ]y, 52 [ y)

where each player i chooses an action from {7, y}, and she receives payoff Ui(s; | y;,8; | v;)
when she plays y; and the opponent j # ¢ plays y;. Note that the values along the diagonal
are the players’ continuation payoffs in the public-monitoring repeated prisoners’ dilemma
after corresponding public histories, whereas the values off the diagonal are the payoffs when
the players fail to coordinate on their future play, which play no clear role in the analysis of
public monitoring without perturbations. Since s is a symmetric PPE, G(S) is a symmetric
coordination game with two pure-strategy Nash equilibria (7,7) and (y,y). We assume that

one strictly risk-dominates the other, i.e.,
U(3: 19,5 19) +Ui(3: | 9,55 | y) # Ui(8i | 9,85 | 9) + Ui(Bi |y, 85 | y)

for i # j.

We perturb the monitoring structure as follows. Each action profile a € A generates a
real number 6, which is uniformly distributed on [p—1,p| ifa=CC, on [¢—1,q| ifa=CD
or DC, and on [r — 1,r] if a = DD. As in Carlsson and van Damme (1993), each player i

observes a noisy signal w; ; about 6:

wi =0+&,



where & and & are uniformly distributed on [—¢/2, /2] independently of §. Player i inter-
prets the signal w; as y if w; > 0, and as y if w; < 0.% Note that this perturbation is ex-ante
e-close to the original public monitoring.

We will show that the perturbed game has no Nash equilibrium that “resembles” the
one-period-punishment strategy. For the sake of concreteness, we focus on the following

threshold strategy: in period 1, play C'; in period ¢t > 2, play C if and only if w; ;1 > @.

Claim 1. There existn > 0 and € > 0 such that, if 0 < ¢ < & and |w| <, then the threshold

strateqy with threshold w is not a Nash equilibrium of the perturbed game.

Proof. Pick sufficiently small n,& > 0. Suppose that (7,%) strictly risk-dominates (y,y) in
G(8). (A similar argument holds if (y,y) strictly risk-dominates (7,%) in G(s).) Consider
player 4’s private history at the end of period 1 such that she observes w;; below but suffi-
ciently close to w. She believes that the opponent j observes w;; above @ with probability
close to 1/2, and hence expects that the opponent follows §; | 5 and §; | y with almost equal
probabilities in the future. Since (7,%) risk-dominates (y, y) in G(s), player i strictly prefers

8; | to 5; | y, which implies that the threshold strategy is not a Nash equilibrium. &

It is clear that Claim 1 does not depend on the particular payoff structure or equilibrium
strategy. The proof only uses the fact that the induced game G(S) has a strictly risk-
dominant equilibrium. In Section 5, we extend Claim 1 and show that, if a PPE satisfies a
certain regularity condition, then it is not robust to private-monitoring perturbations.

Note that, since the one-period-punishment strategy has bounded recall, it is robust
to private-monitoring perturbations that are both ex-ante and interim close to the public-
monitoring (Mailath and Morris, 2002, Section 3.1, Theorems 4.1, 4.3; 2006, Theorem 1).
Our argument illustrates that the notion of robustness is sensitive to the class of perturba-

tions to which robustness is tested.

8Here, players receive continuous signals. One can instead use discrete signals drawn from finite or

countably infinite signal spaces, similar to those in Rubinstein’s (1989) e-mail game.



3.2 The Ely-Valimaki Equilibrium

Consider the repeated prisoners’ dilemma with the same ex-ante payoff matrix as before,
but assume perfect monitoring this time. The following strategy is adapted from Ely and
Valiméki (2002):

. pC+(1—p)D ift=1ora;;—1=C,

Si(h/t) =

qC+(1—-¢q)D ift>2anda;;—1 =D.

In this strategy, if a player plays C, it costs her 1 in the current period, but induces the
opponent to play C' in the next period with additional probability p — q. Therefore, if
p—q = 1/(30), then she is indifferent between C' and D, hence this strategy becomes a PPE.

We have the following.

Claim 2. Ifp<1,q¢>0, and p—q = 1/(30), then the Ely-Vilimdki equilibrium is robust
to private-monitoring perturbations in the following sense. For every T < oo, there exists
e > 0 such that, for every private-monitoring perturbation (S, m,f) that is ex-ante e-close to

(Y, p), the perturbed game admits a Nash equilibrium s = (s1, $2) such that

si(hiy) = 8i(filwin), .-, filwir—1))
forallt <T,i€l, and hiy = (' ' w!™) € Hy,.

