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Abstract

We introduce a notion of behavioral competitive equilibrium (BCE), to study house-
holds’ inability to tailor their consumption to the state of the economy. Our notion is
motivated by limited cognitive ability (in particular attention, memory, and complexity)
and it maintains the complete market structure of competitive equilibrium. Compared to
standard competitive equilibrium, our concept yields riskier allocations and more extreme
prices (both for consumption and for assets). Thus, limited cognitive ability can produce
market data that are usually attributed to heightened degree of risk aversion. We provide
a tractable model that is suitable for general equilibrium analysis as well as asset pricing

in dynamic environments.
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1 Introduction

Many of the empirical puzzles in macroeconomics and finance arise from researchers’ inability to
reconcile the levels of risk aversion implied by equilibrium models with levels that are observed
in other contexts or are reasonable a priori. More specifically, many of these puzzles amount
to observing that the degree of risk aversion required to accommodate typical equilibrium
outcomes is implausibly high. For example, the equity premium puzzle (Mehra and Prescott,
1985) is the observation that stock returns are too large given reasonable levels of risk aversion
and observed variability of aggregate consumption and dividends. Similarly, the equity home
bias puzzle (French and Poterba, 1991) refers to the comparatively much higher risk aversion
that investors exhibit toward foreign assets by forgoing the diversification opportunities that
these markets offer.

We define a notion of competitive equilibrium, Behavioral Competitive Equilibrium (BCE),
that enables the modeler to limit households’ ability to process and react to information. We
compare BCE prices to prices in a standard competitive equilibrium (SCE), and show that,
holding risk aversion levels equal, BCE prices exhibit a much greater range than SCE prices.
Since in SCE the price variation is a function of the representative agent’s risk aversion, this im-
plies that from the modeling viewpoint behavioral limitations can be thought of as a substitute
for risk aversion: assuming behavioral limitations leads to aggregate prices that are consistent
with a choice problem unaffected by such limitations, but with higher risk aversion.

In the most general terms, we identify behavioral limitations with the cost agents must
incur when tailoring their actions to their circumstances. If the circumstance is a history of
past actions or events, we interpret the cost as a memory cost: for an event that is too costly to
remember, the agent chooses the same action whether or not it happened. If the circumstance
is a future contingency, we interpret the cost as a complexity cost: the more finely a given
plan depends on future events, the more complex and hence the more costly it is. Finally, if
the circumstance is a current variable, we interpret the cost as an information processing or a
communication cost: if paying attention to a current event is too costly, the agent chooses the

same action whether or not it happened.



We consider both a static and a dynamic exchange economy. We identify circumstance
with the realized price and action with a consumption level. Hence, within the classification
above, our static model is one of limited information processing ability while or dynamic model
imposes both information processing cost and limited memory. For our agents, adjusting their
consumptions to price changes is costly. We adopt the following simple cost function: house-
holds can only choose crude consumption plans; that is, plans that restrict them to at most &
distinct actions. Hence, all crude plans have zero cost and all others are infinitely costly.!

Consider, for example, a household who can distinguish between just two broad categories
of economic events. This household may partition circumstances into “good times” and “bad
times” and choose one consumption level for each event. Thus, the household makes two
decisions: how to define good times/bad times and how much to consume in each contingency.
While the second decision is standard, the first one is novel—this is our device for modeling how
limited information processing or attention allocation responds to economic incentives. Note
that in a stylized model such as ours the mathematical formulation of the behavioral household
optimization problem may be more complicated than the standard household decision problem.
Optimally partitioning the state space may seem like a difficult task. However, our model is
not meant as a description of the household’s reasoning process. Rather, we aim to model a
household who, while unable to react to all price changes, responds to incentives when allocating
cognitive resources.

To simplify the exposition, we assume that there is a single physical good. We also assume
a continuum of households each with the same state independent CRRA utility function. The
two-period model has a planning period and a consumption period. Households learn the state
after the planning period and before the consumption period. In the planning period, each
household chooses a crude (state-contingent) consumption plan. We show that a BCE exists
and is Pareto optimal (given the restriction to crude consumption plans). Notice that a single
crude consumption plan cannot distinguish among all states. Therefore, if all consumers were to

choose the same crude consumption plan, markets would not clear. For example, if households

Tn the concluding section, we consider alternative formulations of action-circumstances and alternative cost
functions and discuss how our results may change with these formulations.



can only choose two consumption levels (“good times” and “bad times”) then, in equilibrium,
all households cannot classify states into the same two categories. It follows that in a BCE
ex ante identical consumers may and sometimes must choose distinct plans, as if they did, the
aggregate demand would take only two values. Therefore, consumption is more risky in a BCE
than in a standard competitive equilibrium.

To study BCE prices, we fix the households’ utility function and consider a sequence of
economies that converges to an economy with a non-atomic endowment distribution. We show
that, in the limit, BCE prices in states near the lowest or the highest possible endowment
realization are extreme; the price of consumption converges to infinity when the endowment
is at or near the lower bound of the distribution while the price converges to zero when the
endowment is near or at the upper bound of the distribution. To see why this result is suggestive
of very high risk aversion, consider a standard economy in which the aggregate endowment is
distributed uniformly on the interval [1, 2]. Suppose every household has the same CRRA utility
function u. Then, irrespective of the distribution of individual endowment, this economy will
behave as if there is a representative agent: it follows from the first order conditions that
equilibrium prices will satisfy

u'(z) = A p()

for some constant \. Differentiating both sides yields

A straightforward manipulation of these two equality reveals that

wd(@) _ ap(a)
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Clearly, the left-hand side of the above equation is the coefficient of relative risk aversion while
the right-hand side is the reciprocal of the elasticity of demand. Hence, the aggregate demand
will have constant elasticity equal to the reciprocal of the coefficient of risk aversion. This

means that the range of observed prices will be an increasing function of the representative



households coefficient of relative risk aversion. An infinite range, which is what a BCE implies,
is suggestive of an infinite coefficient of relative risk aversion.

We also consider a dynamic economy in which a finite state Markov chain describes the
transitions of the endowment. We show that a stationary BCE exists, which ensures that the
equilibrium of the dynamic economy can be mapped to an equilibrium of an appropriately
defined two-period model. This allows us to describe equilibrium allocations and prices in the
dynamic economy in terms of the prices and allocations of a two-period model. As in the two-
period case, we fix the utility function and consider a sequence of economies converging to a limit
economy with a non-atomic invariant distribution of endowments. The extreme consumption
prices of the two-period model imply extreme asset prices in the dynamic economy. Specifically,
consider an asset that pays off a share of the endowment in all future periods. Because of
stationarity, the price of this asset is a random variable that depends only on the current state
of the economy (the current endowment). When the realized endowment is near or at the lower
bound of possible endowments, the price of the asset is essentially zero. Conversely, as we
approach the upper bound of possible endowment realizations, the price of this asset converges
to infinity.

Our results show how behavioral constraints can create extreme prices in a competitive
model. The intuition behind these results is as follows. The households’ behavioral constraints
imply that paying attention to very rare events is costly. On the other hand, market clearing and
the fact that the aggregate endowment variability mean that at least some agents distinguish
between these unlikely events. Thus, prices must incentivize a small fraction of households
to absorb the aggregate outcome fluctuation in such rare events. Getting a small fraction of
households to bear the aggregate risk requires extreme prices near unusually low or unusually

high endowment realizations.

1.1 Relation to Literature

The game theory literature has developed strategic analogs of behavioral equilibrium. Ney-
man (1985), Rubinstein (1986), and Abreu and Rubinstein (1988) limit players’ strategies in

a repeated game to those implementable by finite state automata. Our approach is closest to



Neyman (1985) who studies Nash equilibria of a game in which the number of states in the
automaton is bounded. Abreu and Rubinstein (1988) also study Nash equilibria, but with a dif-
ferent cost function. Rubinstein (1986) examines a lexicographic cost of complexity and imposes
a version of subgame perfection which precludes agents from adopting a different automaton
later in the game. In Dow (1991)’s search model, limited memory is modeled as a partition
of the set of all histories and the agent is assumed to choose an optimal partition. Piccione
and Rubinstein (1997) examine the relation between limited memory (i.e., imperfect recall) and
time consistency. Wilson (2002) analyzes long-run inference and shows that the optimal use of
a limited memory can lead to many well-studied behavioral biases. Mullainathan (2002) studies
a model of coarse categorization and its implications for the predictability of asset returns and
their trade volume. Masatlioglu, Nakajima, and Ozbay (2012) conduct a revealed preference
analysis of a model where the agent chooses subject to an endogenous attention constraint.
Jehiel (2005) and Jehiel and Samet (2007) constrain players to respond the same way in similar
situations by bundling nodes into analogy classes. Despite the differences in modeling details,
all these papers, including ours, restrict agents’ ability to tailor their behavior to their environ-
ment by imposing additional constraints. We have adopted a simple form of this restriction to
obtain a tractable competitive equilibrium model and analyze the effect of behavioral limitation
on equilibrium prices.

Sims (2003) assumes agents allocate their attention optimally subject to an information-
theoretic constraint. Our approach differs from Sims’ approach in the formulation of the cost
function; we limit the number of possible signal values while Sims (2002) formulates an entropy
based constraint. Woodford (2011) modifies Sims’ cost function to address observed anomalies
of consumer choice behavior. Mankiw and Reis (2002) study a model that has only a fraction
of agents getting new information each period. Hong, Stein, and Yu (2007) study a model in
which agents are restricted to a small class of forecasting models that does not include the
true model of the world. These papers study how information processing frictions impact asset
prices and responses to monetary policy.

There are a number of papers that use rigidities in consumption to close the gap between the

level of risk aversion needed to rationalize data and plausible levels of risk aversion. Grossman



and Laroque (1990) distinguish liquid and illiquid consumption and assume that agents incur
transaction costs when they sell an illiquid good. Lynch (1996) and Gabaix and Laibson (2002)
study a model in which only a fraction of agents can make adjustments at a given time. Chetty
and Szeidl (2010) focus on the extent to which consumption rigidities reduce stock market
participation.? If some households cannot adjust their consumption the remaining subset must
absorb all the changes in aggregate consumption. As a result, observed prices (or interest
rates) are consistent with a lower elasticity of intertemporal substitution or, equivalently, lower
relative risk aversion, than in a model in which all households are unrestricted. Unlike Lynch
(1996) and Gabaix and Laibson (2002), we do not exogenously fix the fraction of households
that can respond to a particular increase in aggregate output. Rather, we make adjustments
costly and let households respond optimally. As we discuss in the next section, the fact that
households choose their partitions optimally enhances the impact of their behavioral limitation

on equilibrium prices.

2 BCE in a Static Economy

There is a unit mass of households with identical utility functions but different stochastic
endowments of the single physical good. Aggregate endowment depends on the realization of
the state i € N = {1,...,n}. Let m; denote the probability of the uncertain state i, s; the
aggregate endowment in state ¢ and K (s) the finite support of s. Let a be the smallest and b the
largest aggregate endowment realizations. We assume that 0 < a < b. For any set X, let | X|
denote its cardinality; hence | K (s)| is the number of distinct aggregate endowment realizations.

A standard consumption plan is a vector in C = R} and a household’s utility of the con-

sumption plan c is

U(c) = Z u(c;)m;

€N

2See also Guvenen (2009), who studies limited stock market participation in a model with heterogeneity in
the elasticity of intertemporal substitution in consumption.



where u is any strictly concave CRRA utility index. That is,

¢ "/(L—p) if p#1

In¢; if p=1

u(c;) =

for some p > 0.
In a BCE, households are restricted to crude consumption plans, which limit the number of
distinct consumption levels that a household can choose to k. To avoid trivial cases, we assume

throughout that 1 < k < |K(s)|.

