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Observation 2 Assume % is in CPE. Then % in CPEM if and only if 1 ≤ λ ≤ 2.

Proof: Chew, Epstein and Segal (1991) point out that necessary and sufficient conditions for the
monotonicity of VQ is that (i) φ(x, x) ≥ φ(y, y) whenever x ≥ y and (ii) φ(x, y) is non-decreasing in
x for all y. Observe that so long as u is monotone, then (i) is satisfied. We will now verify when (ii)
holds. If x ≥ y then (ii) is equivalent to 1 + (1− λ) ≥ 0, or λ ≤ 2. If x ≤ y then (ii) is equivalent
to 1− (1− λ) ≥ 0, or λ ≥ 0. �

Proposition 1 For any preference % in CPEM with a representation (u, λ) there exists a function
wλ such that (u,wλ) is a RDU representation of %. Moreover, wλ is convex for 1 ≤ λ ≤ 2 and

wλ(z) = (2− λ)z + (λ− 1)z2.

Proof: We will first prove the observation for lotteries where all outcomes are equally likely. Since
this set of lotteries is dense in ∆X this proves the observation for all lotteries (see Chew, Epstein
and Segal, 1991).

Take a lottery F such that all outcomes are equally likely and consider the set of outcomes x
such that F (x) 6= 0. Label them x1, . . . , xn in increasing order. Next, fix the second argument xi
in the quadratic representation of CPE and explicitly expand

∑
x φ(x, xi)dF (x).

1

2n

(
u(x1) + u(xi)− (λ− 1)(u(xi)− u(x1)) +

u(x2) + u(xi)− (λ− 1)(u(xi)− u(x2)) +

· · ·
u(xi) + u(xi)− (λ− 1)(u(xi)− u(xi)) +

· · ·
u(xn) + u(xi)− (λ− 1)(u(xn)− u(xi))

)
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That is equal to

1

2n

(n+ 1)− (λ− 1)(i− 1) + (λ− 1)(n− i)u(xi) +
∑
j<i

λu(xj) +
∑
j>i

(2− λ)u(xj)


Now we take the additional sum over the second argument xi. That is,

1

2n2

∑
i

[(n+ 1) + (λ− 1)(n− 2i+ 1)]u(xi) +
∑
j<i

λu(xj) +
∑
j>i

(2− λ)u(xj)


Notice that if j < i then u(xj) has a weight of λ. if j > i then u(xj) has a weight of 2− λ. We

now identify the coefficient in front of u(xi) in the previous formula. The ith term will appear n− i
times as the lower outcome in pairs of outcomes and i− 1 times as the greater outcome in pairs of
outcomes. Thus, the coefficient in front of u(xi) is

1

2n2

(
(n+ 1) + (λ− 1)(n− 2i+ 1) + (i− 1)(2− λ) + (n− i)λ

)
which is equal to

2λn+ 4(1− λ)i+ 2(λ− 1)

2n2

Hence we can rewrite the entire equation as follows:∑
u(xi)

(
λ

1

n
+ (1− λ)

2i− 1

n2

)
We will write the equation above in terms of RDU representation. Consider

wλ(z) = (λ− 1)z2 + (2− λ)z

Notice that w is convex for 1 ≤ λ ≤ 2. It is routine to check that

wλ(
n− i+ 1

n
)− wλ(

n− i
n

) = λ
1

n
+ (1− λ)

2i− 1

n2

Hence the RDU representation∑
u(xi)

{
wλ(

n− i+ 1

n
)− wλ(

n− i
n

)

}
is equivalent to the quadratic representation.

Hence, this proves the observation for lotteries where all outcomes are equally likely. Since this
set of lotteries is dense in ∆X this proves the observation for all lotteries. Notice, when λ > 2, wλ
is not increasing. Hence, it will violate first-order stochastic dominance. Moreover, the relationship
is strict because wλ is a particular probability weighting structure. �

Observation 3 CPE ∩ B = CPE ∩ NCI = CPE ∩G = EU.

Proof: For the first part, recall that Chew and Epstein (1989) point out that the intersection
of RDU and B is EU (one could also use the fact in Chew, Epstein and Segal (1991) that the
intersection of Q and B is EU).
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For the second part, Dillenberger’s (2010) Proposition 3 states that preferences that satisfy
Negative Certainty Independence and are members of either Q or RDU must be EU.

The third part is an immediate implication of either of the first two parts. �

Observation 4 CPE ∩ BLS = EU.

Proof: We will show that BLS have no quadratic utility representation. Consider lotteries over
three outcomes; x > y > z. Normalize u(x) = 1 and u(z) = 0 and u(y) = m. Divide the simplex
into two disjoint sets X1 and X2 such that F ∈ X1 and F ′ ∈ X2 and m < Eu(F ) and m > Eu(F ′).
Denote the probability assigned to the best/worst outcome in F and F ′ as q/p and q′/p′.