Sketch of Proof. As explained above, in the Ely-Valiméki equilibrium, each player faces the
trade-off between payoffs in the current and the next periods. This trade-off is independent
of whether the opponent is expected to play C' with probability p or ¢ (or an in-between
probability in expectation) in the current period. Therefore, even in the perturbed game, the
player remains approximately indifferent between C' and D regardless of her beliefs about
the opponent’s continuation strategies.

We need a slightly more careful argument, however. In the perturbed game, ex-ante
payoffs are slightly different from those in the original game. Also, a player’s action leads

to rewards or punishments in the next period with probabilities slightly different from those
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under perfect monitoring. Therefore, to keep the player being exactly indifferent between C'
and D, her continuation payoffs must be adjusted appropriately. We make this adjustment
by modifying strategies after period 7. This is possible as long as ¢ is small and we have
enough slacks in all the variables, which are guaranteed by assuming p < 1 and ¢ > 0 (and

hence § > 1/3) strictly.

For a complete proof, see Theorem 2, which generalizes Claim 2.
In Claim 2, it is essential to allow for some departures from the original equilibrium to
make adjustments in continuation payoffs. This motivates us to introduce (7, T")-closeness

in the next section.

4 Definition of Robustness

A PPE in the repeated game with public monitoring is robust to private-monitoring pertur-
bations if, for any 7" < oo, whenever private-monitoring perturbations are sufficiently small
in the ex-ante sense, then there exists a Nash equilibrium of the perturbed game that is close

to the original PPE for the first 7" periods. The formal definition is given below.
Definition 2. Fix a private-monitoring perturbation (Q, 7, f), n > 0, and T' < co.

1. For each t <T —1, a profile g = (g1, . - ., gnt) of measurable functions from H, ;. to

Y is n-close to f if
T({w € Q: gig(wiy | aﬁ_lj%t,wf_l) = filwig)} | ai,ai) >1—n
for all i € I, (a;s,a ;) € A, and (a™', w!™h) € Hyy.

2. A profile s = (s1,...,$,) of strategies in the perturbed game is (n,T')-close to § via
{g ot if
[si(hie) = Si(he)l <7
foralli € I,t<T,and h;; = (a ', w!™") € H,;, where

hy = (gi,l(wz‘,l ’ ai,l)agi,2<wi,2 | Q; 1, ai,2vwi,l)7 e >gz’,t—1(wi,t—1 ’ aﬁflawfd))

11



Definition 3. A PPE s of a public-monitoring repeated game is robust to private-monitoring
perturbations if, for every n > 0 and T" < oo, there exists € > 0 such that, for every private-
monitoring perturbation (€2, 7, f) that is ex-ante e-close to (Y, p), there exist a sequence {g;}
of interpretations and a Nash equilibrium s of the perturbed game such that each g; is n-close

to f and s is (9, T")-close to § via {g;}.

In these definitions, g¢;; is an “endogenous” interpretation that maps player i’s private
signal w;; to a public signal. Note that g;; may depend on her entire private history

t—1

t—1
7 7

(w; ", a; ", a,1). We require that this endogenous interpretation be equal to the “exoge-
nous” interpretation f;, with high probability for the first 7" — 1 periods. In Section 3.1,
for example, the threshold @ induces an endogenous interpretation of private signals, and is
required to be close to the exogenous threshold 0. We also require that the perturbed game
admit a Nash equilibrium in which each player behaves similarly to the original PPE under
the translation via the endogenous interpretations for the first 7" periods.

Suppose that the perturbed game has such an equilibrium. Then player i’s equilibrium
payoff in the perturbed game is close to her PPE payoff in the original game. Moreover,
conditional on that each player j interprets his signal as y;, player ¢’s continuation payoff

in the perturbed game is close to U;(51 | v1,...,8, | yn). It is obvious from the above

definitions, but worth stating explicitly.

Lemma 1. Fiz a profile s of public strategies in the repeated game with public monitoring.
For every v > 0, there exist 7 > 0, T < oo, and € > 0 such that, if a private-monitoring
perturbation (Q, 7, f) is ex-ante -close to (Y, p), a profile g; of endogenous interpretations is
M-close to £ for everyt <T — 1, and a profile s of strategies in the perturbed game is (7, T)-
close to § via {g;}, then player i’s continuation payoff in the perturbed game conditional on

a; and wy is within distance v from U;(81 | gr(wii | @11), -+, 80 | gn(Wni | an1)).