Definition 1. The consumption plan ¢ € C is crude if |{¢;|i € N}| < k.

Let Ci be the set of all crude consumption plans. Clearly, C, C Cr. for all k. Note that
Ci is not convex since a convex combination of ¢, € C, would typically require more than k
consumption levels. This non-convexity implies that, in equilibrium, identical households will
might and typically will chose different consumption plans. For example, when k£ = 2 and
K (s) = 3, some households will consume the same amount in the first two states while others
consume equal quantities in the last two states.

An element p in the n—1-dimensional simplex A(N) is a (normalized) price. An endowment
w is an element of RY. At price p, the wealth of a household with endowment w is p - w =

> icn Wi - i That household’s budget set is

Bk(p,p~w):{ceck:p-c§p~w}

We suppress the endowment distribution and call E = {u, k, 7, s}, the economy. A representa-
tive household is one with endowment s (and wealth p-s). We call an economy a representative
economy if every household is a representative household.

For any set X, let A(X) denote the set of simple probabilities on X; that is A(X) is the
set of all functions p € [0, 1]* such that K(u) = {z : p(z) > 0} is finite and Y, p(z) = 1.
For any Y C X, we let u(Y') denote ) .\ pu(x). We call K(j) the support of g. When X is
finite, we identify A(X) with the |X| — 1 dimensional simplex.



An allocation 1 € A(C) is a probability on consumption plans; u(c) represents the fraction
of households who choose plan ¢ € C. An allocation is crude if K (u) C Ci. The allocation p is
feasible in E if

oi(p) == Z ¢i - plc) <8

c€EK (p)
foralli € N. For any C' C C, let M (C’) be the set of all feasible allocations such that K (u) C C'.
Hence, M(Cy) is the set of feasible allocations for our behavioral economy. Henceforth, p is
feasible means p € M(Cy,).

The crude consumption plan ¢ € By(p,w) is optimal at prices p and wealth w > 0 if
U(c) > U(d) forall ¢ € By(p,w). Because we assume CRRA utility, optimal consumption plans
are homogenous in the household’s wealth; a crude consumption ¢ is optimal for a household
with wealth w at price p if and only if 2%c is optimal for the representative agent at price
p. Therefore, aggregate demand is independent of the wealth distribution and so are BCE
equilibrium prices. Moreover, we can convert the BCE allocation of the representative economy
into a BCE of E with the same aggregate endowment by evaluating the wealth of each household
at the equilibrium price and distributing the allocation among households in proportion to their
wealth. Finally, we can rescale any BCE allocation for E to derive a BCE allocation for the
representative economy with the same aggregate endowment.

Henceforth, we describe the set of BCE in terms of its representative economy counterpart

and appeal to these observations to justify suppressing the wealth distribution.

Definition 2. The price-allocation pair (p, 1) is a BCE of E if y1 is feasible for E and if u(c) > 0

implies ¢ is optimal for the representative agent at prices p.

We call p (1) a BCE price (allocation) if (p, 1) is a BCE for some p (p). Two consumption
plans ¢, ¢ are conformable if ¢; = c¢; if and only if ¢; = ¢}; i.e., two consumption plans are
conformable if they induce the same partition of N. We write ¢ ~ ¢ if ¢ and ¢ are conformable.
Definition 3. An allocation is simple if u(c)- u(c’) > 0 and ¢ ~ ¢ implies ¢ = ¢’. An allocation
is fair if p(c) - p(d) > 0 implies U(c) = U(c).

A fair allocation yields the same utility for each consumption plan in its support. In a

simple allocation each partition of N has at most one consumption plan associated with it.



Thus, if p is simple, the cardinality of K (u) is at most equal to the number of partitions of
N with k or fewer elements. There are two other properties of allocations, monotonicity and
measurability, that play a role in our characterizations of BCE equilibria. Monotonicity requires
that consumption is weakly increasing in the aggregate endowment. Measurability means that
the allocation remains feasible if states with identical endowments are combined into a single

state.

Definition 4. The plan c is monotone if ¢; > ¢; whenever s; > s;. The plan c is measurable
if ¢; = ¢; whenever s; = s;. The allocation p is monotone/measurable if all ¢ € K(u) are

monotone/measurable.

The mean utility, W (u), of allocation p is

W) = S U(e) - (e)

We say that p € M(Cy) solves the planner’s problem if W (u) > W (') for all p/ € M(Cy).
The main technical result of this section is Lemma 1, below, which enables us to relate the
solutions to the planner’s problem to BCE equilibria of the representative economy in Theorem
1. In an economy without our behavioral constraints, simplicity, fairness, monotonicity and
measurability of solutions to the planner’s problem would follow immediately from the strict
concavity of the household utility function. The argument for simplicity is unaffected by be-
havioral constraints. But none of the remaining properties hold for a general strictly concave
utility function given the crudeness constraint. Lemma 1 shows that they do hold with a strictly

concave CRRA utility function.

Lemma 1. (i) There is a solution to the planner’s problem (ii) Every solution to the planner’s

problem is simple, fair, monotone, and measurable.

Household preferences in our model satisfy local non-satiation and, therefore, by the first
welfare theorem, BCE allocations are Pareto efficient. (Of course, Pareto efficiency is defined
relative to allocations in M (Cg).) In a representative BCE, allocations must be fair and, by

Lemma 1, the planner’s problem has a fair solution. Thus, if a BCE allocation did not solve

10



the planner’s problem there would exist a fair allocation that yields higher household utility,
contradicting the Pareto efficiency of BCEs. Hence, every BCE allocation must solve the
planner’s problem. Theorem 1, below, establishes the converse. Theorem 1 and Lemma 1
together establish the existence and Pareto-efficiency of BCE. They also show that every BCE

allocation is simple, fair, monotone, and measurable.

Theorem 1. An allocation solves the planner’s problem if and only if it is a BCE allocation

for the representative economy.

Existence of a BCE and its Pareto-efficiency relies neither on CRRA preferences nor on
the correspondence between solutions to the planner’s problem and equilibria; it is possible
to establish existence (and Pareto-efficiency) using standard fixed-point arguments and relying
only on the concavity of the household utility function. Such a proof would not yield the
monotonicity and measurability of equilibrium allocations and the related monotonicity of BCE
prices. Indeed, without CRRA utility, it is possible to construct examples of BCE that do not
satisfy these properties as we illustrate in the following section.

For any r € {s; i € N}, let p(r) = >,y pi and m(r) = >,y m. Two prices p,p
are equivalent if p(r) = p(r) for all r. In a pure endowment economy the realized endowment
resolves all uncertainty; that is, s is one-to-one. In that case, p(s;) = p; and 7(s;) = m; for all

1. Hence, for a pure endowment economy, p, p are equivalent if and only if p = p.
Definition 5. The price p is monotone if r > 7 implies p(r)/m(r) < p(7) /7 (7).

We say that the BCE price is essentially unique if and only if all BCE prices are equivalent.
Theorem 2 below shows that the BCE price is essentially unique and monotone. Hence, a pure

endowment economy has a unique BCE price.
Theorem 2. The BCE price of any economy is essentially unique and monotone.

Next, we illustrate Theorems 1 and 2 in a simple example. There are four equally likely

states with endowments between 1 and 2. Specifically,

S1 = 1,82 :4/3,83:5/3,84:2

11



The utility function is logarithmic and households must choose 2—crude plans. As a benchmark,
first consider a standard competitive equilibrium without the crudeness constraint. In that case,

the representative household consumes her endowment and the prices are given by p* where

py = .35;p5 = .26, p5 = .21,p; = .18

Next, we describe the BCE with k = 2, that is, all households are restricted to 2—crude plans.
Lemma 1 implies that equilibrium consumption plans are characterized by a cutoff state; that
is, each household chooses a state j € {1,2,3,4} such that states i < j are associated with
low consumption (“bad times”) and states ¢ > j are associated with high consumption (“good
times”). There are three distinct plans chosen by consumers; around 39% of consumers identify
states 2,3 and 4 as “good times” and single out state 1 for a low consumption; consumption
levels in that plan are ¢; = .85,¢y = ¢35 = ¢4 = 1.7. Around 36% of households choose identify
states 1 and 2 as bad times and states 3 and 4 as good times; the corresponding consumption
levels are ¢; = ¢3 = 1.04 and ¢3 = ¢4 = 1.96. Finally, the remaining 25% of identify states 1,2
and 3 as bad times and single out state 4 for high consumption; their consumption levels are

c1 = cg = c3 = 1.18 and ¢4 = 2.56. The equilibrium price is p where

P1 = .4,]92 = .25,]93 = .21,p4 =.133

Notice that the largest difference between the equilibrium price in a standard economy and the
BCE price is in the states with the highest and lowest endowments. The ratio of pj and pj is
equal to 2, the ratio of the aggregate endowment in those two states. By contrast, the ratio
of p1 and ps is 3. As we will show in the next section, this is no accident. In any BCE with
many states, the prices in states with endowments near the upper or lower bounds exhibit the
greatest departure from standard equilibrium prices.

Monotonicity of BCE consumption plans is a key result of this section that will be used
to derive pricing results in the subsequent sections. Next, we illustrate how those results can

fail if the utility function is not CRRA. The example is identical to the one above but with a
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different utility function. The utility index is w such that

2z if 2<1

uz) =914z ifzell,2

24z/2 ifz>2
\

For this utility function the unique BCE allocation consists of two consumption plans; 2/3 of
consumers choose the plan ¢; = ¢o = 1,¢3 = ¢4 = 2 while 1/3 of consumers choose the plan
¢y =c3 =1 and ¢ = ¢4 = 2. The BCE price is p such that p; = 1/4 for all i. Notice that the
second consumption plan is not monotone and hence the example shows that with general risk

averse utility functions monotonicity may fail.?®

3 Consumption Risk and Price Variation in a BCE

In this section, we compare the BCE for economy E to the standard equilibrium for £. In
particular, we show that consumption is riskier and prices are more extreme in a BCE than in
a standard competitive equilibrium (SCE).

We first establish that BCE yields greater consumption risk. Given 7 and z € R, we let
F, denote the cumulative distribution of the random variable z; that is, F.(z) = >, ., ™.
Hence, Fj is the cdf of the endowment and F, is the cdf of consumption associated with the

plan c. Then, G, the cdf of consumption given the allocation p is
Gu(z) = Fu(x) - p(c).

Consider a BCE equilibrium (p, p) for the representative economy. We can think of the (random)
consumption as the result of a two stage lottery; the first stage reveals the state : € N and the

second stage reveals the consumption in state i. Since k < |K(s)|, consuming the endowment

3The utility function in the example is not strictly concave. However, it is straightforward to show that a
strictly concave approximation of the utility function in this example would also lead to non-monotone equilib-
rium consumption plans.
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in every state is not feasible and there are ¢ € K(u) with ¢; # s; for some i € N. Moreover,
s; > o;(u) for all 7 since p is feasible and hence the expected value of consumption in state 7 is
less than or equal to s;, the SCE consumption in state . This implies that SCE consumption
second order stochastically dominates BCE consumption and hence welfare (i.e., mean utility)
in a BCE is strictly less than welfare in a SCE. Put differently, the fact that s is not in Cg, by
itself, ensures that the representative household bears greater consumption risk in a BCE than
in a SCE.