Then we consider all lotteries in X1:

V 1
BLS(F ) = Eu(F ) + (1− Eu(F ))q + λ(m− Eu(F ))(1− p− q) + λ(0− Eu(F ))p

= Eu(F )(1− λ)(1− q) + q + λm(1− p− q)

Similarly, consider all lotteries in X2:

V 2
BLS(F ′) = Eu(F ) + (1− Eu(F ))q′ + (m− Eu(F ))(1− p′ − q′) + λ(0− Eu(F ))p′

= Eu(F )(1− λ)p′ + q′ +m(1− p′ − q′)

Notice that each of them includes at most one of either p2 or q2 term since Eu(F ) = q+m(1−
p − q) and Eu(F ′) = q′ + m(1 − p′ − q′) . Hence, even though each of them has a quadratic
representation, they are two distinct quadratic representations. Hence, BLS does not belong to Q
except when it is EU. By Observation 1, we reach the desired conclusion. �

Observation 5 For any ∆3, CPE preferences generate indifference curves that are concentric
ellipses. The shared center of the ellipses lies on a line that passes through the best and worst
degenerate outcomes. Moreover, the axes of ellipses are oriented parallel to the best-medium outcome
edge and the worst-medium outcome edge.

Proof: As previously, we normalize the outcome of the high outcome to 1, and the low outcome
to 0. Let value of middle outcome be m. The utility of a lottery F , which places weight q on the
high outcome, p on the low outcome, and the rest of the weight on the middle outcome is:

VCPE(F ) = (1− p− q)m+ q + (1− λ)pq + (1− λ)p(1− p− q)m+ (1− λ)q(1− p− q)(1−m)

We can rewrite the value as

VCPE(F ) = (1− p− q)m+ q + (1− λ)p(1− p)m+ (1− λ)q(1− q)(1−m)

Notice that there is no term pq in VCPE(F ) and both the p2 and q2 terms are positive. Hence we
can rewrite this equation in the following form

(x− q)2

a2
+

(y − p)2

b2
= r

which is the standard form for an ellipse. Here (x, y) represents the center of the ellipse. Observe
that this form implies that the axes of the ellipse must be oriented vertically and horizontally.

First we will identify x and y. Taking the first order conditions with respect to q and p to find
the worst or best lottery gives

(1−m) + (1− λ)(1− 2q)(1−m) = 0
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and
−m+ (1− λ)(1− 2p)m = 0

Therefore

x =
2− λ

2(1− λ)

and

y =
λ

2(λ− 1)

Next we want to identify a and b. Recall that

(
2− λ

2(1− λ)
− q)2 = q2 − q2− λ

1− λ
+

(2− λ)2

4(1− λ)2

and so a2 = 1
(λ−1)(1−m) . Similarly

(
λ

2(λ− 1)
− p)2 = p2 − p λ

λ− 1
+

λ2

4(λ− 1)2

and so b2 = 1
(λ−1)m .

Because we are looking only at indifference curves, the levels of utility matter only, and so the
terms that do not depend on p or q can always be safely moved to the other side, by adjusting the
level of utility. Thus, we can rewrite indifference curves as:

( 2−λ
2(1−λ) − q)

2

1
(λ−1)(1−m)

+
( λ

2(λ−1) − p)
2

1
(λ−1)m

= r

or

(1−m)(
2− λ

2(1− λ)
− q)2 +m(

λ

2(λ− 1)
− p)2 = r̂

since (λ− 1) is a constant.
Note that q = 1− p defines the best-worst outcome side. In fact x = 1− y because

x = 1− λ

2(λ− 1)
=

2λ− 2

2(λ− 1)
− λ

2(λ− 1)
=

λ− 2

2(λ− 1)
=

2− λ
2(1− λ)

�

Observation 6 Every preference in CPE satisfies mixture aversion.

Proof: The proof for CPEM is discussed in the text. For non-monotone CPE, observe that from our
derivation of the shape of the indifference curves, that the decision-maker must either be universally
mixture averse or mixture loving, since indifference curves are always ellipses. Moreover, for non-
monotone preferences the worst point in ∆3 is in the interior of the simplex, which immediately
implies that the preference cannot be mixture loving. �

Theorem 1% satisfies MA and is in Q ∩ RDU if and only if it is in CPEM .

Proof: The necessity is an immediate implication of previous Observations and Propositions. For
sufficiency we prove the result in two steps, using several claims in each step. In Step 1, we prove the
representation for any 3 outcomes. Then we extend it for an arbitrary finite number of alternatives
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in Step 2.
Before we begin, recall that for CPEM indifference curves take on the form

(1−m)(
2− λ

2(1− λ)
− q)2 +m(

λ

2(λ− 1)
− p)2 = r̂

where 2 ≥ λ ≥ 1 and 1 ≥ m ≥ 0. By scaling both sides of the equation this can generate any

elliptical indifference curves that satisfy (x−q)2
a2

+ ((1−x)−p)2
b2

for any x ≤ 0. In Step 1 we will show

that the restrictions on preferences generate indifference curves of the form (x−q)2
a2

+ ((1−x)−p)2
b2

with
x ≤ 0.

Also recall from the text the definition of expansion paths from Chew, Epstein and Segal
(1991): two points F and G lie on the same expansion path if there is a common sub-gradient to
the indifference curves at F and G. Chew, Epstein and Segal (1991) show that for quadratic utility
functionals, all expansion paths are linear and perspective (they share a single point of intersection).

Step 1: Recall that all indifference curves are conic sections by assumption (because preferences are
in Q) and that their lower contour sets are convex (MA) and that the preferences respect
first-order stochastic dominance (because preferences are in RDU).

Claim 1: If the expansion paths intersect, they intersect at a single point which we define
as the the center of the conic section indifference curves.