12



5 A Non-Robustness Result

In this section, we extend Claim 1 and provide a sufficient condition for non-robustness.
Assume that the public-monitoring repeated game has two players I = {1, 2} and two public
signals Y = {¥,y}, and the public-monitoring structure has full support. As in Section 3.1,
a PPE s induces the following 2 x 2 game:

y Y

G(s) = Ur(51 19,52 | 9), U281 | 9,82 | ) Ui(31 |9, 52 | y), Ua(51 | 7,52 | y)

y
Yy U511y, 52 19),Ua(31 | 9,32 | 9) Ui(31 ]y, 32 ]y),Ua(51 |y, 52 | y)

with two pure-strategy Nash equilibria (7,7) and (y,y).
Definition 4. A 2 x 2 coordination game

%) 52

a1 | U, U2  V1,V2
Bi | wi,wy 1, T2

with two pure-strategy Nash equilibria (ay, ag) and (0, £52) is regular if (aq, az) and (5, B2)

have different Nash products in the normalized game

G2 2
ap | Uy — W1, Uz — Vg 0,0 )
b1 0,0 L1 — U1, Ly — W

e, (up —wy)(ug — vg) # (r1 — v1) (T2 — Wo).

If s is a strict PPE and not a repetition of static Nash equilibria, then s is regular for all

generic parameters in public monitoring, payoffs, and discounting.

Theorem 1. Ifs is a PPE of a public-monitoring repeated game with two players, two public
signals, and full support, and G(8) is reqular, then § is not robust to private-monitoring

perturbations.

13



Proof. Suppose that s is a regular PPE robust to private-monitoring perturbations. For each
e > 0, we will construct a private-monitoring perturbation (€2, 7, f) that is ex-ante e-close to
(Y, p) such that the perturbed game has no Nash equilibrium close to 8.

By the regularity of G/(S), after changing the labels of ¥ and y if necessary, there exist
p1,p2 > 0 with p; + py < 1 such that (7,7) is a strict (p1, p2)-dominant equilibrium in G(8),

ie.,

piUi(5: 19,85 | 9) + (L —pa)Us(8: | 9,35 | y) > palUi(3i |y, 55 | 9) + (1 —po)Us(3; | v, 55 | y)
(1)

for all < € 1.

Lemma 2. There exist 7 > 0, T < 0o, and € > 0 such that the following is true. Suppose
that (Q, 7, f) is ex-ante -close to (Y, p), g; is M-close to £ for everyt <T—1, and s is a Nash
equilibrium of the perturbed game that is (7, T)-close to § via {g,}. Then, for everyi € I
and a;; € supp s;(0), if wi1 satisfies T({wj1 € Q; : gja(wja | aj1) =7} | ain, a1, win) > pi

for all a;, € supp s;(0), then g;1(wix | ai1) =7.

Proof of Lemma 2. Pick any i € I and a;; € supp s;(0). If player i believes that, regardless
of a;; € supp s;(0), player j interprets g;1(wj1 | aj1) = ¥ with probability no less than p;,
then, by Lemma 1 and (1), player ¢ receives a higher payoff if she interprets w;; as y and

follows &; | 7 than 5; | y. n

For the rest of the proof, we perturb the monitoring structure as in Section 3.1. More
precisely, let Q; = 2y = R and m = 7n°, where, conditional on each a € A, 7°(- | a) denotes
the joint distribution of w = (wy,ws) induced by the uniform distribution of (6,&,&>) on
[—p(y | a1), p(7. | a1)] x [—€/2,¢/2]* and w; = 6 + & for each i € I. Let fi(w;) =7 if w; >0
and fi(w;) =y if w; <0.

Since (Y, p) has full support, let B := min,, p(y | a) > 0. The following lemma follows

from the characteristics of the perturbation in period 1.
Lemma 3. There exist 1,2,d,Cy,Co, D > 0 such that the following is true.

14



(i) For everyn <7 and € <E, if g11 satisfies
7T€({W1 cR?: 91,1(w1,1 | a1,1) = fl(wl,l)} | a1,1,a2,1) >1-n
for all (a11,a2,1) € A, then there exists xg € [De, B — De| such that
T ({wir €R:gra(win | a11) =7} | arq,a21,w21) > po

for all (a11,a21) € A, and way € [xg — Cae, o + Cael.