More generally, when different households have different endowments, a BCE may result in
less income inequality than an SCE. In this case, it is difficult to conclude that ex ante welfare
will be lower in a BCE than in an SCE; prices will not be the same in the two different types
of equilibrium and given a fixed endowment distribution, different prices will imply different
wealth distributions. A tighter wealth distribution will imply higher ex ante welfare, higher
possibly than in a SCE.

We now show that for any fixed range of the endowment realization [a, b], the equilibrium
price p € A(N) in a BCE (normalized by the probability of the state) can be arbitrarily large
or arbitrarily close to zero. Thus, BCE exhibits extreme prices. Specifically, extreme prices
emerge when the endowment has many possible realizations and F, approaches a nonatomic,
continuous distribution. The next subsection defines this notion precisely and establishes the

main result.

3.1 Convergent Economies and Extreme Prices

Let E™ be a pure endowment economy with n > k + 1 states and order states so that s; < s;
if 1 < 7. We define a sequence of economies converging to a limit economy with a continuous

endowment distribution.

Definition 6. A sequence of economies { E"} = {(u, k, ™, s™)} is convergent if s™ converges in

distribution to a random variable with a continuous and strictly positive density on [a, b].

Let p™ be the equilibrium price of E". The pricing kernel k" € R is defined as the

14



equilibrium price normalized by the probability of the state:

pn

Theorem 3, below, characterizes {p"}, the equilibrium price sequence, and {x"}, the corre-
sponding sequence of price kernels, for a convergent sequence of economies. For any real-valued
function X on {1,...,n} and A C R, let Pr(X € A) denote the probability that X takes a

value in A; that is,

Pr(X € A):= ) m

{i: X, €A}
Any sequence {z"} C X for some compact set X has a convergent subsequence. In the state-

ments below, we use this fact and write lim 2™ to denote any such limit.

Theorem 3. For any convergent sequence of economies, limp} > 0 and imPr(s" < €¢) > 0
for all € > 0. Furthermore, if p > 1, then limPr(k™ > K) > 0 for all K; if p > 1, then
lim Pr(p™ =0) > 0.

For the state with the lowest endowment, Theorem 3 establishes that the limit price is
greater than zero even though the limit probability of that state is zero. Thus, consumption in
the lowest endowment state is extremely expensive. Clearly, this implies that the pricing kernel
in state 1 converges to infinity. However, since the probability of state 1 converges to zero, this
leaves open the question of whether there is a positive limit probability of an arbitrarily high
pricing kernel. Theorem 3 shows that this is the case if the household is sufficiently risk averse,
with a parameter of relative risk aversion greater or equal to 1.

Theorem 3 also establishes that there is a positive limit probability that the pricing kernel
is arbitrarily close to zero. By Theorem 2 this occurs when the endowment realization is near
its upper bound b. Finally, if relative risk aversion is above 1, a stronger result is true: the
limit price is zero in a nontrivial interval of states near the highest endowment realization.

To prove Theorem 3, we first establish the following dominance lemma (Lemma 16). Let
p" be the equilibrium price for E* = (u, k, 7", s") and let L}_; be the maximal utility of a

household who must choose k — 1-crude plans at price p™ and with the wealth of the repre-
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sentative household. It is clear that k — 1-crude plans can do no better than k—crude plans
and therefore L} | can be no greater than the equilibrium utility of a representative household.
The dominance lemma shows that L} _; is uniformly bounded away from the equilibrium utility
for all n; hence k — 1—crude plans do uniformly worse than k—crude plans at the equilibrium
price.

To sketch the argument for the first part of Theorem 3, assume that the equilibrium price
in state 1 converges to zero. In equilibrium, some households must choose a lower consumption
in state 1 than in all other states because aggregate consumption is lower in state 1 than
in all other states and because all equilibrium plans are monotone. An alternative plan for
these consumers would be to set consumption in state 1 equal to consumption in state 2 while
reducing all consumption a bit so as to satisfy the budget constraint. If the price in state 1
goes to zero then this plan yields essentially the same utility as the original plan. But since the
new plan is k — 1 crude we have established a contradiction to the dominance lemma. Hence,
the price in state 1 must stay bounded away from zero.

A similar application of the dominance lemma shows that consumption in the highest en-
dowment states must be very cheap so that consumers find it worthwhile to single them out;
so cheap that the probability-weighted utility in those states stays bounded away from zero.
As a consequence, the pricing kernel must be close to zero. For the final part of Theorem 3
note that utility is bounded above if p > 1 and, therefore, consumers are unwilling to single out
very unlikely low-price events no matter how low the price. In that case, part of the aggregate

endowment near b is not consumed and prices are zero.

3.2 Limit Prices

When characterizing equilibrium prices with many possible endowment realizations, it is easier
to work with cumulative prices: a nondecreasing, right-continuous function H : R — [0, 1] is
a cumulative price if H(z) = 0 for x < 0 and H(1) = 1. Given any E" and z € [r], 1], let

Jp=max{j: > ;7 <z} Iz €0,n7], welet jy = 1. Then, for any price p" of E", define
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its cumulative, P" as follows:

P'(x):=> p} (2)

1<y
Note that P"™ (Fgn(s!')) is the cost of one unit of consumption in the event {1,...,i}. In our
discrete economies, the BCE cumulative price is necessarily a step function.
Let H be the set of all cumulatives. For any sequence H" € H, we say that H € H is its
limit if the restriction of H to the unit interval is continuous and lim, H"(x) = H(z) for all
x € (0,1]. We say that P € H is a limit BCFE price for E™ if E™ has a subsequence of BCE

cumulative prices that converge to P.
Lemma 2. Fvery convergent E™ has a concave limit BCE price P.

Below, we pass to the relevant subsequence of prices for some convergent sequence £™ and
refer to a limit BCE price simply as the limit BCE price P. As a benchmark, consider the limit

price of standard economies. The unique SCE price p € A(N) is

* Wiul(sz')
pi =< —
Zj:l T (s;)

Since s; € [a, b] it follows that for all i € N the pricing kernel x* of a standard economy satisfies:

)

* / !/

P[0 v
T w'(a)” u'(b)

Thus, the SCE pricing kernel is bounded away from zero and infinity. Moreover, if b — a

is small then u/(b)/u/(a) is close to 1 and therefore the range of the pricing kernel is small.

It is straightforward to show that there is a unique equilibrium limit price P* along for any

convergent sequence of SCE prices. This limit price is

H
~—
=
N~—
N—
Y
g

P*<£L‘) _ fOx /(F_

U
fol u (F~

H
~
=
N—
N—
Y
g

where F' is the cdf of the limit endowment. Hence, P* is continuous and differentiable on
[0, 1] with a derivative equal to the limit pricing kernel and uniformly bounded away from zero

and infinity. If the variation in limit endowment, b — a, is small then this derivative is nearly
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constant and hence bounded above and away from 0. The following theorem show that limit

BCE prices of convergent sequence have neither of these properties.

Theorem 4. If P is a limit BCE price for some convergent E", then P(0) > 0 and P'(1) = 0.
If p > 1 then, in addition, P'(0) = oo and if p > 1 then P(x) =1 for some x < 1.

Theorem 4 translates Theorem 3 into properties of the limit price: P(0) > 0 follows from
the fact that lim p? > 0 and P'(0) = oo for p > 1 follow from the fact that the pricing kernel is
arbitrarily large in the limit; P’(1) = 0 follows from the fact that the pricing kernel is arbitrarily
close to zero; the final part of the theorem follows from the fact that the limit price is zero with
positive probability if p > 1.

We can relate the quantity P(0) to the value of relaxing the crudeness constraint. Suppose,
at a cost 7, the household can relax the crudeness constraint from k& to k + 1. Thus, after this
trade the household has smaller wealth (by 7) but can choose a plan in Cgyq. In equilibrium,
some households must consume at least a in the lowest state and, therefore, if 7 < a - P(0)
(where a is the lowest endowment realization) then the household is sure to benefit from this
trade. Consider a new plan that isolates state 1 and consumes ¢ > 0 in that state. In the limit,
this plan relaxes the budget constraint by P(0)(a — €) > 7 for e sufficiently small. The utility
of this plan is only slightly lower than the original utility and their difference vanishes as n
goes to infinity because the probability of state 1 goes to zero. Thus, the magnitude of aP(0)
is bounded above by shadow price of the crudeness constraint. It follows that P(0) converges
to zero as k goes to infinity: the equivalence of equilibrium allocations and solutions to the
planner’s problem established in Theorem 1 ensures that the value of an additional partition
element must go to zero eventually. Since aP(0) is smaller than the shadow price of additional

partition elements it follows that P(0) must converge to zero as k goes to infinity.

3.3 An Example

Let E™ = (u,k,7",s") be a convergent sequence of pure endowment economies such that
u(z) = Inx and suppose that the limit endowment is uniformly distributed on [a, b]. Let k = 2,

i.e., each household is confined to at most two different consumption levels. Theorem 1 and
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Lemma 1 together imply that for each n, a BCE (p", u™) exists and involves households choosing
monotone consumption plans. For & = 2, monotonicity means that for each household, there
is a cutoff state 7 and two consumption levels x < y such that the household consumes z if
the state is lower than j and consumes y otherwise. Since the utility function is unbounded,
the price must be strictly greater than zero in every state, which implies that the feasibility
constraint holds with equality. This, in turn, implies that for every j, there is a consumption
plan in the support of ;" with cutoff j; otherwise aggregate consumption would be the same in
two consecutive states and since aggregate endowment is strictly increasing, feasibility would
not be satisfied with equality.

Figure 1 depicts the BCE limit price (P—solid line) and the standard limit price (P*—
dashed line). By Lemma 2, the limit cumulative price P is concave. By Theorem 4, P(0) > 0;

that is, the limit price has a mass point at 0.

I I I I I
0.0 0.2 0.4 0.6 08 10

Figure 1: P and P*

Figure 2 shows the derivatives of the limit BCE price (P—solid line) and the standard limit
price ([P*]'—dashed line). By Theorem 3, P’ tends to zero at 1 (as the endowment converges

to b) and to infinity at 0 (as the endowment converges to a).

4 BCE in a Dynamic Economy

In this section, we extend our analysis to a dynamic Lucas-tree economy. We show that there
is a one-to-one correspondence between the stationary BCE of our dynamic economy and the

BCE of a corresponding static economy. This correspondence enables us to relate the extreme
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Figure 2: P" and [P*]

consumption prices analyzed in Theorem 3 to extreme asset prices.

As in the static economy, N = {1,...,n} is a finite set of states and each state i € N implies
a dividend (endowment) realization s; € [a,b]. A t-period history h is a vector (i1, ...,4;) € N
we write hi for the history (h,7). We call H' the set of all ¢-period histories and H = J,», N*
the set of all histories. Given any history h = (iy,...,%), we let 3(h) = i; and let H! = {h €
N*': y(h) =i} be the set of all ¢-period histories that end in 1.

A matrix of transition probabilities, ®, describes the evolution of the state; ®;; is the
probability that the state at date ¢t + 1 is 7 given that it is ¢ on date t. We assume that ¢ has
a stationary distribution 7; that is,

T=mn-® (3)

The initial state (the period 1 history) is drawn from the stationary distribution 7. Therefore,

the probability of history h = (iy,...,i;) € H' is
A =T Pipay - Py, (4)

Households choose a consumption plan before learning the initial state. The assumption
that the initial state is chosen according to the invariant distribution means that we can ignore
transitory effects of the initial condition. As we show below, the economy has a stationary
equilibrium allocation and stationary equilibrium prices. Moreover, we can map the dynamic
economy to the two-period economy analyzed in the previous section.