This follows from the fact that the preference relation belongs to Q.

Claim 2: An expansion path lies along the best to worst outcome edge.

Consider the rank-dependent representation of % and the indifference curves they induce:

u(δ̄)[w(q)− w(0)] + u(δ̂)[w(1− p)− w(q)] + u(δ)[w(1)− w(1− p)] = k

We can rewrite this

w(q)[u(δ̄)− u(δ̂)] + w(1− p)[u(δ̂)− u(δ)] + u(δ) = k

Observe that the slopes of the indifference curves are w′(1−p)[u(δ̂)−u(δ)]

w′(q)[u(δ̄)−u(δ̂)]
. Along the best to

worst outcome edge q = 1 − p, so the slopes of the indifference curves are u(δ̂)−u(δ)

u(δ̄)−u(δ̂)
there.

Thus, an expansion path lies along the best to worst outcome edge. This implies that the
center of the conic sections that form the indifference curves must lie along the best to worst
outcome line.

Claim 3: Assume the preferences are not expected utility. Then the axes of the conic sections
must be horizontal and vertical.

We will consider the payoff for different lotteries given a generalized quadratic representation
of %’s indifference curves, Aq2+Bpq+Cp2+Dq+Ep+F = k, where k is some constant. Note
that if B = 0 then the conic section have axes that are vertical and horizontal. Moreover,
observe that the slopes of the indifference curves are −Bq+2Cp+E

Bp+2Aq+D .

Recall from the proof of the previous claim that the slopes of the indifference curves are also

equal to w′(1−p)[u(δ̂)−u(δ)]

w′(q)[u(δ̄)−u(δ̂)]
. Denote u(δ̂)−u(δ)

u(δ̄)−u(δ̂)
as τ . Consider this formulation: fix p = p1, and
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then move from q1 to q2 with both interior. Recall that w′(q1) and w′(q2) cannot be 0 by
construction.

Since we have κw′(1−p1)
w′(q1) τ = w′(1−p1)

w′(q2) τ for some constant κ = w′(q1)
w′(q2) , and so for any p2 we must

have κw′(1−p2)
w′(q1) = w′(1−p2)

w′(q2) . We can do a similar thing across the p dimension.

This implies that −Bq+2Cp+E
Bp+2Aq+D is separable in p and q. Therefore, either B = 0 or C = A = 0.

We will proceed to show that the latter cannot be true, therefore the former must be. If
C = A = 0 and B = 0 preferences are expected utility. Thus, assume C = A = 0 and B 6= 0.
The slopes of the indifference curves are then −Bq+E

Bp+D

Next, normalize both the quadratic and rank-dependent representations so that the best
outcome has a utility of 1 and the worst outcome has a utility of 0. Therefore, A+D+F = 1
and C + E + F = 0 from the quadratic representation. Moreover u(δ̄) = 1 and u(δ) = 0
from the rank-dependent representation. From the quadratic representation the value of the
middle outcome for the quadratic representation as 1 ≥ F ≥ 0. Because all functionals must
be monotone transformations of each other (since they represent the same preferences), we can
denote the value of the middle outcome in the rank-dependent representation as u(δ̂) = η(F ),
where η is a monotone increasing function such that η(1) = 1 and η(0) = 0. Given our
restrictions on parameters, this normalization implies that D = 1− F and E = −F .

Recall that the best to worst outcome edge is an expansion path. Therefore, the slopes of
all indifference curves are equal along that edge. Substituting in q = 1 − p, the slope of
the indifference curves in the quadratic representation is −B(1−p)+E

Bp+D . Denoting ζ ≥ 0 as the

shared slope of the indifference curves along the edge, then −B(1−p)+E
Bp+D = ζ for all 1 ≥ p ≥ 0.

Substituting in for E and D we get −B(1−p)−F
Bp+1−F = ζ

Solving out, this gives ζBp + ζ − ζF = −B + Bp + F , or Bp(ζ − 1) = −B + F − ζ + ζF .
Observe that this equality holds true for all 1 ≥ p ≥ 0 if and only if ζ = 1. Therefore, for any
middle outcome it must be the case that the slopes of the indifference curves along the best
to worst edge are equal to 1.

Going back to the rank-dependent representation, this implies that the slopes of the indiffer-

ence curves along the best to worst outcome edge are u(δ̂)−u(δ)

u(δ̄)−u(δ̂)
= η(F )−0

1−η(F ) = 1, which can be

true if and only if η(F ) = .5 for all F, a contradiction.

Therefore it cannot be the case that C = A = 0. Thus, it must be the case that B = 0, and
so indifference curves can be represented as a conic section whose orientations are aligned
with the edges connecting the middle to worst outcomes and middle to best outcomes.

Claim 4: Indifference curves are neither parabolas nor hyperbolas.

If indifference curves are parabolas, then the expansion paths are aligned with the axis of
orientation of the parabolas (recall that parabolas only have a single axis of orientation). In
conjunction with Claim 2 this implies that the axis of the parabolas is oriented along the best
to worst outcome line. This contradicts Claim 3.