(ii) For every e >0 and x € [—B + De, B — De|, we have

7 ({wj1 € [ — Cje,x + Cjel} | ar,wi1) > p;
foralliel, ay € A, and w;; € [x — (C; + d)e,x + Ciel.
Proof of Lemma 3. See Appendix. 1

Fix any n < min{B,7,7} and T > T. By the robustness of §, there exists ¢, 7 > 0 such
that, for every ¢ < min{e, r,2,Z}, there exist a sequence {g;} of endogenous interpretations
and a Nash equilibrium s of the perturbed game such that each g; is n-close to f, and s is
(n, T)-close to § via {g;}. By Lemma 3 (i), there exists xg € [De, B — De| such that player 2
with private signal wy; € [xg — Cae, xg + Cae] believes that player 1 interprets wy; as § with
probability more than p,. By Lemmas 2, player 2 interprets wy; as ¥ on the equilibrium
path. By Lemma 3 (ii), player 1 with private signal w1 € [z — (C1 + d)e, xo + Ci€] believes
that player 2 interprets wy; as ¥ with probability more than p;, and, by Lemma 2, player
1 interprets w1 as ¥ on the equilibrium path. Once again, by Lemma 3 (ii), player 2 with
private signal wo; € [xo— (Ca+2d)e, o+ Cae] believes that player 1 interprets wy 1 as ¥ with
probability more than ps, and, by Lemma 2, player 2 interprets wo; as ¥ on the equilibrium
path. By induction, each player i interprets w;; € [—-B + (D + d)e, zo + Cie] as 7 on the

equilibrium path. Since this is true for all ¢ < min{e, 7, 2,2}, this is a contradiction. §

15



6 A Robustness Result

In this section, we show that belief-free public equilibria are robust to private-monitoring

perturbations. Once again, we focus on two-player games.

Definition 5 (Ely, Horner, and Olszewski, 2005). A pair § = (81, 55) of public strategies
in the repeated game with public monitoring is a belief-free public equilibrium if, for every

1 € I and h, h/ € H, U'Z(gZ ’ h, §j ‘ h/> Z Ul(gg,gj ‘ h/) for all 52

The Ely-Vialimaki equilibrium we discussed in Section 3.2 is a belief-free public equilib-
rium. Note that no belief-free public equilibrium induces a regular 2 x 2 game.

We also define belief-free equilibria for the perturbed game. Namely, a pair s = (s1, $2)
of strategies in the perturbed game is a belief-free equilibrium if, for every ¢ € I, h;y € H;y,
and hj, € Hjy, S; | hiy is a best response for player ¢ against s; | h;, in the perturbed game

starting in period ¢.

6.1 Unperturbed Marginal Distributions

Suppose that a private-monitoring perturbation (€2, 7, f) do not alter marginal distributions
of interpreted signals. For example, Y = Q; = Qy = {7, y} with identity interpretations f,

and 7(- | a) is given by

Y )
y|pyla)—e €
y £ plyla)—e

Then every belief-free public equilibrium remains a belief-free equilibrium in the perturbed
game (under the translation via exogenous interpretations f). This follows immediately from

the definition of belief-free public equilibria.

Proposition 1. Let s be a belief-free public equilibrium in (Y, p). If r({w € Q: fi(w;) =y} |

a)=p(y|a) foralliel,ac A, andy €Y, then the pair of private strategies, s = (1, $2),
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defined by
si(hig) = 3i(fi(win), -, filwie-1))
forallt>1,1€ 1, and h;; = (et wi ™) e H;,, is a belief-free equilibrium of the perturbed

game.

6.2 General Perturbations

With a slight perturbation on the marginal distributions of interpreted signals, a belief-free
public equilibrium may not be an equilibrium in the perturbed game. As we saw in Section
3.2, however, we can restore players’ incentives by modifying future actions.

A mixed action «; € A(A4;) of player i has individual full rank in (Y, p) if the collection
(p(- | @i, @;5))a;en,; of [Y|-dimensional vectors is linearly independent. If some action of player
i has individual full rank, then Y| > |A;|.