A function d € RY is a (dynamic) consumption plan and D is the set of all consumption

plans. The definition of crude consumption plans mirrors the corresponding definition for the
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static economy:
Definition 7. The consumption plan d € D is crude if |{d, |h € H}| < k.

Let Dy, be the set of all crude consumption plans. As in the static economy, we assume that
each household chooses its crude consumption plan before the initial state is realized. Hence,
each household is restricted to at most k different levels of consumption throughout its entire
lifetime.*

The household’s utility from the consumption plan d is

V(d)=(1=5)) > uld)f™ ()
t>1 heNt
where 5 € (0,1) is the discount factor. The sextuple E* = (u,f,k, 7, s, ®) is a dynamic
economy.
An allocation is a probability distribution on D. It is crude if its support is contained in
the set of crude consumption plans. Thus, the set of dynamic allocations is A(D) and the

allocation v € A(D) is crude if K(v) C Dy. The allocation v is feasible in E* if
o)=Y dy-v(d) < sy

for all h € H. For any D' C D, let M*(D’) be the set of all feasible allocations v such that
v(D') = 1. Hence, M*(Dy) is the set of feasible crude allocations for E*. Henceforth, v is
feasible means v € M*(Dy,).

A function ¢ € RY is a (dynamic) price if Y, g, = 1. The representative household’s

budget is
Bi(q) = {d €Dy : Z qnldn — sym)] < 0} (6)

heH

The crude consumption plan d € Bj(p) is optimal at prices q if V/(d) > V(d') for all d' € Bj(q).

4An alternative version of the model in which households face a weaker constraint and are allowed to choose
k different consumption levels each period is also possible. If the state process is iid, the alternative model
would have exactly the same set of equilibria as our current model. If the Markov process is not iid, then the
alternative model would be more difficult to analyze but we conjecture that extreme asset prices would emerge
in that version as well.

21



Definition 8. The price-allocation pair (¢,v) is a BCE of E* if v is feasible for E* and if

v(d) > 0, then d is optimal at prices q.

Fix a dynamic economy E* = (u, 5, k, 7, s, ®) and consider the static economy E = (u, k, 7, ).
The two economies share the same utility function and crudeness constraint. In both economies
the initial endowment is chosen according to the distribution 7. In the dynamic economy, the
endowment evolves according to a Markov process while in the static economy the endowment
stays fixed. Since 7 is the stationary distribution of the Markov process with transition matrix

® it follows that

Z /\h = T (7)

for all t > 1. Hence, the ex ante probability of state ¢ in period t is 7; for every t. Since
(1-8)>, Zher BN\, = m;, the dynamic economy can be thought of as a version of the
static economy in which each state 7 is split into many identical states corresponding to the
branches of the event tree that end with i. We refer to E = (u, k,m,s) as the static economy
for E* = (u, B, k,m,s,®). The measurability of BCE consumption plans in E will yield the
stationarity of BCE consumption plans in E*.

A consumption plan is stationary if consumption depends only on the current state. We can
associate stationary consumption plans of the dynamic economy E* with consumption plans
of the corresponding static economy FE. Formally, the plan d is stationary if there exists a
consumption plan, ¢, for the static economy E such that dj, = ¢, for all h € H. Let D denote
the set of stationary plans and let 7} : C — D be the above one-to-one mapping between
static consumption plans and stationary dynamic plans. Thus, d = Tj(c) is the dynamic
consumption plan in which a household consumes ¢; whenever the state ¢ occurs. The set of
stationary allocations is A(D). Let T3 : A(C) — A(D) be the one-to-one mapping between
allocations in the static economy and stationary allocations in the dynamic economy defined
by v(d) = u(T; ' (d)) for d € D and v(d) = 0 for d € D.

A price is stationary if the price after history h depends only on the current state j(h)
and on the discounted probability of history h appropriately normalized. More precisely, ¢ is

stationary if there is a static price p (and a corresponding pricing kernel k) such that for all
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t>1 and all h € Nt

o = M(l-B)p e (8)

Ty(h)

= (1= B)B" k)

Equations (7) and (8) imply

S a=n )

t=1 heH!
for all i and hence ), ., gn = >\ | pi = 1. Hence, for each static price p there is a corresponding
stationary dynamic price and, conversely, each stationary dynamic price can be mapped to a
static price.

Let Q@ C A(H) be the set of stationary prices. Let Ty : A(N) — @ be the one-to-one
mapping between prices in the static economy and stationary prices in the dynamic economy
defined above. To summarize: T; : C =1y D is the mapping that identifies a the unique
stationary consumption plan associated with each static consumption plan, T5 : A(N) BN Q
defines the unique stationary price associated with each static price and T3 : A(C) N A(D)
defines the unique stationary allocation associated with each static allocation.

Equation (7) implies that

V(Ti(e) = (1=8)D D> ulew)B™ M =Ul(e) (10)
t>1 heNt
and Equation (9) implies that ¢ € Bi(p) if and only if Ty (c) € B;(T2(p)) ND. Finally, note that
p € A(C) is feasible in E if and only if T3(1) € A(D) is feasible in E*.

Theorem 5 below connects BCEs of the dynamic economy and BCEs of the corresponding
static economy. An equilibrium allocation of the static economy yields a stationary equilibrium
allocation of the corresponding dynamic economy an equilibrium price of the static economy

yields a stationary equilibrium price of the dynamic economy.

Theorem 5. (i) If (p,u) is a BCE of E, then (Ty(p),T5(n)) is a BCE of E*. (i) If v is a
BCE allocation for E* then v € A(D) and Ty *(v) is a BCE allocation for E.
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Theorem 5 leaves open the possibility of a non-stationary BCE price (supporting a stationary
BCE allocation). Theorem 5 relies on the assumption that the initial state is chosen according
to the stationary distribution 7. Without this assumption, there might still be an analogue
of Theorem 5 but the mapping between the dynamic and the static economy would be more

complicated.

5 Extreme Asset Prices and the Safe Haven Premium

Recall that a static pure endowment static economy E = (u, k,m,s) has a unique BCE price.
In this section, we relate this price p to asset prices in the dynamic economy. To simplify the
exposition, we restrict ourselves to iid transitions: ®;; = m; for all ¢, 7 and refer to a dynamic
economy with constant transition probabilities as an #id economy. In addition, we assume p = 1
so that u(z) = Inz. These restrictions are made for expositional ease. All results below can
be extended to arbitrary Markov transitions provided that all ratios of transition probabilities
stay bounded. With p > 1 the equilibrium price of consumption may be zero; this would allow
us to strengthen some of the results below but at the cost of a more cumbersome notation.
With p < 1 we would need to slightly weaken the result on extremely low asset prices.
Consider an asset z = (z1, .. ., z,) in zero net supply that delivers z; units of the consumption
good next period in state i. Let r,(2) be the BCE price of this asset in terms of current period
consumption after history h. Recall that j(h) € N is the last state of history h. A standard

no-arbitrage argument implies that

ZieN qniZi (11)

Th(Z) N dn

where the numerator is the expected value of the return z after history h and the denominator
is the price of consumption after history h. Since ¢ is stationary, the price of the asset depends

only on j(h) and therefore r,,(2) = ) (2). Formulas (8) and (11) imply that

(12)

24



where E[] is the expectation of the random variable £ : N — R with respect to 7. Since k; > 0
for all i € N the asset price is well defined and since 7, depends only on the most recent state
we write 7(z) = (r1(2),...,rn(2)) for the vector of asset prices.

As in Theorem 3, we consider a sequence of economies that converges to a limit economy with
a continuous distribution of endowments. Formally, we say that a sequence of iid-economies
{E*"} = {(u, B, k, ", s")} is convergent if the corresponding sequence of static economies
{E"} = {(u, k, 7™, s™)} is convergent. Consider a sequence of asset returns {z"} with 2" € R™.
We say that {2"} is bounded if there are 0 < 7; < 75 < 0o such that 2" € [y1, 2] for all i and
n.

Theorem 6 shows that limit equilibrium asset prices are extremely high if the endowment

is near its upper bound and extremely low if the endowment is near its lower bound.

Theorem 6. Let {z"} be a bounded sequence of asset returns, let {E*"} be a convergent se-
quence of iid economies and let r™(z") be the equilibrium asset price of z™ in E*™. Then,

lim Prob (r"(2") <€) > 0 for all € > 0 and lim Prob (r"*(z") > K) > 0 for all K.

Theorem 6 is a corollary of Theorem 3 and Equation (12) above. Theorem 3 can be used

to derive another asset pricing implication that relates riskfree and nearly-riskfree asset prices.

Let e® = (1,...,1) be a risk-free asset and let €™ be the following nearly-riskfree asset:
1 ifi>gn
e =
0 ifi<yl

Recall that j; = max{j : > ,.;m < z} and hence " yields 1 in all but the e—fraction of
states with the lowest endowment. Let {E*"} be a convergent sequence of iid-economies and

let r™(e™) and r"(e™) be the equilibrium asset price of e" and €™ in E*".

ri*(e™)

Theorem 7. There is § > 0 such that lim ;Z(en)

<1—94 foralle> 0.

Theorem 7 shows that the risk-free premium does not converge to zero as the returns of
the nearly riskfree asset converges in distribution to the returns of the riskfree asset. This

safe-haven premium comes about because the price of consumption in the lowest endowment
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state is bounded away from zero and, therefore, the risk-free asset is always more costly than

the nearly risk free asset.

6 Conclusion

In this paper, we analyze the implication of crude consumption plans on equilibrium asset prices
in a standard Lucas-style endowment economy. We assumed that agents’ consumption plans
must be k-crude, that is, may take on at most k distinct values. We show that the crudeness
constraint leads to extreme and volatile prices when the endowment realization is near its upper
or lower bound.

In settings where agents are cognitively constrained, the market mechanism acquires a new
function; allocate agents’ scarce attention. For markets to clear, the equilibrium prices have
to accentuate the relevant events to attract the households’ attention. Since it is particularly
costly to pay attention to tail events, the price variation in those events has to be large enough
to make them salient.

In our formulation, the household’s consumption decision is crude, i.e., does not depend
on all the details of the underlying economic conditions. On the other hand, the household
financing decisions are unconstrained and typically a household’s net trades will depend on
the exact state of the world. An alternative model would impose crudeness constraints on
the financial transactions. For example, assuming household’s net trades are 2-crude amounts
to assuming that states are partitioned into “borrowing states” and “lending states” and the
household borrows some fixed amount = whenever she finds herself in a borrowing state and
lends a fixed amount y if she finds herself in a lending state. More generally, assuming k-
crude net trades would allow us to capture households that are constrained in their financial
transactions.

There is a modeling tradeoff between the two types of constraints. If net trades must satisfy
a crudeness-constraint then — for a generic choice of the endowment — the consumption choice
will not be crude. Which constraint is appropriate depends on the particular application;

specifically, it depends on what is the household’s active decision, i.e., the decision that is the
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focus of the analysis, and which is the residual decision, i.e., the decision implied by the active
decision and the budget constraint. Our model describes the allocation of real resources and in

this context the focus of the household’s decision is the consumption choice.
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A Appendix: Proofs

If K(u) C {c',...,c™}, we write u = (a,c) where a = (a',...,a™), ¢ = (c!,...,¢™) and
u(ch) = o for all I. Tt will be understood that a = (at, ..., m) a=(a',...,a™m), and so forth.
We follow the same convention with ¢, ¢ etc. If {c!,..., ™} contains exactly one representative

from each equivalence class of ~, we say that y© = (a,c) is in simple form. Thus, p can be
expressed in simple form if and only if it is simple. We write 6. for the allocation p where all

households consume ¢ € Cj,.