If the indifference curves are hyperbolas, then consider Figure 7, which is how the indifference
curves must look up to translation by Claim 3. Since the indifference curves must respect first-
order stochastic dominance (because preferences are in RDU), the curves must have positive
slope. This implies that the sections of the hyperbolas that form the indifference curves must
be homothetic shifts of those labeled 1, 2, 3 or 4 (and only one of those four options).
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2

4

3

Figure 1: Hyperbolas with vertical and horizontal orientation

Recall that the preferences must be mixture averse. Therefore, they cannot be formed by
curves labelled 1 or 4. Moreover, the center of hyperbola must be the intersection of the
expansion paths. From Claims 1 and 2 this must lie along the line connecting the best to
worst outcome. But (as can be seen in Figure 7), this means that if the indifference curves are
composed of sections looking like 2, the center must lie to the “south-east” of the indifference
curves, a contradiction. A similar contradiction obtains for indifference curves composed of
sections of 3.

Claim 5: If the indifference curves are ellipses, their center must lie along the best to worst
outcome line, and below the worst outcome.

The first part is true by Claim 1 and 2. The second part follows from the monotonicity (in
RDU) and MA.

Claim 6: Indifference curves are ellipses and take the form (x−q)2
a2

+ ((1−x)−p)2
b2

with x ≤ 0 or
preferences are expected utility.

We know that indifference curves must be ellipses or preferences are expected utility (Claims
1-5). If the indifference curves are ellipses then their axes of indifference curves must be
aligned with the best to middle and middle to worst outcomes edges (Claim 3). Hence they

can be represented by (x−q)2
a2

+ (y−p)2
b2

. Moreover, their shared center is on the best to worst
outcome line and below the worst outcome (Claim 5). Therefore indifference curves must

take the form (x−q)2
a2

+ ((1−x)−p)2
b2

with x ≤ 0.

Step 2: We know that preferences have a rank-dependent utility representation

VRDU(F ) =
∑
x

v(x)

w
∑
y≥x

F (y)

− w(∑
y>x

F (y)

)
.
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Moreover, using the proofs of Step 1 and Proposition 1 we know that on ∆3

w(z) = (2− λ)z + (λ− 1)z2

for some λ. Moreover, w must be unique and invariant across the entire domain. To see
this, assume we have two different RDU preferences but generate the same rankings on 3
outcomes. By Abdellaoui (2002) we know that a representation (u,w) is uniquely identified
even on 3 outcomes. Thus the indifference curves map to a unique RDU representation.

Therefore, % can be represented with VRDU(F ) =
∑

x v(x)
[
w
(∑

y≥x F (y)
)
− w

(∑
y>x F (y)

)]
where w(z) = (2−λ)z+ (λ−1)z2. Therefore, using the proof of Proposition 1 we can rewrite
preferences on the entire domain as the equivalent CPE representation. �

Proposition 2 For any preference in CPE, u is unique up to affine transformation and λ is unique.

Proof: Consider a quadratic function φ that represents % which is not equivalent to expected
utility. Then φ is unique up to affine transformations by Theorem 2 of Chew, Segal, and Epstein
(1991). This implies u is unique up to an affine transformation and λ is unique. To see one direction,
consider an affine transformation of u′ = αu+ β where α > 0 and define a φ′:

φ′(x, y) =
1

2
(αu(x) + β + αu(y) + β) +

1

2
(1− λ)|αu(x) + β − αu(y)− β|

= α
1

2
(u(x) + u(y)) + α

1

2
(1− λ)|u(x) + u(y)|+ β

= αφ(x, y) + β

This is an affine transformation of φ, hence it represents % by Chew, Segal, and Epstein (1991).
For the other direction, assume (u, λ) and (v, λ′) both represent %. Let φ and φ′ be the quadratic
representation of (u, λ) and (v, λ′), respectively. By Chew, Segal, and Epstein (1991), there exist
α > 0 and β such that φ′(x, y) = αφ(x, y)+β. Thus, φ′(x, x) = αφ(x, x)+β. Since by construction
φ(x, x) = u(x) it must be the case that v(x) = αu(x) + β. Then it is routine to check that λ = λ′.
�

Proposition 3

1. If % is in CPEM then % is risk averse if and only if u is concave.

2. If % is in CPE\CPEM then % is risk averse if and only if u is linear.

Proof: First, consider preferences in CPEM (so 1 ≤ λ ≤ 2). Recall that Proposition 1 implies that
a CPEM representation (u, λ) has a concave u and λ ≥ 1 if and only if the corresponding RDU
representation (v, w) has a concave v and a convex w. Chew, Karni and Safra (1987) show that
preferences in RDU with a representation (v, w) are risk averse if and only if v is concave and w is
convex.

Next, consider non-monotone CPE. Chew, Epstein and Segal (1991) show that necessary and
sufficient conditions for quadratic preferences to be risk averse are that φ(x, y) is concave in x for
all y. Translating these into the particular quadratic form used by CPE implies that two necessary
conditions for φ(x, y) to be concave in x for all y are u′′+ (1−λ)u′′ ≤ 0 and u′′− (1−λ)u′′ ≤ 0 (i.e.
φ must be concave if x ≥ y and φ must be concave if y ≥ x). If λ ≥ 2 the first inequality implies
u′′ ≥ 0 and the second implies u′′ ≤ 0. Therefore, it is the case that u′′ = 0.
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If u is linear then fix a y and normalize the utility so that u(y) = 0 and u(x) = x− y. Denote

z = x − y. Then φ(x, y) = z−(λ−1)|z|
2 . If x ≤ y then φ(x, y) = λz. If x ≥ y then φ(x, y) = −λz.