For a public strategy 5;, let V;(3;) := maxz, U;(5;,5;). A regime is a product of nonempty
subsets of A; and Ay, A = A; X As. For a nonempty subset A; of A;, we say that player i’s
payoff v; is A;-enforced by o; € A(A;) and w;: Y — R if we have

v; > (1= 0)ui(ai, aj) + 5Zp(y | ai, aj)wi(y)

yey
for all a; € A; with equality if a; € A;.
Definition 6. A belief-free public equilibrium § is compatible with a sequence { A} of regimes
if supp 8;(h:) C A;y, and, for every t > 1, i € I, and hy € Hy, V;(5; | ht) is A, ¢-enforced by
$j(he) and {Vi(5; | (he, y)) byev-

Every belief-free public equilibrium is compatible with some sequence of regimes.® For

notational simplicity, we focus on a fixed regime: A, = A for all t > 1.1° For a given regime

90ur definition of regimes slightly generalize those of Ely, Horner, and Olszewski (2005) and of Yamamoto
(2009). According to our definition, a belief-free public equilibrium may be compatible with multiple se-
quences of regimes, and Ely, Horner, and Olszewski (2005) and Yamamoto (2009) provide explicit ways of

constructing such regime sequences.
10Extensions to time-varying regimes are straightforward.
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A, the set of all belief-free public equilibria that are compatible with A satisfies the following

properties.

exchangeability If (51, 32) and (8}, §,) are belief-free public equilibria compatible with A,

then so are (31, §,) and (8}, §2) (Ely, Horner, and Olszewski, 2005, Proposition 1).

recursion If (51, 32) is a belief-free public equilibrium compatible with A, then so is (5; |

h, 3 | b') for every h,h' € H.

Let W (.A) be the set of payoff profiles sustained by belief-free public equilibria compatible
with A. By the exchangeability, W(A) is a product of two compact intervals, W (A) =
[w, (A), w1 (A)] X [wy(A),wa(A)] (Ely, Horner, and Olszewski, 2005, Corollary 1).

A product set W = Wi x Wy is self-A-generating if, for every i € I and v; € W;, v;
is Aj;-enforced by some a; € A(A;) and w;: Y — W,;. By the recursion, W(A) is self-A-
generating. Also, every bounded self-A-generating product set is a subset of W (A). We
say that W (A) is properly self-A-generating if, for every i € I, w,;(A) is A;-enforced by
some a; € A(A;) and w;: Y — [w;(A),w;(A)) (excluding the right endpoint), and w;(A) is
Aj;-enforced by some @; € A(A;) and w;: Y — (w;(A), w;(A)] (excluding the left endpoint).
Note that W(A) is properly self-A-generating if § is sufficiently large (Ely, Hérner, and
Olszewski, 2005, p. 391).

We say that a belief-free public equilibrium § = (31, §3) compatible with A is interior if

w;(A) < Vi(§; | h) <w;(A) foralli € I and h € H.

Theorem 2. If s is an interior A-compatible belief-free public equilibrium of a public-
monitoring repeated game with two players, every mized action has individual full rank in
(Y, p), and W(A) is properly self~-A-generating, then § is robust to private-monitoring per-

turbations.

Proof. Fix T < co. We will show that there exists € > 0 such that, if a private-monitoring
perturbation (2, 7, f) is ex-ante e-close to (Y, p), then the perturbed game admits a sequential

equilibrium (0, T")-close to § via f.
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Foreachi € I,a€ A, and y € Y, define

mi(y | a) =n({w € Q: filw) =y} |a).

Since (92,7, f) is ex-ante e-close to (Y, p), we have |m;(y | a) — p(y | a)| < ([Y| = 1)e.
Since § is an interior belief-free public equilibrium compatible with A, for every ¢t > 1,
1 €1, and h; € H;, we have

Vil | k) 2 (1= 8)us(as, 55 (h)) + 6 ply | (ai, 5;(h)ViG5; | (i)

yey

=D oy | (ai, 3;(he))[(1 = 8)u (i y) + Vi(3; | (hesy))]

yey
for all a; € A; with equality if a; € A;, and w,;(A) < Vi(5; | hy) < w;(A).
Fix i € I. We define w;: Hy — (w;(A),w;(A)) for each t < T + 1 recursively as follows.
Let w;(0) = Vi(5;) € (w;(A),w;(A)). For each t = 1,...,T and h; € H,, given that
w;(hy) € (w;(A),w;(A)), it follows from the individual full rank that, for sufficiently small

e > 0, there exists {w;(hs, y) }yey such that
w;(hs) > (1 —0) Zﬂi(y | (@i, 5j(he))ui (@i y) + 5Z7Tj<y | (@i, 3;(he))wi (b, y)
yeY yey
for all a; € A; with equality if a; € A;, and w;(hy,y) € (w;(A), w;(A)) for ally € Y.
The following lemma shows that the set of belief-free equilibrium payoffs compatible with

A is lower hemicontinuous with respect to private-monitoring perturbations.