A.1 Proof of Lemma 1

Lemma 3. If i is feasible and not simple, then there is a simple and feasible 1’ such that

W) > W(p).

Proof. Let u = (a,c). If p is not simple, there is ¢, € K(u) such that ¢ ~ . Let ¢* =

p(c)
p(e)+u(c)

¢, d with (u(c) + p(cd) probability of) ¢*. Since, ¢ ~ ¢ are crude, so is ¢* and p*. Since u is

v-c+ (1 =) where v = and let p* be the allocation derived from p by replacing
strictly concave, W (u*) > W(u). Note that |K(p*)| < [K(p)|. If p* is simple, we are done.
Otherwise, repeat the above argument. Since K (u) is finite, this process must terminate with

a simple allocation. O

Lemma 4. If u is feasible, simple but not fair, then there is a feasible, simple and fair 1’ such

that W(p') > W) and [K(p)| < |K(p)]-

Proof. Let u = (a,c), let 2! be the certainty equivalent of ¢! and #' be the corresponding
constant consumption plan; that is, u(z!) = U(c') and 2} = 2! for all 7, 1. Also, let z = Y, a'c
and let Z be the corresponding constant consumption plan. Let i = (&, ¢) such that &' = #
and ¢ = xx—cll for all [. Finally, let i = (a,¢) such that &' = o! and & = z! for all [. Since u is

strictly concave and p is not fair, W (dz) > W (). Since u is CRRA,
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hence, W (1) = W(dz). By definition, W (i) = W (u). Hence, W (1) > W(u). By construction
fi is fair. Tt is easy to verify that Y, ¢la! = Y, cla! for all i € N and hence fi is feasible. Clearly,
[K ()] < K ()] O

Lemma 5. A solution to the planner’s problem exists and every solution to the planner’s

problem is simple and fair.

Proof. The allocation 6. such that ¢; = min; s; for all i is feasible. Thus, M (Cy) is non-empty.
Since 6, second order stochastically dominates any feasible 4 it follows that W (u) < W (4s) for

every feasible u € M(Cy). Hence,

Wi = sup W(u)
pEM (C)

is well-defined. By Lemmas 3 and 4, there exists a sequence of feasible, simple, and fair
allocations uf = (a’,c’) such that W(u') > W), — 1/t and a’ € R for all ¢, where m is the
cardinality of the set of all partitions of NV with k£ or fewer elements.

By passing to a subsequence, a’® = (a',... a™)

converges to some a € A(RT). If ¢ is
unbounded for some [, we must have o' = 0. Let A C N be the set of [ such that a! # 0. Then,
A # () and ¢! is bounded for all I € A. Hence, there exists a subsequence of u! along which c*
converges to some c' € C, for every [ € A.

Let p = (a,c) where a = (a!);cq and ¢ = (!)jea. Since lim W (u') = Wy and each p!
is fair, U(c!") = W(u'). So, by the continuity of u, we have U(c!) = Wy for all | € A and
therefore W(p) = Wy. Finally, >, , o't < 37, aftdlt < 's; for all i,1,¢ and so >, , olcl <

Y A alcdm < s; for all i,1,. Hence pu is feasible and therefore p solves the planner’s problem.

Then, Lemmas 3 and 4 imply that ;4 must be simple and fair. O

Lemma 6. Let E = (u, k,m,s), E = (u,k,#,38) be such that F, = Fy and let Wy, and Wy, be the

maximal mean utility attainable in E and E respectively. Then, Wy = Wi.

Proof. Without loss of generality, we assume that E is a pure endowment economy; that is,
N ={1,...,n}, s is one-to-one, N = {ij :i € N,j € N;} for some collection of N;’s such that
N, ={1,...,n;} for all i, s; = s;; for all ¢ and j € N; and Z]ENJ_ 7ti; = m;. We will show that
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(i) for any feasible allocation in FE, there is a feasible allocation in E that achieves the same
mean utility and (i) vice versa. Then, 5 ensures that W}, = Wi
(i) For any feasible allocation ;1 = (a, ¢) in F define the allocation i = (&, ¢) for the economy
E as follows: ¢ = = ¢, for all i and j € Nj. Clearly, W (i) = W(p) and ji is feasible (for E).
(i) We will first show that given any consumption ¢ for E, there is an allocation, = (a,c),

for E such that W (u) = U(¢) and

Z ijCij

]EN
foralli € N. Let L ={(j1,...,Jn) : Js € N;Vi € N} and let 49 = 7;_1; forall i € N and j € N;.
For each | = (ji,...,jn) € L, let ol = 411 . 422...qmn and ¢ = ¢;,. Since ¢ is crude and
{ct:ie N} c{éy, :1€ N,j€ N;}, each ¢ is crude. Verifying that W () = U(¢) and that the
equation displayed above holds for all © € N is straightforward.

To conclude, let i = (&, ¢) be a feasible allocation in E. For each ¢ € K(fi), choose ! as

described above. Let u = >, &' - u'. Then, u is feasible since 0;(u) < maxjen, 0ij(f1) < s; for
all i € N. Since W (u') = U(¢) for all I, we have W (u) = W (ji) as desired. O

To conclude the proof of Lemma 1, we will show that if © = (a,c) is a solution to

the planner’s problem, then it is also monotone and measurable. Assume p is not mea-

surable; that is, cg- > ¢l and s; = s; some | with o' > 0. Then, let 4 = (a,¢) where
U,
a=(al,... a7t abi ol ot am), e = (et T i A L em) and oli = :‘fjrk,
alk = of l lJ_lk_l Ll e _ e _
F=a' —ak, ¢ = i for all @ # 5, k, c; —ck—c and ¢; = ¢} = c,. Then, i achieves

the same mean utility as p and is feasible but not simple contradicting Lemma 4.

To prove that ;o satisfies monotonicity, we note that if s; > s;, then o;(p) > o;(p). If not,
oi(1) < s; and there must be some [ such that c < c Then, let ¢; = ct for t #1¢ and ¢; = c
Note that ¢ is crude and yields a strictly higher utility than ¢!. Since o;(1) < s;, mean utility
can be increased by replacing ¢ with ¢ for a small fraction of households, contradiction the
optimality of .

l

So, assume g fails monotonicity: then, c; > cé. for some ¢, such that s; < s;. Without

loss of generality, we assume ¢ = 1,7 = 2 and [ = 1. We showed in the previous paragraph
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that oa(p) > o1(p), so we must have ¢ such that ¢§ > ¢f; again without loss of generality,
we assume o = 2 and that m; > 7; (an obvious adjustment is needed if this last inequality is
reversed). To summarize: ¢} > c};c? < ¢ and 7 > mo.

= NU{n+1} and s € [a,b]"™" such that

Construct a new state space N $;, = s; for all

t € N and §,.1 = s1. Also, set 7y = m, forall t # I,n+ 1, 71 = me and 7,1 = M — 7. If
1 = 0, then ignore state n + 1 in the argument below.

Next we construct a feasible allocation /i = (&, &) for E such that (i) W () = W () and (ii)
fi is not fair; that is, there is 7, j such that U(c;) # U(c;). By Lemma 6, W (j1) = W () implies
that i solves the planner’s problem for E. Since ji is not fair this contradicts Lemma 5 and
therefore completes the proof.

The allocation (&, ¢) has m + 4 distinct consumption plans; for 1 <1 <m

cé Hf1<i<n

G =
o ifi=n+1
forl=m-+1,m+2
¢ (
el ifi=1,2 cy ifi=1,2
Gt =qcl if2<i<n; §TP=(c if2<i<n
c ifi=n+1 o ifi=n+1
\
and for [l =m+3,m+4
(
2 ifi=1,2 A ifi=1,2
G =02 ifoa<i<n; §T'=92 if2<i<n
A ifi=n+1 a ifi=n+1
\
Define
2 2
. GG
v B 1

- 2 1
02—01+Cl—02
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and note that 0 < v < 1. Choose 0 < € < min{a', @*} and let

(

al f3<i<m

al —e(l—7) ifl=1

al = a? — ey itl =2
€y/2 ifl=m+1,m+2
€y/2 ifl=m+3,m+14
\

It is straightforward to check that the allocation is feasible. Moreover, since 1; = 75 it follows

that W (i) = W (p). Since U(émi1) > U(émys) it follows that fi is not fair as desired. O

A.2 Proof of Theorem 1

Let Z = RY,. Then, for all z € Z, let M*(C’) be the set of all allocations with support

contained in C’ that are feasible for the economy F = (u, k,m, z). Let

Wi(z) = max W(u).

REMZ(Cy)

Hence, Wy, is the planner’s value as a function of the endowment. Let Z° = {z € Z : W (2) >
Clearly, Wy(z) > Wi (y) whenever z; > y; for all i € N since we can take the optimal
allocation for y and increase every consumption in every state by a small constant amount.
Hence, Z? is nonempty.
Suppose |z; — y;| < € for all . Let y = max{y;, 2}, y; = min{y,;, 2} for all i and
let u = (a,c) be optimal for (u,7,y"). Then, (a,(1 — £)c) is feasible for (u,7,y~). Since
W(a, (1 — £)c) is continuous in € at € = 0 and Wj(y) is nondecreasing in each coordinate, for

€ > 0, there exists € > 0 such that

(Wi(y)) = Wi(2)] < [Wi(y™)) — Wiy ™))l < €
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proving that W is continuous at y and hence ZY is open.

We note that since W is a concave function of u, W, is a concave function of z and hence the
set Z* is convex. To see that, fix 2!, 22 € Z* and choose p! € M*' (C;) such that W (u?) = Wy (2Y)
for i = 1,2. By Lemma 1, such ! exist. Clearly, yu'+(1—~)u? € M*(Cy) for 2 = vz +(1—7)2>
and hence Wi (vz! + (1 = 7)2%) > W(yp' + (1 = y)p?) = AW (') + (1 = 9)W () = yWi(z!) +
(1= 7)Wi(2?).

Since Z* is nonempty, open, and convex, and s ¢ Z*, by the separating hyperplane theorem,
there exists p € R” such that p; # 0 for some ¢ and Y . p; - 2z > >, p; - s; for all z € Z°. Since
W is nondecreasing in each coordinate, we must have p; > 0 for every ¢« € N and hence we can
normalize p to ensure that p € A(N).

Let = (a,c) be a solution to the planner’s problem, where a! > 0 for all I. The argument
establishing that each ¢! must maximize U given budget B(p) is standard and omitted, as is

the proof of the following lemma:
Lemma 7. If (p,n) is a BCE, then p is Pareto-efficient.

Finally, to see that if (p, u) is a BCE, then p must be a solution to the planner’s problem,
note that since every household has the same endowment, p must be fair. But then, if p did
not solve the planner’s problem, the solution to the planner’s problem would Pareto-dominate

it, contradicting Lemma 7. O]

A.3 Proof of Theorem 2

Lemma 8. The BCE price of a pure endowment economy is unique.