Clearly φ is concave in z, and so concave in x. �

Proposition 4 Let %i be in CPEM for i ∈ {A,B} and represented by (ui, λi). Then A is more
risk averse than B if and only if uA is a concave transformation of uB and 2 ≥ λA ≥ λB ≥ 1.

Proof: Chew, Karni and Safra (1987) show that the analogous comparative static holds for RDU
if and only if uA is a concave transformation of uB and wA is a convex transformation of wB.
Therefore, we want to consider what values of λA and λB induce the corresponding wA to be a
convex transformation of the corresponding wB. Recall that

wλ(z) = (λ− 1)z2 + (2− λ)z.

Using the equivalence of Arrow-Pratt measures of risk aversion and convex and concave trans-

formations, we know that
−w′′

λ
w′
λ

= −2(λ−1)
2−λ+2(λ−1)z .

Then

−w′′A
w′A

=
−2(λA − 1)

2− λA + 2(1− λA)z
≤ −2(λB − 1)

2− λB + 2(1− λB)z
=
−w′′B
w′B

⇐⇒
2(λA − 1)(2− λB + 2(1− λB)z) ≥ 2(λB − 1)(2− λA + 2(1− λA)z)

⇐⇒
(λA − 1)(2− λB) ≥ (λB − 1)(2− λA)

⇐⇒
2λA + λB ≥ 2λB + λA

⇐⇒
λA ≥ λB

�

Proposition 5 Let % be in CPEM and represented by (u, λ) with u everywhere differentiable. Then
% is first-order risk averse at all wealth levels if and only if λ > 1.

Proof: By Proposition 4 of Segal and Spivak (1990) if λ > 1 then preferences exhibit first-order
risk aversion. Moreover, as Segal and Spivak (1990) note if preferences are in EU, i.e. λ = 1 then
preferences do not exhibit first-order risk aversion. �

Proposition 6 Suppose %i is in CPEM for i ∈ {A,B} and represented by (ui, λi) with ui everywhere
differentiable. Then individual A is more loss averse than individual B if and only if A is more
first-order risk averse than B at all wealth levels.

Proof: Assume λA ≥ λB. Denote the support (in increasing order of value) of the lottery of F as
x1, x2, , xn. By Proposition 4 of Segal and Spivak (1990) if preferences are in RDU then

∂π(w + εF )

∂ε
|ε=0+ = −

∑
i

xi

w
∑
j≥i

F (xj)

− w
∑
j>i

F (xj)

 = −x1−
∑
i≥2

(xi−xi−1)w

∑
j≥i

F (xj)


Recall that wλ(z) = (2− λ)z + (λ− 1)z2. In this case the derivative of
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−
∑
i

xi

w
∑
j≥i

F (xj)

− w
∑
j>i

F (xj)


with respect to λ is

−
∑
i≥2

(xi − xi−1)
∑
j≥i

F (xj)(
∑
j≥i

F (xj)− 1)

Observe that (xi − xi−1) is positive but
∑

j≥i F (xj)(
∑

j≥i F (xj)− 1) is negative, so the whole
term must be positive. Therefore first-order risk aversion is increasing in λ. Since values of λ are
just real numbers, this completes the proof. �

Proposition 7 Let %i be in CPEM for i ∈ {A,B} and represented by (ui, λi). A is less loss averse
than B if and only if A has steeper expansion paths than B for all ∆3.

Proof: We will prove this in a series of claims.
Claim 1: λA ≤ λB if and only if the center of A’s indifference curves is farther from the best

outcome than the center of B’s indifference curves.
To see this, recall that the equations for the indifference curves is

(1−m)(
2− λ

2(1− λ)
− q)2 +m(

λ

2(λ− 1)
− p)2 = r̂

Therefore the center of the indifference curves in (p, q) space is ( λ
2(λ−1) ,

2−λ
2(1−λ)), and so the claim

is true.
Claim 2: The center of A’s indifference curves is farther from the best outcome than the center

of B’s indifference curves if and only if A has steeper expansion paths than B.
This claim is a direct implication of Chew, Epstein and Segal (1991), since all expansion paths

must cross only once, and at the center of the ellipses.
Claim 3: Suppose % is in Q but not in EU, respects first-order stochastic dominance and

suppose F ∼ F ′ and G ∼ G′, where all lotteries are in the same ∆3 and F ′ and G′ are lotteries whose
support is only the best and worst outcome. Then there exists α ∈ (0, 1) such that αF +(1−α)G ∼
αF ′ + (1 − α)G′ if and only if F and G lie on the same expansion path and F ′ and G′ lie on the
same expansion path.

To see that this is true, observe that because % are in Q indifference curve must be homothetic
with respect to a particular point — the center of the elliptical indifference curves. Translate all
points in the vector space of lotteries so this center is denoted (0,0). Thus, two points F and F ′

are indifference if and only if the mixture of them in proportion α with (0,0) are also indifferent.
Moreover, if G is on the same expansion path as F , and G′ is on the same expansion path as
F ′, and G ∼ G′ then there exists an β such that αF + (1 − α)(0, 0) = βF + (1 − β)G and
αF ′ + (1− α)(0, 0) = βF ′ + (1− β)G′.