Lemma 4. If every mized action has individual full rank in (Y, p) and W(A) is properly
self-A-generating, then there exists ¥ > 0 such that, if 0 < v < 7, then there exists € > 0
such that [wy (A)+~, w1 (A) =] x [w, (A) +, w1 (A) —~] is self-A-generating in the perturbed

game.
Proof of Lemma 4. See Appendix. i

For each hpi1, Wy € Hpyq, since wy (hriq) € (wy(A), w1 (A)) and wa (R ) € (wy(A), Wa(A)),

by Lemma 4, for sufficiently small € > 0, there exists a belief-free equilibrium (afT“, oh™ )
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of the perturbed game starting in period T + 1 that sustains (wi(hr41), w2(h7p,)). Note
that, by the exchangeability of belief-free equilibria, we can assume without loss of generality
that the choice of player 1’s strategy is independent of A%, and that the choice of player
2’s strategy is independent of hpy;.

Foreacht >1,i € I, and h;y = (et Wi € H;y, let

(2

Si(fir(win), ., firm1(wip—r)) it <T

O_zfi,l(wi,l)a~~~:fi,T(wi7T)(Th/i’t) ift>T+1,

Si(hi,t) =

where rh;; is the truncation of h;; by removing the first 7" periods. Then s = (s1,s2) is a

Nash equilibrium of the perturbed game that is (0, 7)-close to § via f. n

7 Discussions

7.1 Alternative Classes of Perturbations

So far we have investigated robustness and non-robustness to a particular class of perturba-
tions. Here we discuss how to modify our results if we use other classes of perturbations.

One may be interested in non-stationary perturbations, where the monitoring structure
(Qq, i, £;) is indexed by ¢. If we test the robustness to all one-shot perturbations, then we
obtain a non-robustness result similar to Theorem 1, but under a weaker regularity condition.
Namely, a PPE s of a repeated game with two players, two public signals, and full support
is not robust to one-shot private-monitoring perturbations if G(S | h) is regular for some
h € H. In regard to the robustness result, 2 generalizes to all non-stationary perturbations
as long as perturbations (£2;, 7, f;) are close to the original public monitoring uniformly in
t. Moreover, if we perturb the monitoring structure only finitely many times, then we can
drop the assumption of proper self- A-generation.

Suppose that we allow for uninterpretable signals as in Mailath and Morris (2006) so

that f; and g;,(- | al,w!™") are mappings from €; to Y U {0}, where f;(w;;) = 0 or g s(w; |
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at,w!™") = () means that wi+ is uninterpretable. We assume that the ex-ante probability of
such uninterpretable signals is small, but, following Mailath and Morris (2006), we impose no
restriction on player i’s equilibrium strategy in the private-monitoring repeated game to his
PPE strategy after he observes signals uninterpretable under the endogenous interpretation
git(+ | at,w!™). None of our results is affected by this change if g; ;(w;; | at, w!™") = @ implies
fiwit) = 0, i.e., a player must interpret a signal as some public signal in Y whenever it is
interpretable under the exogenous interpretation. (For a discussion on cases where we allow
for g;+(wiys | al,w!™") = 0 even if f;(w;;) # 0, see the next subsection.)

Mailath and Morris (2006) allow for perturbations not only in signals, but also in payoffs.
Small payoff perturbations are easily incorporated into our framework, and all of our results

remain true, except for Proposition 1.

7.2 Flexibility in Strategies

What if we use different notions of closeness between two strategies? Can we strengthen our
robustness (non-robustness) results by using less (more, resp.) flexible notions of closeness
between a PPE in the public-monitoring repeated game and a Nash equilibrium in the
private-monitoring repeated game?