Proof. First, we show that for all ¢ in the support of u, ¢; > 0 for all 7. For any c in the

support of p, let A = {i : ¢; = 0}. If A # (), household optimality implies ) .., p; = 1 and

€ ZieA Pi
ieN\A Pi

on the set N \ A resulting in an overall increase of utility for small e. It follows that ¢ costs

Y ic AP = 0; otherwise consumption can be raised by € on the set A and lowered by

the same as 2¢ and since ¢; > 0 for some ¢ and w is strictly increasing, ¢ cannot be optimal if

A#0.
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Since E is a pure endowment economy, assume without loss of generality that s; < s;41.
For any p, let () = {i <n:¢; < c¢iqq for some ¢ € K(p)}. Since every BCE allocation solves
the planner’s problem and k& > 1 (i.e., household can have at least two distinct consumption
levels), I(pu) # 0. Hence, for any competitive allocation y, let J(u) = max I(p). Let (u!, p') for
[ =1,2 be two BCE.

We claim that i ¢ I(y') implies i + 1 ¢ I(u!). To see why this is the case, note that if
i ¢ I(u'), then o;(1') = oi41(p') and therefore o, (p!) < s;y1 and hence p;yy = 0. Then, if
Ciya > Cipq for any ¢ € K(u'), define ¢; = ¢; for j <, ¢; = ¢;j for j > i+ 2 and ¢; = ¢;11 and
note that ¢ is crude, costs the same as ¢ but yields strictly higher utility, contradicting the fact
that ! is a BCE allocation.

Next, we claim that J(u') = J(u?). If not, assume without loss of generality that J(u') >
J(u?). Define §; = s; for all j < J(p?) and §; = s; + 1 for all j > J(u?) + 1. Then, since we
established in the preceding paragraph that p; = 0 for all j > J(u?), we conclude that (p?, u?)
is a BCE for the economy with endowment §. Therefore, by Theorem 1, Wy(s) = W (s). But,
since i := J(u?) < J(u'), the previous claim implies 7 € I(u'). Hence, there exist ¢ € K(u')
such that ¢; < ¢;41. Since ¢ is monotone (by Lemma 1), ¢ defined by ¢; = ¢; for all j <7 and
¢j =c¢;+ 1 forall j > k+1is crude. Let i be the allocation derived from p' by replacing ¢
with é. Note that fi yields strictly higher mean utility than pu' and is feasible for the economy
with endowment §, contradicting Wy(s) = Wi($).

Note that if J(u') = J(u?) = 1, then pi = p? = 1 and hence p' = p? as desired. So,
henceforth we assume J(pu') = J(u?) > 1. By Theorem 1, both p!, u? solve the planner’s
problem. Then, the linearity of W ensures that pu = .5u + .5u? also solves the planner’s
problem and hence by Theorem 1, there exists some p such that (p,u) is a BCE. Then, the
previous claim ensures that J := J(u) = J(u') = J(p?) > 1.

For any c such that ¢; > 0 for all j and for any ¢« = 1,...,n — 1, define
i (¢
MRSZ(C) _ Z{]Sz} J /( J)
Z{j>i} mju'(c;)

For the price p defined above, define ¢ € R™ such that ¢; = > j<i Di- Define ¢!, ¢? in an analogous
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fashion. For any ¢ < .J, pick ¢! € K(u') such that ¢! < ¢., ;. Note that one possible crude plan
can be constructed by changing consumption in all states 5 < i by € and in all states j > 7 by
¢ in a budget neutral manner. The optimality of ¢’ ensures that this alternative plan cannot

increase utility which means:

= MRS;(¢')(1—q;)

for all 4 < J. But since K(u') C K(u), the equations above also hold for ¢ proving that ¢; = qjl.

for all j and hence p! = p. A symmetric argument ensures that p? = p. O

Let E = (u, k, 7, s), E= (u, k, 7, 8) be two static economies. We say that E is noisier than
E if there is a function ¢ : N — N such that $j = s; whenever g(j) =i and >, o ;=
for all i. We call such a g is a homomorphism. The homomorphism ¢ is rational (uniform) if
i=9(j) 1mphes is a rational number (g(j) = g(j') implies 77; = 7;/). Clearly, if ¢ is uniform,
then it is rational. When F is noisier than E, we write [E||E]; if there exists a rational (uniform)
homomorphism from E to E, then we say [E| E] is rational (uniform).

For any consumption ¢, price p and allocation ¢ = (a,c) in F, define the corresponding
consumption ¢, price p and allocation i = (a, ¢) for E as follows: Cj = Cy(j); Dj = %ﬁ’;;) for all
j4; ¢ is such that ¢! = 6,(c!) for all I. For any c let 6;(c) be the é defined above; let 6(p) be the
p defined above and for 65(p) be the /i defined above. Let ©9 = (6, 6,,63) . Also, let D(p) be
the set of solutions to a households utility maximization problems at price p in the economy

E. We use D, D etc. for E, E etc.
Lemma 9. If [E||E] is rational and ¢ € D(p), then 01(c) € D(5(p)).

Proof. The following assertions are easy to verify: (1) U(c) = U(6;(c)) and (2) ¢ € B(p) implies
01(c) € B(p).
Since [E||E] is rational, there exists E such that [E||E] and [E||E] are uniform. Let g be
[ 2|

homomorphism and ©9 = (6y,6,,6s); let § be a uniform [E||E]-homomorphism and

E]-
01,05,03). Then, g = gog is a uniform [E||E]-homomorphism and let ©9 = (0y, 65, 0s),

S|

= (
= )08, for | = 1,2,3. The two assertions above imply that we are done if we can show
D(o

»(p)) implies & = 6, (c) for some ¢ € D(p).

Q |
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Suppose not and assume without loss of generality that for some ¢ € D(6y(p)), &1 # &
despite g(1) = g(2); that is, despite p; = po. Consider the endowment § such that §; = § =
(€1 + C2)/2 and §; = ¢; for all i > 2. Let ¢} = ¢y and ¢, = ¢1, ¢, = ¢; for all i > 2. Note that
U(c) = U(e) and therefore ¢ € D(p). Hence, u = 55+ .50, is a BCE for the economy (u, 7, §).

Therefore, p is a solution to the planner’s problem (by Theorem 1). But p is not measurable,

contradicting Lemma 1. O
Lemma 10. For any E, E such that [E||E], ¢ € D(p) implies 01(c) € D(6(p)).

Proof. Let E = (u,#,5) where # € A(N) and let g be the [E||E]-homomorphism. We can

¥

construct a sequence 7™ converging to 7 such that for all j, — is a rational number. Then, g

9(4)

is a rational homomorphism from E™ = (u, 7™, §) to E. Let ¢ € D(p) and ¢ = 6,(c), p = 02(p).

Then, by Lemma 9,

D ulen) A=Y u(d) - Ay

ieN ieN

for all ¢ € B(p) and therefore D, ¢ u(é)m; > >, ulc;)m; for all ¢ € B(p) as desired. O
Lemma 11. The BCE price of a pure endowment economy is monotone.

Proof. Suppose (p, ) is the BCE of some pure endowment economy F = (u, k, 7, s) and % > i—j
for some s; > s;. Assume 7m; > m; (if the opposite inequality holds, a symmetric argument
applies; in case of equality ignore s,11). Let 8,41 = s; and 7,41 = m, — 7, § = s for all
I <mn, #t; = m; and #, = m for all | # i,n + 1. Then, [E|/E] and hence, by Lemma 10,
(B, 1) == (02(p),03(1)) is a BCE of E. By assumption p; > p; and #; = #; which means no

household will consume more in state ¢ than in state j. Since s; > s;, this implies p; = 0, a

contradiction. 0
Lemma 12. The BCFE price of any economy is essentially unique and monotone.

Proof. Let F = (u, k,7,8) be any economy and let F = (u, k,m,s) be the corresponding pure
endowment economy; that is [E’ |E]. For any plan measurable plan & for E, define the plan ¢
for E as follows i = ¢; for some j such that s; = g(5;). Then, define x' in the obvious way:

p(c") = [1(¢). Given a price p for E, define p! for E as follows: p; = 3., p; for all 4.

7:9(j
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Suppose there are two BCE for E, (p', it) for I = 1,2 such that p! and p* are not equivalent.
Then, since i'’s are measurable, (Lemma 1) the corresponding p' are well-defined allocations
for E. It is easy to see that (p,u') are BCE equilibria for E. But since p' and p? are not
equivalent, p' # p?, contradicting Lemma 8.

Finally, take BCE of E and recall that by Lemma 10, (p, 1) := (62(p),03(p)). By Lemma
11, (p, ) is monotone and therefore, so is (p, 1). Then essential uniqueness ensures that all

BCE prices of E are monotone. n

A.4 Dominance Lemma

Fix a convergent sequence of economies {E"}; let p”, u™ be a BCE of E™ = (u, k, 7™, s"). To
simplify the notation below, we will not index the consumption sets, budget sets and the utility
function by n. Let f : [a,b] — R be the density of the limit endowment. Any sequence {z"} C X
for some compact set X has a convergent subsequence. We use this fact and write lim 2" to

denote the limit of a convergent subsequence without specifying the particular subsequence.

Lemma 13. There is 6 > 0 such that U(s"™) > U(¢) + 9 for all ¢ € K(u™) and all n.

Proof. For 1 =0,...,k+1,let x;:=a+ (b— a)k%rl and define N, := {i € N|s} € [z}, x141]} for

1=0,....k Let 8, := [ f(2)dz =lim ) @ and note that §; > 0 for all I. Let A; C C; be

z
the k—crude plans that are constant on N;; note that any monotone k—crude plan belongs to
some A; for some [ = 0, ..., k. Define af := p"(A;) and note that 32y ' = 1; for i € N; let
Yt = >4, 1"(c)ei/af be the average consumption of those plans in the support of u" that are

constant on IN;. Since U(¢) = U(c') for all ¢, ¢’ € K(u") it follows that U(¢) = > (,ny 1" (c)U(c).

D_ iU = Do) (Z W?u<ci>+27f?u(ci>)
Cr Ck

1EN; €N,

< ) omtuls) + > pt(e) Y wru(c)

igN; iEN,

n n n n n S?_anyln
: i 4 1— e X
> miuls) + ) (O‘l“(yl)ﬂ O““( 1—ap ))

igN; iEN

IN
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By concavity,

> (uts) — autaf) - (1= oy (=20 )) > 0

iEN,
Thus, to prove the Lemma, it suffices to show that the above expression cannot converge to
zero for all [. Note that af > 1/(k + 1) for some [ and hence we may choose [ such that
lim o = o > 0. Feasibility requires that y;' stays bounded; hence, let limy;* = y;.
First, assume oy = 1. In that case, y; < z; since s — o'y > 0. Since lim,_, (1 —y)u(z/(1—
7)) = 0 for all z > 0 it follows that

i 3 a7 (uls) - afutt) = (1= oy (22 ) 20 ) - ulan) £ > 0

1 —o

Second, assume 0 < oy < 1. Then,

n_

limz ' (u(si)—a?u(g/l") — (1—au (#)) _
/ (u(z) — () — (1—ag)u (ﬂ)) F2)dz > 0

1—0[1

where the last inequality is an immediate consequence of the fact that u is strictly concave and

f>0. n

Next, we define optimal consumption plans at BCE price p™ for an arbitrary crudeness
constraint m > 1. For p < 1 the utility function v is unbounded and, therefore, p!' > 0 for all
t,n. For p > 1 the utility function is bounded above by 0 and p}' = 0 is possible. To ensure
existence of optimal consumption plans for p > 1 and all m, let C,, = {c € [R; U {o0}]" :
[{ch, ..., "} < m} and define u(co) = 0. Let B,,(p",w) = {c € C,, : p" - ¢ < w} be the budget
constraint if the budget is w and the price is p™. Let L : R, — R, be the indirect utility

function at the BCE price p”; that is,

Lyw)= max Ule)
¢E B (p™,w)

It is straightforward to show that L7, is well defined for all n,m and all w > 0. Let w" =
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Sy Pis? be the wealth of the representative consumer and let D,,(w,p") C C,, be the optimal
consumption plans with crudeness constraint m and wealth w at the BCE price p™.