To prove the other direction, assume, without loss of generality, that αF + (1− α)G′ ∼ αF ′ +
(1 − α)G′ and F 6= F ′.1 By construction F is not on the same expansion path as G′. Pick out
the point Ĝ such that Ĝ ∼ G′ and F and Ĝ are on the same expansion path. Because expansion
paths are all rays from the center of the ellipses, and preferences are homothetic with respect to
the center of the ellipses, the line connecting Ĝ and G′, denoted [G′, Ĝ] must be parallel to the line
between F and F ′, denoted [F, F ′]. Moreover, since ‘standard’ Independence implies that lines are

1To see why this is without loss of generality, pick out an arbitrary G. Then also select an F ′′ such that F ′′ ∼ F
and F ′′ and G are on the same expansion path. Then we simply relabel G as G′ and F ′′ as F ′.
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preserved by mixing, it must be the case that the line between αF +(1−α)G′ and αF ′+(1−α)G′,
denoted [αF + (1 − α)G′, αF ′ + (1 − α)G′] is also parallel to [G′, Ĝ] . Moreover, by our previous
paragraph, [αF + (1− α)G′, αF ′ + (1− α)G′] must pass through αF + (1− α)Ĝ.

It is clear that if preferences are not in EU then they must be strictly mixture averse. But
αF+(1−α)G′ is a convex combination of αF ′+(1−α)G′ and αF+(1−α)Ĝ, and αF ′+(1−α)G′ ∼
αF + (1− α)Ĝ ∼ αF + (1− α)G′. This is a contradiction.

Thus we prove the claim.
Claim 4: If for F ′ and G we can define an Fi and G′i such that Fi ∼i F ′ and βiFi+(1−βi)G ∼

βiF
′ + (1− βi)G′i for all βi ∈ (0, 1) if and only if Fi and G lie on the same expansion path.
This is an immediate implication of Claim 3
Thus, if preferences are not in EU the proposition is proven for any ∆3. If one (or both) of the

preferences is in EU, which is immediately behaviorally identifiable, then by definition the steepness
of the expansion paths are equal to ∞, and so the proposition also holds for any ∆3. This proves
the proposition for any ∆3. Clearly, if A is less loss averse than B then A has steeper expansion
paths than B for all ∆3. Next, assume A has steeper expansion paths than B a particular ∆3.
Then it be construction A must be more loss averse than B for lotteries over those 3 outcomes,
and so for all possible ∆3. �

Proposition 8 Let %i be in CPEM for i ∈ {A,B} and represented by (ui, λi). Then A is more
consumption risk averse if and only if A has steeper budget constraints than B in all ∆3.

Proof: Recall that the equation for the indifference curves in ∆3 is:

(1−m)(
2− λ

2(1− λ)
− q)2 +m(

λ

2(λ− 1)
− p)2 = r̂

Denote the left hand side of the equation ι(p, q,m, λ).
First, we will consider the tangency conditions of the indifference curves along best to worst

outcome edge. Taking the partials of ι gives:

∂ι

∂q
= −2(

2− λ
2(1− λ)

− q)(1−m)

and

∂ι

∂p
= −2(

λ

2(λ− 1)
− p)m

Therefore, the tangency condition for any point is simply

−2( 2−λ
2(1−λ) − q)(1−m)

−2( λ
2(λ−1) − p)m

Next we restrict ourselves to the best to worst outcome edge, so that p = 1− q. Then the condition
becomes 1−m

m . For both decision-makers fix the value of the worst outcome in ∆3 at 0 and the best
at 1 and assume uA is a concave transformation of uB. Then mA ≤ mB. Importantly the tangency
condition along that edge does not depend on the center of the circle, only on the foci — which are
determined by 1

1−m and 1
m , as shown in the elliptical representation of the indifference curves.

Since this is a quadratic utility functional, by Chew, Epstein and Segal (1991) the indifference
curves are tangent to linear budget constraints along the expansion paths, one of which, as we have
just shown, is the best to worst outcome edge.
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Assume that A is more consumption risk averse than B. Then mA is smaller than mB. As m
gets bigger, the tangency slope falls, so A has steeper budget constraints than B.

Now assume that A has steeper budget constraints than B. This implies that mA must be
smaller than mB. Then that A is more consumption risk averse than B.

This proves the proposition for any ∆3. Observe that if A is more risk averse, then the proof
works for any ∆3. If there exists some ∆3 where A has steeper budget constraints than B then on
that ∆3 A must be less risk averse. �

Observation 7 Suppose %̂Γ and %̂Λ are in CPEM . If %̂Λ (respectively %̂Γ) satisfy risk aversion

and %̂ always exhibits a preference for early (respectively late) resolution of information, then %̂Λ

(respectively %̂Γ) must be in EU.

Observation 8 Suppose %̂Γ and %̂Λ are in CPEM\EU and preferences are time neutral. Then
preferences cannot exhibit a preference for one-shot resolution of uncertainty.

Proof: Denote ∆(∆X) as the set of simple lotteries over ∆X . For P,Q ∈ ∆(∆X) denote R = αP +
(1−α)Q as the lottery that yields simple (one-stage) lottery F with probability αP (F )+(1−α)Q(F ).