One way of adding more flexibility is to allow for a signal w; ; to be uninterpretable under
the endogenous interpretation g; (- | af,w!™") even if it is interpretable under the exogenous
interpretation f;. In this case, it is difficult to generalize our proof of Theorem 1. To see
this, recall that our proof is based on the contagion argument: player ¢ with signal w;,
believes that the opponent j interprets w;; as y with probability more than p;, so player ¢
prefers interpreting w;; as § than as y. Once we allow for uninterpretable signals, player
may be willing to leave her signal uninterpretable and follow a strategy completely different
from any of her PPE continuation strategies. Moreover, even if such an event occurs with
small probability in the ex-ante sense, its interim probability conditional on the opponent

7’s signal may be arbitrarily large. Thus the contagion argument may stop.
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On the contrary, we can reduce the flexibility in strategies by requiring that a Nash
equilibrium in the private-monitoring repeated game is (1, T")-close to a PPE via exogenous
interpretations with n = 0 or with T" = oco. Here, n = 0 means that each player’s action
at a history in the Nash equilibrium is exactly the same as her action at the corresponding
history in the PPE, and T" = oo means that the two strategy profiles prescribe similar actions
uniformly not only over the histories in the first finite periods, but also for the entire horizon.
Proposition 1 used n = 0 and T' = oo, and the current proof of Theorem 2 shows n = 0. We

conjecture that Theorem 2 would hold for n > 0 but 7' = oo under some regularity condition.

7.3 General Stage Games

Theorem 1 holds for two-player games with two public signals. For a reason similar to
uninterpretable signals, it is difficult to accommodate more than two public signals in its
proof. However, we can easily modify the proof and show a non-robustness result if we pick
two of the public signals, denoted by 7 and y, and require that every player’s endogenous
interpretation be either y or y whenever her exogenous interpretation is either 7 or y.

Theorem 1 can be extended to games with more than two players in the following way.
(Here we assume two public signals or use the trick in the previous paragraph.) For a PPE
s, let G(s) be the n-player game, where each player i’s action set is {¥,y}, and her payoff
is Ui(51 | y1,.--,8n | yn) when players play (y1,...,yn) € {¥,y}". The induced game G(8)
is supermodular if Us(3; | 7, (55 | y;);#i) — Ui(3i | ¥, (85 | y5)j2) is weakly increasing as each
player j # i switches from y; = y to ¥. A supermodular game G(s) is regular if either
(7,-..,7) or (y,-..,y) is a contagious Nash equilibrium in an open neighborhood of G(s)."*
Under these definitions, Theorem 1 generalizes to games with more than two players.

We do not know if the above non-robustness result holds if a PPE does not induce a

supermodular game. We also do not know how to extend Theorem 2 to games with more

1A Nash equilibrium of a static game G is contagious if it is selected in a global game with some noise
distribution. Frankel, Morris, and Pauzner (2003) show that every supermodular game has at least one (and

only one, generically) contagious equilibrium.

22



than two players.

7.4 Non-Regular PPEs

There are PPEs other than belief-free public equilibria that violate the regularity condition.
Such PPEs may or may not be robust to private-monitoring perturbations. A more exhaus-
tive analysis is left for the future research, which would close the gap between Theorems 1

and 2.

A Appendix

A.1 Proof of Lemma 3

Let ¢ :=(1—p1 —p2)/4>0. Let C; :=2—+/2(p1 + 2¢) € [1,2) and Cy := 1 if p; < po, and
Cr:=1and Cy :=2— /2(p2+2C) € [1,2) if py > pa. Let D := max{C;,Cy} + 1. Let A

denote the Lebesgue measure on R. The following lemmas are useful.

Lemma 5. There exists d > 0 such that the following is true. For every e > 0 and x €

[—B + De, B — Del, we have
7T€(u)j’1 - [l’ — ng,l‘ + Cj€] | al,wiyl) > Yo +<
forallie I, a; € A and w;y € [ — (C; + d)e, x + Ciel.

Proof. Take d > 0 sufficiently small. Then, noting that, for w;; € [-B +¢/2, B —¢/2], the
probability density of w;; with respect to the Lebesgue measure conditional on a; and w;

is given by

dﬂ.a(wm1 | a17wi,1) B 1/5 — ]wj,l — wi71]/52 if wj1 € [wm —&,wi1+ 8],
d\ N

0 otherwise,

a simple algebra yields the result. n
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Lemma 6. There exist g, K > 0 such that, for everyn > 0 and e <, if g11 satisfies

™ ({w1 € R* : gra(wiy | a11) = filwin)} | a1, a01) > 1 =17 (2)
for all (a11,a271) € A, then there exists xg € [De, B — De| such that

A({wig € [zo — Cie, 0 + Cie] s gra(win | a11) = y}) < Kne (3)
foralla;, € Ay.