For Lemma 14 we fix ¢® € D,,(w", p") and let A?, ..., A" be the partition of the state space
N corresponding to the plan ¢". That is, i,5 € A} if and only if ¢! = ¢} for all 4, j € A} Let

Bl = ZA? 7 and py, = ZA?p?; for il =1,...,m define 3 = lim 3 and p; := limZA?p?.
Lemma 14. If 5, > 0 there is 1,0 > 0 such that ¢} > § for j € A} for all n > n.

Proof. Since u is concave it follows that L} is concave and hence [L7]’, the derivative of L},

is decreasing. Therefore,

) = (%) + )
a a , .0
> u(3)+5v @5
> u(3)+5u(EH

Since u(b) > Lj, (w") and 3 > 0 it follows that u/(c}) is bounded above and, therefore, ¢} is

bounded away from zero. O

For Lemma 15 we fix ¢" € Dj_(w",p") and let A7, ..., A7 | be the partition of the state
space N corresponding to the plan ¢" as above. As above, define 5" := ) Ap 7 and pp =
ZA? piand B = lim ', p; = lim p}*. Note that u(a) < L (w™) < u(b) for all m and, therefore,
lm(LE(w™) — L}y (w™)) is well defined.

Lemma 15. If im(L?(w") — LY ;(w™)) = 0 then lim L} | (w") > f: u(2)f(z)dz.
Proof. By definition, U(c¢") = L} _;(w™). We define the consumption plan ¢ as follows:

ZA? sy

AN Br

if 7 € A} such that 5, > 0

mingy 7 if ¢ € A} such that 5 =0

Note that lim U(¢") > fab u(z) f(z)dz since u is concave.

Claim 1: If im(L}(w™) — L} ;(w™)) = 0, then lim > p? (¢l — s') < 0.
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st') < 0 for all I. This is immediate if 5, = 0 or if

Proof: We will show that lim ZA? pr(er —

o = 0. Hence, assume 3; > 0 and p; > 0 and define
{ie A} : s > ¢t}

n o _

1
Ay = {i€e Ay st <él}

n o __ n
By = E T
AR
n o __ n
By = E T
Al
-n o n
Pn = E D;
AL

Py o= >}
Al
c;p; for any v € A}

b =
Let Bi1, Bi2, Di2, Diz, by be the limits of G]}, B, Djy, Dy, b along an appropriate subsequence. From

Lemma 14 and the fact that p; > 0 it follows that b; > 0; also note that 8;; > 0, 52 > 0 because

Buu(z) + Bru(y)

st € [a,b] converges to a continuous random variable.
L since, by Theorem 2, 2 is monotone. Let
2

Let x;,y; solve
max
{(=,y):Pr1x+Proy=bi }
Next, we show that 24 = 22 If not, then 22 > 21
Bi1 Bi2 Bi2 B
¢" be the following consumption plan:
p
cr iti g A}
i el if 1 € A7,
by e n
kmyl lf 1€ AZl
implies max, yyec, Snw(x)+ Bou(y) > Biu (bi/pr).

Dz, Pu
Biz = Bu
This, in turn implies that U(¢") > U(c") for large n. Since ¢ € Bi(p™,w") and U(c") =
bu _
Bi1 12

An elementary argument shows that

Ly, (w™) this contradicts the hypothesis of the lemma. Hence,
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A routine argument shows that this, in turn, implies

p’
— 7Tn_l f—

npl

_’/TZB”

Since XDA;z pi(e —s7) < bZA”

concludes the proof of Claim 1.

, it follows that lim ZA? pi(e} — st) < 0. This

(3 K3

From Claim 1 it follows that y"é" € By | for some v* — 1. Since lim L} ,(w")

lim U (¢ f z)dz, it follows that lim U(~y f z)dz as desired. O

Vv

Lemma 16. There is n,d > 0 (independent of n) such that L}(w") > L}_,(w™) +6 forn > n.

Proof. Since Bi(p™,w™) D By_1(p", w") it follows that L?(w™) > LZ 1(w”) for all n. By Lemma
15, if L(w™) — L}_;(w™) — 0 along any subsequence then L}_;(w") > f z)dz which
contradicts Lemma 13 since L} (w™) = U(c") for ¢* € K(u"). O

A.5 Extreme Prices
Fix a convergent sequence of economies {E"}; let p", u™ be a BCE of E" = (u, k, ", s").
Lemma 17. If o;(u™) < s; then pl' = 0.

Proof. If ¢ € Ci then vc € Cy for all v > 0. Since U is strictly increasing it follows that
Yonpre = Y ypist for any ¢ € B (p",w") that maximizes utility. Therefore, > pI'sl' =
D cerumy H'(€) 2oy piei = Yoy pioi(p”). Since s7 > o;(p") for all i, the lemma follows. O

Lemma 18. There is 6 > 0 such that 1 — 46 > p? > 9 for alln

Proof. If p! — 1 then )., pi — 0 and, since 77 — 0, L (w") > wu(b) for all & > 2. This
violates feasibility since s” < b. Thus, we have shown that p <1 — ¢ for some 6 > 0. Since ¢

is monotone and ) p? = 1, it follows that



and therefore, b/§ > 4. Next, we show that for all n there is ¢ € K(u™) such that ¢} < 4. If
not then oy (u") = oa(u™) < st < sy and, by Lemma 17, p§ = 0. Then, by Theorem 2, pI" = 0
for all ¢ > 2 contradicting the fact that pf < 1 —§ for some § > 0. Thus, let ¢ € K(u™) with

ct < cy. Let ¢ € Cj_; be the following consumption plan:

@ ifi=1,2
=
cl'  otherwise.
Note that U(¢") > U(c"™). Define 4™ = WHCH) and note that y"¢" € By ,(w™). If pf — 0
1

then 4™ — 1 and therefore U(¢")—U(y"¢") — 0. Since L} (w™)—L}_(w™) < U(c")=U(y"e") —

0 this, in turn, contradicts Lemma 16. O

Lemma 19. If p > 1 there is n, 8 > 0 such that such that n > n and iji T < [ umplies

pi = 0.
Proof. By Lemma 14 there is 4, > 0,7, such that for all n > n, ¢ > ¢; for all ¢ with
>_j>iT; < 1/2. By Lemma 16 there is d; > 0,7 such that Lp(w") > Lp_;(w") + d, for n > n.

Let ¢ < ¢, and assume ) < 1/2. Let ¢ € Bi_1(p™, w™) be the following consumption

Jj=i T
plan:
g if g >
é? =
cl otherwise.
Since ¢ > §; and u(z) < 0 for all z,
0g < Lig(w™) — Lip_y(w™) < U(c" => (u u(cy))
7>t
< S e) - uh) < (-
Jj2i >0

and, therefore, % < Z]>z 7 for n > n. This implies that for all ¢ such that sz T <

—2 - we have ¢! = ¢, for all ¢ € K(u") and, by Lemma 17, pj = 0 for j > i. Setting

—u(61)

8= min{ 5( S 2} thus yields the Lemma. H
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For p>1let v* =00 and for 0 < p < 1, let v* =1/(1 — p).
Lemma 20. If v < v* and {1"} satisfies lim sl = b then

Zi>z" 8

lim ———= =0

(Zizz" ' ) !

Proof. If p > 1 then Lemma 19 implies the result. Thus, assume p < 1 and note that since
lim, . u(z) = oo it follows that p > 0 for all i. Let {¢"} be a sequence that satisfies the
hypothesis of the lemma. By Lemma 17 since pli, > 0, there is ¢ € K (p") such that ¢,n 1 < ¢;n.
Let ¢" be such a consumption plan and let A™ = {«",... 5"} be such that ¢! = ¢} if and
only if i € A". Note that there is > 0 such that ¢»_1 > x > 0 for large n. Otherwise, by
monotonicity ¢ — 0 for all i < 4" — 1 along some subsequence. Since ) ;. ;7" — 1 this
contradicts Lemma 14. Let ¢ € B | (p™, w") be the following consumption plan:

cn_y ifre A”

1

~

C; =
C; otherwise.

By Lemma 16 there is 7, d such that U(c") — U(¢") > § > 0 for n > n. This, in turn, implies
Siean 71 (u(e}) = w(@)) = Ve g0 m(u(e}) — u(@)) = 6. Note that ¢ < w”/(S],.p}) and

hence
E 7ij (u( ) .T >
JEA™ = 1”22
S

Let 8" := ) . cqn 7 and p" := > . 1. p}. Since w™ < b this requires that

B (3) > 6+ fu(z)
p

or

L, b

p - n
u-l <5+ﬁB:(ﬂc)>
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Substituting for v and setting §" := § + f"u(x) we obtain

b .
if pe (0,1
o< d ey &1

e‘sn% lfpzl

Since lim " = 0 and lim 6" = § > 0, a straightforward calculation shows that lim % =0 for

v < ~* in either case. O]

Lemma 21. If {«"} satisfies lim s, = b then

n
pz"
0

lim =0

Proof. Suppose, contrary to the assertion of the lemma, there is ¢ such that f% > m > 0 for

n

all n. Let 8" := 3 ... 7" and let j" := max{j € N : >, ;7 > 203"}. Note that j satisfies

the conditions of Lemma 20 and therefore

ZiZj" P

lim -
ZiZ]" U

=0

But p} /7 > m for all y* < i <" and therefore

Zizgn pi > mp"

lim >
Zizjn st 20"

yielding the desired contradiction. O

T
Pyn
- = 0OQ.
T

Lemma 22. Assume p > 1 and let {1"} be such that lim s}, = a then lim

Proof. Assume {:"} satisfies the hypothesis of the lemma. If pl.,; = 0 along any subsequence
then, since lim ) ;. 77 = 0, it follows that L} (w") > u(b) violating feasibility. Thus, pj_ ; >0
for all n sufficiently large. By Lemma 17 this, in turn, implies that there is ¢* € K(u™) such
that ¢, < cjh,,. Let AT, A3, ..., A} be the partition of N corresponding to the plan ¢”. That
is, consumption ¢} is constant for all i € A} for all [ and all n. Let 2] = ¢} for i € A} and let

= ZieA? p}? and let 3] = ZieAl” . Let AT = {i € N|c!' = . }. First note that 57" — 0 by
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construction and, therefore, by an argument identical to the one given in the proof of Lemma

18 it follows that pf > § > 0. Optimality of z}' implies that for 6 = 1/p

n

N
n_ (B w
x1_<—n) k n\6 (7n\1—0
P1 21:1(51) (pz)

If B/'p)" converges to zero for all I then (by a straightforward argument) L7 (w™) > u(b) for

large n. Thus, it follows that 3/'p; is bounded away from zero for some [ and, therefore,

w™

S (B0 ()0
Assume that ?T" < m < oo for all n. To prove the lemma will show that ¢ cannot be an

n

is bounded. The above stated optimality condition then implies that 7 — 0.

optimal consumption plan for n sufficiently large. Let [ be such that 5'p;' > ¢ for all n. By
Lemma 14 and the fact that ¢ satisfies the budget constraint it follows that x}' stays bounded

away from zero and infinity. Let ¢" be the following consumption plan:

c ifi g ApU{"}

9O ifie AvU{on)

P,

By construction, ¢" € By(p",w™). Consider a subsequence such that 2} — x; > 0, 5" — 5, > 0.