Denote by DF the degenerate, in the first stage, compound lottery that yields F with certainty. %̂
is a weak order over ∆(∆X) which represents the decision-maker’s preferences over lotteries and
is continuous (in the weak topology). Moreover, we will define a reduction function that maps
compound lotteries to reduced one-stage lotteries: ρ(Q) =

∑
F∈∆X

Q(F )F . As in the text we
define:

• Γ = {DF |F ∈ ∆X}, the set of degenerate lotteries in ∆(∆X)

• Λ = {Q ∈ ∆(∆X)|Q(F ) > 0⇒ F = δx for some x ∈ X}, the set of compound lotteries whose
outcomes are degenerate in ∆X .

We assume that %̂ satisfies the standard assumption of recursivity (see Segal, 1990).

Recursivity: For all F,G ∈ ∆X , all Q ∈ ∆(∆X) and α ∈ (0, 1), DF %̂ DG if and only

if αDF + (1− α)Q %̂ αDG + (1− α)Q

Grant, Kajii and Polak (2000) formally define a preference for early resolution of information
in the setting of compound lotteries as:

Definition: %̂ displays a preference for early resolution of uncertainty if for all Q,P ∈ ∆(∆X),
where Q =

∑N
i Fiqi, P =

∑j−1
i=1 Fiqi + G1βqj + G2(1 − βqj) +

∑N
i=j+1 Fiqi where β ∈ [0, 1]; if

Fj = βG1 + (1− β)G2 then P %̂ Q.

Since CPEM ⊂ RDU a simple corollary of Grant, Kajii and Polak (2000) is that if %̂ exhibits a
preference for early resolution of information, and early resolving preferences are risk averse, then
%̂Λ must be EU. Similarly, if %̂ exhibits a preference for late resolution of information and late

resolving preferences are risk averse then %̂Γ must be EU. This proves Observation 7.
Dillenberger (2010) defines a preference for one-shot resolution of uncertainty (PORU):

Definition: % displays PORU if for all Q ∈ ∆(∆X), Dρ(Q) %̂ Q.

Suppose %̂Γ and %̂Λ are in CPEM\EU and preferences are time neutral i.e. %̂Γ and %̂Λ are the
same. Because CPEM∩NCI = EU a simple corollary of Dillenberger (2010) implies that preferences
cannot exhibit PORU. �
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Observation 9 GCPE ⊂ Q.

Proof: Using g it is immediately obvious we can rewrite GCPE in the same way we rewrote CPE
in order to show that it is a subset of Q. The claim regarding B,G, and NCI follows from the proof
of Observation 3. �

Observation 10 If % is in GCPE, then indifference curves are ellipses for any ∆3.

Proof: Consider ∆3, assume without loss of generality three distinct outcomes. Normalize the
value of the high outcome to 1 and of the low outcome to 0 (due to the uniqueness results regarding
quadratic functionals in Chew, Epstein and Segal, 1991). Denote the utility of middle outcome as
m ∈ (0, 1). The value of a lottery F that assigns weight p to the low outcome and q to the high
outcome is:

U(F |F ) = (1− p− q)m+ q+ (1−λ)pqf(1) + (1−λ)p(1− p− q)f(m) + (1−λ)q(1− p− q)f(1−m)

which is equivalent to

U(F |F ) = (λ− 1)f(1−m)q2 + (1− λ)(f(1)− f(m)− f(1−m))pq + (λ− 1)f(m)p2

+p((1− λ)f(m)−m) + q(1−m+ (1− λ)f(1−m)) +m

Recall that the canonical form of indifference curves in ∆3 taking on the shape of conic sections
is:

Aq2 +Bpq + Cp2 +Dq + Ep+ F = 0

where A through F depends on φ.2

A conic section is an ellipse if and only if B2 − 4AC < 0. Substituting in, we obtain:

B2 − 4AC = (1− λ)2[(f(1)− f(m)− f(1−m))2 − 4f(1−m)f(m)]

To proceed, we will normalize f(1) = 1 (remember f(0) = 0). Observe that this is possible by
simply rescaling the loss aversion coefficient.3 The sign of this is the same as the sign of Hf

Hf ≡ (1− f(m)− f(1−m))2 − 4f(1−m)f(m)

Recall that f is increasing. Hence, f(m) and f(1−m) are between 0 and 1. Let fL be the linear
function with fL(1) = 1 and fL(0) = 0, then

HfL = (1−m− (1−m))2 − 4m(1−m)

= −4m(1−m) < 0 for all m ∈ (0, 1)

Let f be a concave function with f(1) = 1 and f(0) = 0. Concavity implies f(m) ≥ m and
f(1−m) ≥ 1−m. It is routine to show that Hf < HfL < 0 for all m ∈ (0, 1). �

Observation 11 If % is in GCPE, then % satisfy MA.

2Notice that in the case of our preferences E = 2 +A+D − C. In other words, E is not independent.
3To see this, observe that we can do the following normalization. We have the value of a lottery F is EUu(F ) +∑
z∈Z(1 − λ)f(z)p(z), where Z is the set of utility comparisons between outcomes in the support of F in absolute

value and p(z) is the joint probability of that comparison occurring (i.e. if z = |u(x)− u(y)| then p(z) = f(y)f(x)).

Denote λ̂ = 1−λ. Define an f̂ such that f̂(z) = f(z)
f(1)

, and λ̃ = f(1)λ̂. Then the value of F can be written equivalently

as EUu(F ) +
∑
z∈Z λ̃f̂(z)p(z), where f̂(1) = 1.
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Proof: Because the indifference curves must be ellipses, preferences must be everywhere mixture
loving or mixture averse. We show that they must be everywhere mixture averse.