Proof. Fix any K > 2C1|A;|/B. Suppose that there exist n > 0, sufficiently small £ > 0,
and g, such that (2) holds, but (3) does not. Pick any as; € A,. Since the probability

density of wy 1 with respect to the Lebesgue measure conditional on (aj1,a21) s 1 onwy; €
[_B + 8/27 B — 8/2]7 by <2>7
>\({W1’1 c [Dg,B — Dé] . g1’1<wl’1 ‘ a1,1> = g for some ay c A1}>

< Z A{wiy € [De, B — De| - gia(wi | a11) = y})

a1,1€A1

= Z m({wig € [De, B — De| : gia(wiy | a11) =y} | ar1,a2,1)

a11€41

< |Aqln. (4)

Let Me be the largest integer smaller than (B — 2De)/(2C ). Then there exists {z,, }=,
such that [z —Cie, x1+Cel, . .., [ty — Cie, xp + Cg] are disjoint and included in [De, B —

De]. Since no z,, satisfies (3),
)\({wl,l € [D€, B — D€] . ng(wl,l | (11’1) = g for some ay c A1}>
Me
> Z AM{wig € [2m — Cie, 2y + Cig] s gri(wiy | a11) = y for some a1 € Ar})
m=1
> MeKne. (5)

Since Mee converges to B/(2C}) as € goes to 0, (4) and (5) contradict to each other for

sufficiently small . §
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Proof of Lemma 3. We will show that Lemma 3 holds for d > 0 in Lemma 5, € > 0 in
Lemma 6, and some 7] > 0. Since Lemma 3 (ii) is a corollary of Lemma 5, what remains to
show is Lemma 3 (i).

Pick K > 0 as in Lemma 6. Suppose that n > 0, ¢ < &, and g¢;; satisfies

7 ({w; € R%: Gii(wig |a1n) = filwin)} | a11,a21) > 1—17

for all (ay1,a21) € A. Pick zy € [De, B — De| as in Lemma 6. For every ws; € [z —
Cse, ko + Cael, note that the probability density of wy 1 with respect to the Lebesgue measure

conditional on a;, {wy11 : wi1 € [vg — Cie, 29 + Cie]}, and wq; is bounded from above by

2 1 1 FE
— max = —.
€ "(14Cy = Cy)? €
Thus, by Lemma 6,
Ws({wm : 91,1(w1,1 | (11,1) = @} | 1,1, 21, {w1,1 twil € [$0—Cl5,$0+015]},w271) >1-EKn.

for all (ay1,a21) € A. Pick 7 > 0 such that (p; + ¢)(1 — EK7) > p1. If n <7, then, by

Lemma 5,

T {wipi €R:gr1(win | a11) =7} | arq,a01,wa1)
> m%(wi € [zo — Che,xo + Che] | ar1, a21,w2,1)
x 1 ({wir € R:gii(win | ary) =7} | ary, a2, {wiy :win € [z — Cie, 20 + Ciel}, wa )

> (pr+C)(1 = EKn) >p

for all (a11,a21) € A. 1

A.2 Proof of Lemma 4

Since W (A) is properly self-A-generating, take 7 > 0 such that, for every i € I, w,;(A) is
Aj-enforced by some a; € A(4;) and w;: Y — [w;(A), wi(A) — (1+1/6)7], and w;(A) is A;-
enforced by some @; € A(4;) and w;: Y — [w,;(A) + (1 +1/6)7,w,;(A)]. For any v € (0,7],

25



by translating continuation payoffs by ++/d, we have that every v; € [w,(A) + v, w;(A) — 7]
is A;-enforced by some a; € A(A;) and w;: Y — [w;(A) + /9, w;(A) — ~/d]. Since a; has

individual full rank in (Y, p), by modifying w; into w}, where |w;(y) — wi(y)| is of the order

of €, v; is A;-enforced by a; and w] in the perturbed game. Taking ¢ sufficiently small, we

have w;(y) —wi(y)| < (1/0 =1)v, and thus [w, (A) + 7, @1 (A) =] X [w,(A) + 7, W2(A) =]

is self-A-generating in the perturbed game.
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