UE) =) _ ) — uiapy + 2 (u (ﬂ) - u(xl")) (13)

Ton Tn D+ mmpn

Then,

It is straightforward to verify that the second term on right hand side of (13) converges to

—g—jxlu’(azl)m. Note that lim(u(z]") —u(z})) = u(x;) —limu(x]) = oo since p < 1 and therefore
the expression on the right hand side of 13 converges to +o0o. Hence U(¢") > U(c") for large

n, as desired. O

Proof of Theorem 3: Lemma 18 proves that limp} > 0. Next, we show that lim Pr(x" >
K) > 0 for all K if p > 1. Without loss of generality, choose K > 1 and let ;" := min{j €
N|x} < K}. Note that j* exists because )y pi' = >y 7. By Theorem 2, {i € N : s} >
K} ={1,...,5" = 1}. From Lemma 22 it follows that lim s%. > a and, therefore, lim s’ , > a.

Since the limit endowment has a strictly positive density on [a, b] the result follows.
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Next, we show that lim Pr(x" <€) > 0 for all ¢ > 0. Without loss of generality, choose € < 1
and let j* := max{j € N|x} > e}. Note that j* exists because )y pi' = >y 7;'. Theorem 2
implies that {i € N : s} < e} = {5"+1,...,n}. From Lemma 21 it follows that lim s}, < b
and, therefore, lim s, |, < b. Since the limit endowment has a strictly positive density on [a, b]

the result follows. Lemma 19 proves the final part of the Theorem. O

A.6 Limit Price

Fix a convergent sequence of economies E™ = (u, k, 7", s™). Let u" be a BCE allocation for £,
K (u"™) be the set of consumption plans in its support. Let P" a sequence of BCE cumulative

price of E™. For any x € [0,1], let [I"(x) = > _._ . m and let I(z) = max{0, min{z, 1}}.

i<9%
Lemma 23. E" is convergent implies lim I1" = 1.

Proof. Straightforward and omitted. O

Definition 9. If H, H" € H and H(x) = lim H"(x) at every continuity point = of H, we say
that H is a weak limit of H™.

Lemma 24. H is a weak limit of H", lim x,, = x and H is continuous at x implies lim H"(x,,) =

H(x).

Proof. For every ¢ > 0, there exists 6 > 0 such that H(x — 0) > H(x) —e. Since H is
nondecreasing, we can choose ¢ so that H is continuous at x — §. Hence, there exists n such
that H"(x —9) > H(x —§) —e and x,, > = — ¢ for all n > n. It follows that H"(z,) > H(x) — 2¢
for all n > n. Together with a symmetric argument, this yields n such that H(x) + 2¢ >
H™(z,) > H(z) — 2¢ for all n > n. O

Lemma 25. P" has a subsequence that has a weak limit. The restriction of any such weak

limit to [0, 1] is continuous and concave.

Proof. Since H is a tight family, Helly selection theorem (Theorem 25.9 of Billingsley, 1995)
implies that there exists P € H and a subsequence P™™ such that P is the weak limit of P"™.

To simplify the notation, we assume that this sequence is P™ itself. Hence, the remainder of
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this proof, we assume P" is the cumulative of some BCE price p™ for the economy E™ and
P =lim P". To conclude the proof, we will show that P has all the desired properties.

Next, we prove that P the restriction of P to the unit interval is concave: fix 0 < z; < 25 < 1
and A € (0,1); let x3 := Azy + (1 — A)xo. First, assume z;, for ¢ = 1,2,3 are all continuity

points of P’s extension. Let 2" = [1"(xz;) for i = 1,2,3. Since p™ /7™ is monotone,

Prey) — Pr(et) o Pr(z3) — PM(25)

n n —_— n n
Z3 — * R9 T 23
and therefore,
N on_
2 3 3 1
Ph(e5) > 225 prag) + B2 prag
29 T2 Ry T2

n

. 2l —z . .
By construction, Z—% converges to A; since E™ is convergent 2" converges to x; (Lemma
2 1

23) and hence by Lemma 24, P™(z!") converges to P"(z;) for i = 1,2,3. Therefore, P(x3) =
lim P*(r%") > Alim P(z]) + (1 — M) lim P(2%) = AP(x1) + (1 — ) P(x2) as desired.

Since P is continuous except possibly on a countable set and right-continuous, if P(x3) <
AP(x1)+(1=X)P(z3) for any x1, z2, x3, we can find y; > x1 close to x; for the y;’s are continuity
points of P and P(y3) < AP(y1) + (1 — A\)P(y2), contradicting the above argument.

Since the restriction of P to the unit interval is concave, it is continuous on (0, 1). Since P is
right-continuous, it is continuous at 0. Since P is nondecreasing, P(z) < P(1) for all x € [0, 1);
thus, lim,+ P(x) < 1. On the other hand, by concavity, P(z) > (1 — z)P(0) + zP(1) > =,
so lim,4; P(x) > 1 proving the continuity of P at 1. Hence P is continuous on [0,1] . Thus,
lim P"(z) = P(x) for all z € (0,1]. O

If P is a weak limit of BCE cumulative prices P" and its restriction to [0, 1] is continuous,
then Lemma 15 implies that P is a limit BCE price E™. (Set z,, = x for all n € (0, 1] to verify
that P™ converges to P pointwise on (0, 1].) Thus we have shown that every convergent E™ has
a limit price and that the restriction of P to the unit interval is concave.

Proof of Theorem 4: That 0 < P(0) follows from Lemma 18. Next, we prove that P'(1) = 0.
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For each r = 1,2, ..., let (r) = =% and choose n(r) so that for A(r) := {jzgg +1,... ,n(r)}

 Tappi”
n(r)
ZA(T) T

r(1—P (z(r))) <1/r (14)

1-P(x(r) 1 —P"(T)(f(r))‘
1—x(r) 1 — 11 (z(r))

The sequence { ]n(?}, r=1,2,... satisfies the hypothesis of Lemma 20 and, therefore,

z(r

. ZA(T) P?(T)
m —

li ) = 0
ZA(T) U

Inequality (14) then implies that lim, o 7(1 — P (=1)) = 0 and hence P'(1) = 0 as desired.

r

Next, we prove that P'(0) = oo if p > 1. For r =1,2,..., let y(r) = 2, 2(r) = X and choose
n(r) so that for A(r) = {]Z((:)) +1,... ,jZ((:))}

_ ZA(T) P?(r)

r(P(z(r)) =P (y(r))) e
ZA(T) 7%'( )

<1/r (15)

Since P is concave, P(E);P(O) > r(P(2(r))—P (y(r))) for € < 1/r and hence the result follows if

as r — oo. Let " = ]Z((;)) then s — a and therefore Lemma 22 and Theorem 2 complete

the argument. Finally, note that Lemma 19 implies that, for p > 1, P(1 — §) = 1 for some
6> 0. O

A.7 Dynamic Economy

Let E = (u,k,m,s) and let £* = (u, 5, k,m,s,®). Let W*(v) =>_,V(d) - v(d) and let W} =
Sup - (p,) W(v). We call v € M*(Dy) a solution to the planner’s problem in the dynamic
economy if W*(v) = Wi Let W, = maxyc,) W (p) be the value of the planner’s problem for

the static economy.
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Consider the static economy E' = (u, 7', s") where 7}, = s, s}, = s, for all h € N*. Let
W! be the planner’s value function for this economy. Note that d € R” x R™ x .... For any

v € M*(Dy) let v, be the marginal of v on R™.

Lemma 26. The allocation v is a solution to the planner’s problem in the dynamic economy

if and only if W' (1) = Wy, for all t.

Proof. 1f v is a feasible allocation for the dynamic economy, then v, is a feasible allocation for
E'. By definition, W*(v) = 32,5,(1 — 8)8""'"W*(»;). Then, since Fy = F,, Lemma 6 implies
that for any feasible v, W'(v;) < W, for all t. Therefore, to conclude the proof, it suffices to
show that W} > Wj. Let u be a solution to the planner’s problem in the stationary economy,
then the stationary allocation T3(u) is feasible for the dynamic economy and W*(T3(u)) =
WH((T3(pw))¢) = Wy for all ¢. O

Lemma 27. Every solution to the planner’s problem in the dynamic economy is stationary.

Proof. Suppose v is a nonstationary solution to the planner’s problem. By Lemma 26, W(v;) =
W, and since F: = F,, we conclude that v; solves the planner’s problem for E*. If follows that
v, is measurable and in particular, v(d) > 0 implies d, = dj for all h,h' € H} and i,t.
Then, since v is not stationary, there must be ¢, ¢, h, b/, d,i such that h € Nt and b/ € N*
and j(h) = j(h') = i, dy # dyy and v(d) > 0. Consider the economy F = (u,#, ) where
N = Nt U NY, S5, = Sy for all h € N let 7t;, = .5\;. Define the consumption plan ¢ for E as
follows ¢;, = d;, for all h € N. Our choice of t,t', d ensures that ¢ fails measurability.

Let W be the planner’s value function for the economy E and note that since F; = F,, by
Lemma 6, W = W,,. Let 12 be the marginal of v on N* x N* and note that 12 is an allocation
for E. Then, by Lemma 26, W (v2) = 5W'(1;) + 5W'(vy) = Wy. Therefore v2 solves the

planner’s problem in E. But v? fails measurability since v2(¢) > 0, contradicting Lemma 1. [

Proof of Theorem 5 Assume (p, 11) is a BCE of E but (T5(p), T3()) is not a BCE of E*. Hence,
there exists d € B*(T3(p)) such that V(d) > W(u) = U(c) for ¢ € D(p). Let X ={d, : he€ H}
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and for all i € N, z € X, let H!(z) = {h € H} : dj, = 2} and

=2 Z BB M

t21 heH}(x

Let N = N x X, iz = iz foralli € N and z € X, §;, = s; for all 4. Define g(iz) =i and note
it is a [E||E]-homomorphism. Therefore, by Lemma 10, 6;(c) € D(05(p)) whenever ¢ € D(p).
Define ¢, = x for all iz € N and note that U(¢) = V(d) > U(c) = U(6y(c)) for any ¢ € D(p),
contradicting the fact that 6;(c) € D(62(p)).

Finally, let (¢,v) be any BCE for E*. Lemma 26 implies that there is a fair solution
to the planner’s problem. Standard arguments ensure that v must be Pareto-efficient; since
all households have the same endowment v must also be fair. It follows that v must solve
the planner’s problem. Then, Lemma 27 establishes that v is stationary. If T; *(v) is not a
BCE allocation for E, then there exists an allocation u for E such that W(u) > W (T5 '(v)),
which implies that W*(T3(n)) > W(v), so v is not a solution to the planner’s problem, a

contradiction. ]

Proof of Theorem 6: Since 2" is bounded, it follows that >\ pl'z? € [v1,72]. Theorem 6 (i)
then follows from Theorem 3(i) and Theorem 6 (ii) follows from Theorem 3(ii). O

Proof of Theorem 7: Since 7] — 0, it follows that e} = 0 for n sufficiently large. Substituting

for r™, this implies that

ri(e”) > ZieNp?

ri(ene) Zi>1p?

for n sufficiently large. Theorem 3(i) now implies the result. [
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