Assume that VGCPE(F ) = VGCPE(G) = Ū = U(F |F ) = U(G|G). Denote U(F |F ′) = EUF (u) +
γ̂(F, F ′), where EUF (u) is the consumption utility of lottery F , and γ̂(F, F ′) is the gain loss utility
of F compared to F ′. Then VGCPE(αF + (1− α)G) = U(αF + (1− α)G|αF + (1− α)G)

Because U(F |F ′) is linear in the probabilities of F and F ′:

U(αF + (1− α)G|αF + (1− α)G) = αU(F |αF + (1− α)G) + (1− α)U(G|αF + (1− α)G)

= α2U(F |F ) + α(1− α)U(F |G) + α(1− α)U(G|F ) + (1− α)2U(G|G)

= α2(EUF (u) + γ̂(F, F )) + α(1− α)(EUF (u) + γ̂(F,G)) + α(1− α)(EUG(u)

+ γ̂(G,F )) + (1− α)2(EUF (u) + γ̂(F, F ))

= α2EUF (u) + α2γ̂(F, F ) + α(1− α)EUF (u) + α(1− α)γ̂(F,G)

+ α(1− α)EUG(u) + α(1− α)γ̂(G,F ) + (1− α)2EUF (u) + (1− α)2γ̂(F, F )

= (α2 + (1− α)2)Ū + α(1− α)[EUF (u) + γ̂(F,G) + EUG(u) + γ̂(G,F )]

This is less than Ū if and only if γ̂(G,F ) + γ̂(F,G) ≤ γ̂(G,G) + γ̂(G,G).
Now suppose the decision-maker only cares about gain-loss utility (i.e. λ = ∞) and let

UGCPE(F ) = UGCPE = Ũ . Then using analogous reasoning:

U(αF + (1− α)G|αF + (1− α)G) = α2U(F |F ) + α(1− α)U(F |G)

+α(1− α)U(G|F ) + (1− α)2U(G|G)

= (α2 + (1− α)2)Ũ + α(1− α)[γ̂(F,G) + γ̂(G,F )]

This is less than Ũ if and only if (γ̂(F,G)) + γ̂(G,F ) ≤ γ̂(G,G) + γ̂(G,G). Therefore, in order
to prove mixture aversion for GCPE preferences, we only need to check the analogous preferences
where there is only gain-loss utility (i.e. λ =∞). Recall that indifference curves must be ellipses if
they are not expected utility. So preferences must be mixture averse everywhere or mixture loving
everywhere. Moreover, if preferences have only a gain-loss utility term, then degenerate outcomes
must all have the same utility, and it must be the maximum utility possible. This proves mixture
aversion. �

Observation 12 Suppose % is in GCPE. Then % respects first-order stochastic dominance if and
only if 1

λ−1 ≥ f
′(0).

Proof: From Chew, Epstein and Segal (1991) we know that the necessary and sufficient conditions
for preferences to respect first-order stochastic dominance are that φ(x, x) ≥ φ(y, y) whenever
(y, y) < (x, x) and φ(x, y) is non-decreasing in in x for all y. So long as u is monotone, our first
condition is satisfied. We need to verify the second. Because f is increasing, the condition is
satisfied at x = y.

If x > y then φ is .5(u(x) + (1 − λ)f(u(x) − u(y))). The first derivative has the same sign as
u′(x) + u′(x)(1 − λ)f ′(u(x) − u(y)). Then u′(x) + u′(x)(1 − λ)f ′(u(x) − u(y)) ≥ 0 if and only if
1 + (1 − λ)f ′(u(x) − u(y)) ≥ 0. This is equivalent to 1

λ−1 ≥ f ′(z) for z ≥ 0. Since f exhibits

decreasing marginal sensitivity if 1
λ−1 ≥ f

′(0) then 1
λ−1 ≥ f

′(z) for all z ≥ 0.
If x < y then φ is .5(u(x) + (1 − λ)f(u(y) − u(x))) and so the derivative has the same sign

as u′(x) − (1 − λ)u′(x)f ′(u(y) − u(x)). u′(x) − (1 − λ)u′(x)f ′(u(y) − u(x)) ≥ 0 if and only if
1− (1− λ)f ′(u(y)− u(x)) ≥ 0. This is equivalent to 1

(1−λ) ≤ f
′(z). But since λ ≥ 1 this condition

is always satisfied. �
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Observation 13 If f(z) = z2, then VGCPE(F ) =
∑

x u(x)dF (x) + (1− λ)(V arF (u(x))).

Proof: If f(z) = z2, then φ(x, y) = .5(u(x) + u(y)) + .5(1 − λ)(u(x) − u(y))2. This means that
φ(x, y) = .5(u(x) + u(y)) + .5(1− λ)(u(x)2 − 2u(x)u(y) + u(y)2). Therefore

n∑
i=1

n∑
j=1

φ(xi, xj)pipj =
n∑
i=1

n∑
j=1

(.5(u(xi) + u(xj)) + .5(1− λ)(u(xi)
2 − 2u(xi)u(xj) + u(xj)

2))pipj

This is equal to
∑

x u(x)F (x) + (1− λ)(
∑

x u
2(x)F (x)− (

∑
x u(x)F (x))2). The result follows. �
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